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Abstract

1.

This paper proposes a family of random variables for uncertainty modeling. The variables of
interest have a bounded support set, and prescribed values for the first four moments. We present
the feasibility conditions for the existence of any of such variables, and propose a class of
variables that conforms to such constraints. This class is called staircase because the density of its
members is a piecewise constant function. Convex optimization is used to calculate their
distributions according to several optimality criteria, including maximal entropy and maximal log-
likelihood. The flexibility and efficiency of staircases enable modeling phenomena having a
possibly skewed and/or multimodal response at a low computational cost. Furthermore, we
provide a means to account for the uncertainty in the distribution caused by estimating staircases
from data. These ideas are illustrated by generating empirical staircase predictor models. We
consider the case in which the predictor matches the sample moments exactly (a setting applicable
to large datasets), as well as the case in which the predictor accounts for the sampling error in such
moments (a setting applicable to sparse datasets). A predictor model for the dynamics of an
aeroelastic airfoil subject to flutter instability is used as an example. The resulting predictor not
only describes the system’s response accurately, but also enables carrying out a risk analysis for
safe flight.

Introduction

Metamodeling [1] is the process of creating a mathematical model of a phenomenon based
on given data. Making a prediction match the observations by adjusting the hyper-
parameters of a computational model is a long standing approach in Bayesian inference,
reliability-based design optimization, moment matching algorithms, and backward
propagation of variance [2-5].

This paper proposes a framework for characterizing a univariate random variable subject to
moment constraints. These constraints might stem from matching sample moments. A
multitude of moment problems and applications are available in the literature. For example,
moment inequalities are used to provide robust estimates for financial quantities [6,7],
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wealth balance, and portfolio optimization [8]. In the decision science area [9], moment-
bounds are used for dynamic programming, decision analysis with incomplete information,
and Bayesian statistics.

In particular, we focus on variables having a finite support set and prescribed values for the
first four moments. The interdependency among the requirements associated with this
prescription determines the feasibility conditions for the existence of any of such variables.
We first study this feasible space, and then chose a particular class of variables from the
possibly infinitely many that satisfy the constraints. This class is called stajrcase because the
density of its members is a piecewise constant function on a finite collection of subintervals
partitioning the chosen support set. Staircases enable describing a wide range of density
shapes, including multimodal and/or strongly skewed distributions. In contrast to the
standard spectrum of distributions, however, a staircase variable does not admit an algebraic
representation but instead it is determined by solving an optimization program.

Staircase variables can be shaped according to one of several optimality criteria including
maximal entropy, minimal squared amplitude, optimal target matching, and maximal log-
likelihood. Convexity enables substantial computational advantages including fast
computational times, and the ability to solve problems with large number of design variables
and constraints using interior point methods. This feature makes them well suited for many
practical modeling applications requiring their repeated calculation and simulation, e.g., the
Bayesian calibration of a computational model whose parameters are staircases.
Furthermore, we develop a technique that enables accounting for the sampling error that
results from basing the estimate of a staircase distribution on a finite set of observations. The
modeling and risk analysis of the dynamics of an aeroelastic airfoil subject to flutter
instability is used as an example.

2. Preliminaries

Consider the continuous random variable zwith support set A, = [Zmin, Zmax], and density
function f, : 4, c R — R*. Denote by m, the rth central moment of z, which is defined as

m= [ = ez =012 ®
Z

where yis the expected value of z Note that /my = 1, m = 0, m, is the variance, n7 is the
third-order central moment, and /my is the fourth-order central moment. In this paper, when
reference is made to the /th moment of a random variable, we assume that the corresponding
integral in (1) converges for that distribution.

The random variables of interest are constrained to have a bounded support set and given
values for y, m,, ms, and m,. The bounded support constraint is given by A, C Q_, where
Q, = [z, z], with z > z. The moment constraints are the equality constraints in (1). The

parameters of these constraints will be grouped into the variable 9, € RS given by
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9Z = [g, Z, M, mp, ms, m4] . @

3. Feasibility of a variable constrained by 6

A set of sufficient conditions for the feasibility of a random variable zsatisfying the
constraints associated with 8,, derived from the work of Sharma [10,11] and Kumar [12], is
given byl g(6,) <0, where

8 =2—H,

&B=H-2z

84 = —ma,

g =m -0,

8 = m% —mp(u— 5)2 —m3(u - 2),

g7 =m3(z—p) —m(z— W%+ m%,

g8 = 4m% + m% - m%(f - 5)2,

g9 = 6y3m3 — (Z— 2)°,

g10= — 63m3 — (Z - 2)°,

Ivector inequalities hold component-wise.
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811 = —m4,

g12 = 12my— (2 - 2%,

2
813 = (mg — vmp — um3)(v — m) + (m3 — ump)”~,

3
814 = m% +my — mgmy,

foru=z+z-2uand v = (u-z)(z - w. Feasibility conditions for variables supported in
either 4, = R or 4, = R* having moments of arbitrary order can be described as positive

semidefinite constraints [13,14]. Sufficient and necessary conditions for moment feasibility
given a finite support, called the Hausdorff moment problem, are given as a set of infinitely
many constraints.

The &-feasible domain, O, is defined as
0 =1{0:g6) <0}. @®)

It can be shown that the set ® is non-convex. Fig. 1 shows intersections of ® with some 2-
dimensional hyperplanes. These intersections are the complement of the regions in blue. The
significance of the colors will be explained in the next section. The top-left, top-right, and
bottom-left subplots correspond to 6,=[-1, 1, &, m,, 0.1, 0.2], 6,=[-1, 1, 0.1, nmp, s,
0.2], and 6,=[-1, 1, -0.2, 1/3, ms, my], respectively. In these three cases the resulting sets
are bounded and have vertices on their boundaries. By contrast, the bottom right plot, which
corresponds to 6, = [z, z,0.1, 1/3, — 0.15,0.2], yields an unbounded set with a smooth

boundary.

4. Staircase random variables

There might be infinitely many random variables that realize a point in ®. Note that most of
the standard families of random variables can only realize lower-dimensional subsets of ®;
e.g., a four hyper-parameter Beta random variable can only represent points falling into the
intersection of ® with a 4-dimensional manifold. Families with six or more hyper-
parameters often introduce spurious interdependencies among the components of &they are
able to realize. These dependencies might considerably restrict their ability to realize most
of @. Staircase variables, to be introduced next, eliminate this deficiency.

Consider a random variable with density 7xz)(2), where /s a hyper-parameter to be
prescribed. The hyper-parameter corresponding to any random variable matching the
constraints implied by 8, is given by
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~ z z
h = argirlnin[J(h) : l zfny(2)dz = p, [ (z - y)rfz(h)(z)dz =m,, r=0,2,

- - ()
)

where Jis an arbitrary cost function. For simplicity in the presentation we will defer the
selection of Jto a later paragraph in this section. The optimization in (4) is infeasible for
most standard families of random variables over most of ©.

The concept of a staircase function (or step function) is presented first. Given a partition of
the real numbers into a finite number of intervals, a staircase function on that partition is a
function which is constant on each interval. The use to which we will put these functions is
insensitive to the value the function takes at an endpoint shared by two adjacent intervals, so
we will not labor that point. We focus our attention on the family of random variables having
a staircase density, which will be called staircase variables hereafter. Further, if we are
seeking a staircase variable which realizes the parameters in 8,, we first pick a positive
integer 77, to be the number of intervals in the partition. We then require that the interval

[z, Z] be partitioned into 77, subintervals of equal length x = (z — z)/n, by the partitioning

points z; = z + (i — 1)k for 1 < /< np+ 1. The staircase heights are then given by # € R"® with

/20and kX% #;=1. Then

£iVz €(zy,zi41]forl <i <y,
Szmy(2) = l o (5)

0 otherwise.

Next we apply Eq. (4) to a staircase variable. In this setting, the hyper-parameter becomes #
= [6, ng] where 8, € . The resulting staircase variable, to be denoted as

z~8(0z, np, J), (6)

has the density function prescribed in Eg. (5), where 4s given by

Zi+ 1 Zi+1
z,”—argmm J(©): Z/ z0idz = u, / (z=w'tdz=m,, r
i=1 i=1
@)
=0,2, 3,4] .
Eq. (7) can be written as
¢ = argmin{J(£) : A(0,mp)¢ = b(6), 6€O). ®

>0

where 4 € R>*" and b e R? are given by
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Ke
KC

A= xc2 + 13112 , ©)
kS + K3cl4

ket + 13212 + 1kK5/80

1

u
2+ m

b= H 2 (10)

m3 + 3umy + ﬂ3

my + 4dmzp + 6mou* + u*

where ¢ € R" are the centers of the bins, ¢;= (z;+ zj1)/2 with 1 < /< np, ¢ is the

component-wise 7th power of ¢, and e € R™ is a vector of ones.

Several cost functions Jin z~ SA8,, np, J) are studied next. The first cost we consider is
J(£) = — E() = xlog(®) ¢, (1)

where E'is the differential entropy. The principle of maximum entropy states that the
probability distribution which best represents the current state of knowledge given some
prior information is the one with largest entropy. In other words, one should select the
distribution which leaves you the largest remaining information uncertainty/entropy that is
consistent with the constraints. As such, no additional assumptions or biases are introduced
into the calculations. In the context of staircase variables the prior information is the set of
constraints associated with 8,. Hence, the solution to (8) for the cost function in (11) yields a
staircase random variable of maximal entropy.

Another class of cost functions is
J@&)=H(£,0,/) =100+ f¢, (12)

where Q € R">* " is a positive semi-definite matrix and f € R"2. This structure makes (7) a
quadratic program. For example, using J= (£ /, 0) in (7), where /is the identity matrix,
yields a staircase variable that minimizes the squared sum of the likelihoods at the bins. As
another example, if r € R" is the density of a target random variable at ¢, /= H({ 1, -20)
yields a staircase variable that minimizes the squared difference between the densities of the
staircase and the target. This formulation provides a means to make a staircase variable
conform to any particular shape while satisfying the required constraints.

Another cost function is the (logarithm of the) likelihood of the data in the sequence
D = {z)},, for j=1, ... N. When the observations in the sequence are independent we have
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J&)= — L, D)= — ' log(?), (13)

where w € R" is given by

N -
wj = AZIJ{Z(J)E[ZiaZi+1]}’
j:

and .7 is the indicator function. Staircase variables based on (13) maximize the likelihood of
the data. Maximal likelihood staircases often have PDFs with large jumps between
neighboring bins. Means to smooth out such jumps are provided in the Appendix.

Staircase variables having different cost functions for a fixed hyper-parameter /are shown in
Fig. 2. The components of &are empirical estimates obtained from an ensemble of /= 1000
data points drawn from the Data Generating Mechanism (DGM) z= (? - 3, where vand v
are standard uniforms. This figure shows a maximal entropy staircase, a minimum squared
likelihood staircase, and a target-matching staircase based on the empirical density. The
maximal entropy variable exhibits the smoothest varying density whereas the target-
matching conforms best to the DGM. The noise in the target-matching density, caused by
noise in the empirical density, can be eliminated by using kernel smoothing techniques. The
staircase that maximizes the likelihood of the data is studied in the Appendix.

Staircases attaining other optimality criteria, including the greatest/smallest probability of a
given event?, the maximal/minimal value of a given quantile, and the prediction intervals of
greatest/smallest width can be easily formulated. Each of these pairs of problems yields a
range of values where the metric of interest for all other staircase variables bounded by 6
must fall. Smaller ranges are obtained when additional constraints such as symmetry,
unimodality, convexity, or smoothness are imposed. By calculating the range of all possible
values we eliminate the subjectivity that results from assuming a particular distribution.

When Jis a convex function, the optimization program in Eq. (8) is convex so it has a unique
minimum. Convexity enables substantial computational advantages including fast
computational times, the ability to efficiently solve problems with a large number of design
variables and constraints (on the order of hundreds of thousands), and the guarantee that
numerical search converges to the global minimum. By encoding the feasible set of (8) using
a computationally tractable self-concordant barrier, interior point methods guarantee that the
number of iterations required to converge to the optimum is bounded by a polynomial in the
dimension and accuracy of the solution [17]. Fig. 3 shows the dependency of the CPU time
needed to calculate a staircase variable versus the number of bins. These calculations were
performed on a standard desktop computer using commercially available software. The
prescription of a random variable entails setting a hierarchy of infinitely many moments. In
the case of staircases the first four moments are prescribed by constraints whereas all other

2semidefinite optimization can be used to calculate tight bounds of Aa< z< sl when 4, = Ror 4, = R for arbitrary distributions

having moments of arbitrary order [14]. The developments in [15,16] enable the consideration of additional structural properties such
as symmetry, unimodality, convexity, and smoothness.
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moments are prescribed by the cost function. Hence, changes in Jmight render variables
with significantly different higher-order moments, thus, shapes.

A variety of approaches to density estimation are available, including kernel density
estimation [18] and a range of data clustering techniques [19]. In contrast to these
approaches however, staircases do not seek to represent the density as a combination of
kernel functions. This eliminates the complications the result from assuming an unsuitable
basis, practice that often leads to ill-conditioned optimization programs, densities with
spurious patterns, and probability tails extending beyond the intended range, e.g.,
representing a uniform variable as a mixture of Gaussians. Instead, the proposed formulation
seeks extreme members of a moment-matching probability box using convex optimization.
Staircase variables of maximal entropy are well suited for datasets of small size, whereas
staircase variables of maximal (log) likelihood are better suited for datasets of moderate and
large sizes. This is the result of the empirical moments converging faster to their true values
than the staircase density converging to the true density. The densities of maximal likelihood
variables corresponding to different datasets all having the same small number of
observations will vary significantly. In this case the randomness of the sample, rather than
the underlying DGM distribution, shapes the resulting variable. This observation applies to
all maximal likelihood variables regardless of their structure, i.e., staircase or not.

5. Staircase feasibility

The assumed value for 1, might make (8) infeasible. This section formalizes this notion. The
staircase-feasible domain is defined as3

S(np) = {6 € ©:3¢ 2 0] A(0, np)¢ = b(©6))} .

Hence, the set §(np) is comprised of all realizations of & for which an staircase variable

having 7, bins exists. A few comments regarding staircase feasibility are in order. Note that
O-feasibility does not imply staircase feasibility, i.e., 8 ¢ $(np) even though 6 € ©. Further

notice that the chosen cost Jdoes not affect feasibility.

Determining the membership of @into §(np) require evaluating the feasibility of A(6, np) /=
b(6) for /= 0. Rigorous means to carry out this analysis are impractical because of their
exponential dependency on 77, In this study however, staircase feasibility is determined by
solving for 7 in Eq. (8) and determining if the converged solution is a feasible minimum.
This approach is computationally viable thanks to the convexity of the optimization
program.

We will now revisit Fig. 1 to numerically compare & with ®. The colors therein show
intersections of §(50) (region in yellow) and £(100) (union of the regions in yellow and
orange) with two dimensional planes in Euclidean four-space. These figures were generated
by calculating a staircase variable matching the corresponding value of &at each pointin a

3The developments that follow are applicable whether the constraint in (24) is considered or not. However, for simplicity in the
presentation we assume the latter case.
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fine grid, and then evaluating the convergence of the optimization algorithm. Points where
the algorithm converges to a feasible optimum are members of & whereas points where the
algorithm diverges are not. The expansion of & resulting from increasing 7 is colored in

orange. Increments of 1, rapidly reduce the offset between ® and §(rp). This offset occurs

near the boundary of ® in all cases. This was seen in all numerical experiments performed.
Note that the geometry of the staircase-infeasible domain falling within ® (e.g., the region in
red corresponding to 77, = 100) depends on the boundary of the set. For instance, the top left
plot shows that increasing 77, only expanded the set of variables that are staircase-feasible
over the nonlinear boundary. Whereas most of © is also in £(100), that is not the case for
most standard families of random variables, e.g., a 4-parameter Beta with support A, can
only realize limited combinations of x4, m», s, and m, and the representable values of a
moment depend upon the values taken by other moments. The bottom right plot shows that
both staircase-feasible sets have holes and icicle-looking spikes. These features, which are
caused by changes in the width of the bins that result from changing Q, disappear when a
fixed number of bins per unit of length, p, is used, i.e., n, = [p(z — z)]. Means for seeking a

staircase variable that closely approximates a staircase infeasible /7 are available in [20].

6. Staircase estimation

Suppose samples A1 ..., AM are drawn independently from a fixed, but otherwise unknown
DGM. This section focuses on the estimation of the hyper-parameter 1= [6,, ny] of a
staircase variable S, given data. Expert opinion should be used to prescribe 7, and the
bound, Q, to the support. Whereas Q, must# contain 4 = [min{z()}, max{z("}], the moments
U, My, M, and my can be chosen to be the sampling moments 4, my, m3 and my. The

developments that follow account for the error incurred by using these estimates.

Lets first focus on the error incurred by using €, o A. Finite values of NV often make 4 a

subset of the support set A. Scenario optimization [21] enables bounding the probability of
the true distribution of zextending beyond 4. In particular,

Plz ¢ A] <€, (14)
where

& =1 oelh/(N=1) 15)

and gis the confidence parameter. See the proof in the Appendix. Eq. (14) is a formally
verifiable, distribution-free and non-asymptotic result applicable to any stationary DGM.
Scenario optimization theory states that Eq. (14) holds with probability greater than 1 - g,
where S can be made very small such that it looses any practical significance. This
probability is key for obtaining guaranteed results that are independent of the DGM. In
determining a suitable staircase variable, Eq. (14) is equivalent to

4Sampling estimates will be denoted with a dot-superscript.
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kq' ¢ <é, (16)

where, g;is the fraction of the interval (2, zi1] falling outside 4. This constraint ensures that
the staircase variable conforms to (14).

We now focus on the error incurred by using the sample moments in 6. This error,
prescribed by the corresponding sampling distributions, can be quantified using
bootstrapping techniques or the central limit theory. This latter approach leads to the normal
sampling distributions:

iy my
g

. .2
|4 —m3
NN

my~N my

5

_ \/m6 — 13 — Gringpiny + O3
m3,

m3~N g N

mag~H my N

4 \/rhg — i} - Sirsriy + 16m2m§)
my, )

conditional on @ € ©, where ny is the sample moment of order & These expressions

correspond to an arbitrarily distributed variable zfor a sufficiently large value of A/[22]. For
small values of A, bootstrapping techniques often yield a more accurate approximation. To
account for sampling error in the estimation of a staircase variable, the moment matching
constraints in (8) are replaced by the polynomial inequality constraints

U< u@) <, (17)
my < my(€) < my, (18)
m3 < m3(¢) < m3, (19)
my < my(2) < my, (20)

where U = rd mp(¥ = r3l= iU P2, ma(§ = rad= 1P - 3uFm(¥ and my(¥ = rsl~ 4 Fma (¥
- 6 my(§ — 1(F* are the moments of the staircase, r;is the th row vector of A in (9), and
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the moment bounds correspond to the 1 — a confidence intervals of the sampling
distribution. For instance, ji — 1.96,/r/ N < u(#) < ji + 1.96,/m/ N for a 95% confidence

interval. Note that the box of moments defined by (17)-(20) might not be fully contained in
0.

Hence, the effects of sampling error are accounted for by solving for a staircase subject to
the inequality constraints (14) and (17)—(20). Note however that the resulting variable will
not account for the manner in which the sampling distribution allocates probability within
the chosen box of moments. This consideration can be taken into account by using the cost

J() = — E(¢) - log{ L(®)). (21)

where L = ¥ ey my ()Y mye)V my(e) 15 the likelihood function of the sampling distribution

for independent moments.

In conclusion, staircase variables provide (i) the ability to represent a wide range of density
shapes, (ii) the ability to represent most of the feasible space ©, (iii) the framework to
account for the sampling error present during their estimation from data, and (iv) the low-
computational cost required to efficiently perform many uncertainty quantification tasks.
This cost refers to both the calculation of the density function and the simulation of the
resulting staircase variable.

7. Examples

Staircase variables are used below to generate empirical predictor models. To this end we
assume that AVindependent and identically distributed input-output pairs are obtained from a
Data Generating Mechanism (DGM), and denote by D = {x®, y®}.i =1,...N, the
corresponding data sequence. For instance, in the modal analysis of a flexible structure, the
input xis a frequency of excitation whereas the output yis the corresponding amplitude of
the response at a particular sensor location. Random variations in material properties,
boundary conditions and measurement noise make the output y aleatory.

The models of interest are called Staircase Predictor Models (SPM) because they
characterize the output for any given input as a staircase variable. The SPMs presented
below are data-based. As such, they don’t require making any assumption on the manner by
which the data in D is distributed. SPMs require prescribing the input-dependent € functions

Oy = [ YOO, FX), Hyays M2, )0 13, y()> Ma, ) 22

over the input range X. Note that 6,y is a functional extension of &,in Eq. (2). The
technique for prescribing the target functions 6)(y according to D proposed in [23] is used in
the examples below.

Example 1: Model verification. In this example we generate a SPM for a DGM about which
we have full knowledge. As in the method of manufactured solutions, model verification is
performed by comparing the resulting model predictions with the true underlying
phenomenon being modeled.
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To this end we consider the DGM shown at the top of Fig. 4. The probability of falling
between any pair of adjacent lines is 0.01. Note that the distribution, including its support,
location and number of modes, varies strongly with the input. A data sequence5 with V=
1000 observations was drawn from the DGM. Fig. 5 shows the functions corresponding to
the DGM (solid lines) along with the target functions 6y (dashed lines) extracted from the
data. Note that the target functions approximate the DGM functions reasonably well in spite
of only using 1000 observations.

The target functions 6, were then used to build the /moment-matching SPM Sy(x(6y(x),
500, £). The entropy of this predictor is E,[E] = —0.3642. Fig. 4 shows this SPM at the

second subplot. This figure was generated by calculating staircase variables over a uniform
grid of input values in X, sampling them, and grouping the points belonging to the same
percentile line. The moment functions attained by the SPM are indistinguishable from the
targets. The comparison between the DGM and the SPM indicates an excellent agreement,
as measured by the squared difference between pairs of corresponding percentiles. Note that
the SPM describes well the bimodal structure of the DGM by replicating the regions where
probability is highly concentrated, i.e., the regions in the upper and lower limit of the
support where many percentile lines cluster. Furthermore, the skewness of the probability
mass in the interior of the support set follows the same patterns present in the DGM. Al this
information is implicitly embedded in 6)(,. The comparison of this SPM against alternative
modeling techniques is available in Reference [23].

Next we evaluate the effects of sampling error in the prescription of 6,(,. To quantify the
sparsity of the dataset we define the equivalent number of observations, 7,, as

N
ne(x) = Z w(x(j), x),
j=1

where 0 < w< 1 is the weighting function used in [23]. The sampling error in the moment
estimates will be quantified by using the developments of Section 6 for /= n4x). For this
data sequence, the value of 7, ranges between 47.15 and 112. This indicates that the dataset
is sparse. Fig. 6 shows the 95% confidence intervals of the sampling error for the four
moment functions as shaded regions. Note that the interval functions oscillate considerably,
reaching their largest spread near x = 0.

Next we calculate a maximal-entropy SPM whose moment functions are free to take on any
value within these interval functions. Hence, each staircase variable comprising the SPM
will maximize the entropy while satisfying the spread constraint (14), along with the box-of-
moments constraints (17-20). We will refer to this predictor as a moment-bounded SPM.
The moments attained by this SPM are shown as solid lines in Fig. 6. The first three
moments vary in the interior of their intervals whereas the fourth moment stays on the lower
limit. The relaxation of the moment-matching constraints to moment-bounded constraints

SThe data sequence and numerical setup used here were also used in an example of reference [24]. Additional details can be found

therein.
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increases the expected entropy from E,[E] = — 0.3642 to E,[E] = 0.7484. The resulting SPM

is shown in the third subplot of Fig. 4. Note that the most prominent features of the random
process, such as the peaks at the boundaries of the support set, and the patterns of the lines
in its interior, have faded. Furthermore, note that the derivative discontinuities in the
moments functions of Fig. 6 yield derivative discontinuities in the percentile lines at the
corresponding input values. Such discontinuities can be eliminated by using a kernel
smoother [25] or by using another cost function.

The latter approach is considered next. In particular, we will calculate a moment-bounded
SPM having the cost function in Eq. (21). By using this cost the resulting staircase variables
account for the manner in which the sampling distribution allocates probability within the
box of moments. The moment functions corresponding to this SPM are shown as dotted
lines in Fig. 6. In contrast to the other moment-bounded SPM, the new moments have
continuous derivatives throughout X. The resulting SPM, shown at the bottom of Fig. 4,
exhibits smooth percentile lines. This is achieved at the expense of a minor entropy
reduction from E,[E] = 0.7484 to E,[E] = 0.7300. As 71, increases, the width of the

confidence intervals reduces, and the moment-bounded SPMs converge to the moment-
matching SPM. When the value of 5, is sufficiently large, the dataset will no longer be
sparse, and the analyst might prefer using target-matching or maximum log-likelihood

staircases.

Example 2: Flutter analysis. Next we study the stability of an airfoil with pitch and plunge
degrees of freedom subject to unsteady aeroelastic effects [26]. Flutter, a non-linear response
caused by a Hopf bifurcation in the system dynamics, might occur when the free stream
speed increases. Therein, energy in the flow is transferred to the airfoil causing a self-
sustained oscillation that can potentially lead to loss of control and structural damage. The
airflow speed at which this occur, called the flutter speed, is a complex function of the
inertial, geometrical, material, and aerodynamic properties, and is known to be highly
sensitive to uncertainties [27]. The physics-based model acting as the DGM is presented in
the appendix. This model, an abstracted version of a flexible three-dimensional wing model
with bending and torsional structural dynamics [26], is commonly used for control system
analysis of actual fixed-wing aircraft.

The dynamic response to a particular airflow speed x (i.e., the input in the context of this
paper, denoted as V'in the appendix) is evaluated by calculating the stability parameter, y
(i.e., the output in the context of this paper). Non-negative values of y denote an unstable
response, whereas negatives values correspond to a stable response. Variability in the system
parameters makes ) a random process. We not only want to determine the probability of
instability as a function of the airflow speed, A)/(x) > 0], but also the manner by which the
onset of instability occurs. Instabilities for which y/is positive but not too large (so the time
for the amplitude of the response to double is sufficiently large) can be mitigated by using a
flight control system or by reducing the speed, whereas instabilities for which yis positive
and large might not be recoverable.
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As in the previous example, an SPM will be used to characterize the system response given
data. To that end, the data sequence D = {x(*), (] for /=1, ... 14000, was obtained by

simulating the model in the® Appendix A.3. Fig. 7 shows the data. Note that the range and
distribution of the data vary strongly with the airflow speed x. The range varies from a
practically zero spread at low values of xto sizable spreads at high values of x. Furthermore,
note that the transition from stability to instability occurs in the range x € [1.93, 2.71], such
that A)(1.93) >0]=0and AN2.71) >0] = 1.

The data sequence was then used to estimate the target functions in Eq. (22). Fig. 7 shows
the bounds to the range of the data whereas Fig. 8 shows the target moment functions and
their corresponding sampling error intervals. Note that the sampling error is negligible when
x< 3, and it becomes larger as x increases. The third-order moment function shows that the
skewness of the distribution varies considerably taking on values that are zero, positive and
negative. Since the densities of the uncertainties prescribing the random response are
symmetric, the skewness in the response is solely caused by the underlying dynamics. The
targets were then used to calculate a moment-matching staircase predictor. Fig. 9 shows the
two-percentile curves of the resulting SPM.

Note that this model accurately captures the main features of the data including the input-
dependent range and the variations in the skewness. It is worth noticing that the large
variability observed in the system response is caused by small parametric uncertainties of
less than 5 % (see Appendix).

For comparison sake, a Heteroscedastic Gaussian Process (GP) model and a Gaussian
Mixture (GM) model based on the same data sequence D were generated. The corresponding
2-percentiles are shown in Fig. 10. Note that the GP model fails to describe the practically
deterministic response near x = 0, and that the prediction in the domain where the transition
to instability occurs, i.e., 2 < x < 3, differs substantially from the data. More importantly, the
inability of the model to yield non-Gaussian responses often make the resulting predictions
unacceptable. In the context of this example this implies obtaining a spurious prediction of
the probability of instability throughout the input range. The GM’ model on the right of Fig.
10 yields a better representation of the data. The number of model’s components as well as
bounds to the covariance matrices were tuned to prevent obtaining an non-smooth predictor
with ill-conditioned covariance matrices. Even though the GM model describes the data
reasonably well, the predicted distribution in x < 2 has an overly large variance, and several
spurious patterns occur at the interior of the distribution, e.g., see a spurious oscillation of
most percentiles near x = 4.6. GM models face challenges when describing densities varying
almost linearly with the input, densities with discontinuities, e.g., a uniform random variable
and the DGM in Example 1, and densities with small variances. The characterization of
these features requires a large number of components with small covariance matrices,

6Making the DGM a realistic computational model is an intended application setting for the proposed methods. The main reason for
this is that “real data” is often very expensive or impossible to obtain (e.g. the prediction of performance of a structure in a zero-
gravity environment). Studying the effects of uncertainty in the predictions resulting from computational models is a subject of
9aramount importance when assessing their performance, safety and reliability.

This model was obtained by first characterizing the joint density of the input and output, and then calculating the conditional density
of the output for a grid of inputs. This model was calculated by using the expectation-maximization algorithm with 200 components.

Appl Math Model. Author manuscript; available in PMC 2020 February 24.



1duosnue Joyiny VSN 1duosnuey Joyiny YSYN

1duosnue Joyiny VSN

Crespo et al.

Page 15

making the predictor non-smooth and the corresponding optimization ill-conditioned. The
comparison of the models in Figs. 9 and 10 relative to the data indicates that the SPM is the
best modeling choice. The SPM not only describes the distribution of the data more
accurately than the two alternatives but also avoids the significant amount of tuning required
by them.

Next, the SPM will be used to evaluate the probability of instability as a function of
airspeed, as well as the severity of such an instability, i.e., the degree of difficulty required to
fly the aircraft back to a stable regime. To formalize this notion, consider the metric

V()
Ax) = A Y& fyoWdy . (23)

When A = 0 the probability of instability is zero. When A > 0 the fraction of unstable
responses contributes to A proportionally to the value of y. Note that A might not be
proportional to the probability of instability; e.g., a response with a probability of instability
of 0.1 and a long upper tail can achieve a greater value of A than a response with a
probability of instability of one. Fig. 11 shows the probability of instability Ay > 0] and A
as functions of the airspeed. The admissible range of airflow speeds for zero probability of
instability is x € [0, 1.93]. If the set of responses for which A < 0.1 is considered safe/
recoverable, airspeeds below x = 2.3 become admissible. Note that probabilities of
instability as large as 0.62 will occur within this range. Therefore, the range of airflow
speeds is expanded 20% by increasing the admissible value of A from zero, which
corresponds to a zero probability of flutter instability, to 0.1.

The staircase predictor above was instrumental in accurately prescribing a safe flying range
while accounting for the severity of the instability.

8. Conclusions

This paper proposes moment-matching staircase variables for uncertainty modeling. These
variables have a bounded support set, and prescribed values for the first four moments. We
propose a convex optimization framework for calculating their distributions according to one
of several optimality criteria. These criteria include maximal entropy, minimal squared
amplitude, optimal target matching, and maximal log-likelihood. Convexity enables
substantial computational advantages including fast computational times, and the ability to
solve for practically smooth probability densities using interior point methods. This feature
makes staircases well suited for many practical applications requiring their repeated
calculation and simulation, e.g., the Bayesian calibration of a computational model whose
parameters are staircases. In addition, staircases enable modeling phenomena having a
possibly skewed and/or multi-modal response varying over a bounded range.

Modeling a random process whose support set and distribution vary strongly with the input
variable, as in both of the paper’s examples, is often a challenge. Gaussian process models,
the most widely used non-parametric metamodeling technique, fail to accurately describe
many phenomena due to their intrinsic structure. Gaussian mixture models are better suited
for modeling complex responses. However, they face challenges when the underlying
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density varies (almost) linearly with the input, when it has discontinuities, or when it has
small variances. Staircase predictor models do not suffer from such deficiencies nor do they
require the significant amount of tuning required by such models. This tuning it is required
to not only set the model structure and its parameters from many available options, but also
to avoid the numerical search for the optimum of a non-convex program from being trapped
in local minimum.

Furthermore, we propose a strategy for staircase density estimation given data. This
approach seeks a staircase whose moments are free to take on any value within the
prediction intervals of the moment estimates. The efficiency and flexibility of staircase
variables is demonstrated by generating empirical predictor models for two application
examples. The resulting staircase predictors not only accurately describe the complex
responses of the underlying phenomena throughout the input range, but also are instrumental
in performing a joint risk and uncertainty analysis for safe flight. Future work will focus on
further constraining staircase variables so unimodality, symmetry, smoothness and
connectedness considerations can be enforced within the convex programming framework.

Appendix A

Al.: Jump attenuation

The density of maximal likelihood staircase variables might exhibit large jumps between
neighboring bins. Even though the flexibility of a staircase variable enables achieving
likelihoods that far exceed those attained by variables from other families, so they would
better describe the data, one might want to attenuate such jumps. This can be attained by
further constraining (7) with the convex constraint

et <o, (24)
where v> 0 is inversely proportional to the desired level of smoothness, and ¢ € R * "
satisfies

1 -1
-1 2 -1 0
-1 2 -1
Cc= o >0. (25)
0 -12 -1

~-1 1

The constraint in (24) bounds the sum of the square difference of the likelihood at adjacent
bins. The top of Fig. 12 displays the maximal likelihood variable corresponding to /=500
observations drawn from the DGM in Fig. 2. Densities for the DGM and the maximal
entropy are superimposed. The jumps are the result of large differences in the number of
observations falling in neighboring bins. The bottom of Fig. 12 shows the staircase variables
that result from solving (8) with cost (13) and constraint (24) for several values of v. Note
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that the parameter v controls the degree of smoothness of the resulting density. The maximal
likelihood variable at the top is obtained when vis large.

A2.: Probability bound

The proof of Eq. (14) is as follows. The tightest interval containing the samples, 4, is the
solution of the convex program min, ,[{6— a: a< 2, b= A0, j=1, ... N}. As such,
scenario optimization theory can be readily applied to bound the probability of future
samples falling outside 4. Theorem 2.1 in [28] for k=0, and d'= 2, leads to

1

€= argmax{e:(l - e)N + Ne(l — €)N LB

€

whose optimum is Eq. (15).

A3.: Dynamical model for flutter analysis

The flutter equations of an elastically-mounted airfoil [26] are

I R P
+ = , (26)
0 koll0] |b(a+1/2)L+ M

i

0

m  mbxy

mbxg 1

where £ is the plunge motion, @is the pitch motion, m is the mass of the airfoil, /is the
moment of inertia, &is the airfoil’s semi-chord, Ay is the plunge stiffness, kg is the pitch
stiffness, L is the aerodynamic lift, and A is the aerodynamic pitching moment. The
dimensionless parameters aand e define the equivalent location of the plunge spring
connection and of the center of mass, respectively, xg= - a.

Unsteady aerodynamic loads are commonly modeled as

L = Cy,pUbC(k)(h + U6 + b(1/2 — a)) + npb*(h + U6 — abb), @n

M = — zpb>(h/2 + U6 + b(1/8 — a/2)), (28)

where C; , is the lift slope with respect to angle of attack, p is the flow density, Uis the flow
speed, and C(K) is the Theodorsen function [29] written in terms of the reduced frequency 4.
Unsteady aerodynamic effects are often modeled using the Theodorsen’s function, which is
a complex-valued function of reduced frequency meant to capture both the amplitude
attenuation and the phase lag of unsteady air loads. This function makes the dynamics in
Egs. (26)-(28) nonlinear. In order to solve this equation, a solution of the following form is
assumed:

h
‘9] =x = xePU/b, (29)

where pis defined as p= g+ kJ, kis the aforementioned reduced frequency, and gis a
damping parameter, and 7is the imaginary unit. Combining (26)—(29) results in:
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[(Uzlbz)MpZ + K+ qA(p)]J? =0 (30)

where g = pl2/2 is the dynamic pressure, M and K are the structural matrices from (26), and
the remaining terms are collected in A, a complex-valued aerodynamic matrix which is a
highly nonlinear function of pboth due to the time-derivatives of #and 6, which lead to p
and 2 terms, but also due to the dependence of Theodorsen’s function on the imaginary part
of p.

The resulting nonlinear eigenvalue equation may be solved by selecting an initial guess for
each eigen-pair (p, (p,x)) and iterating to convergence, a process commonly known as the p-
k method [30]. Alternatively, Eq. (30) may be converted into a larger linear eigenvalue
equation by using the rational function approximation:

n
Ajp
A(p) ~ Ay + Ap+ Arp* + - 31
(p) 0 1P+ Ayp j;3p+7’j—2 (31)

where y;are aerodynamic lag roots placed at strategic reduced frequency & values. Since A
is a known function of &/ the A;terms may be computed via least-squares along the
imaginary axis.

Aki)+iAiki)~ Ag+ Ay ki— Ark* + Z Ak 32)
j ~r Ay 1 ki—Ap Tt o
r ! j=3kl+7j_2
Aerodynamic states X, are designated as:
P
X = x—— 33
aj P72 (33)

The combination of Egs. (30), (31), and (33) leads to the Linear Parameter Varying (LPV)
model in U

X
px
(pS1+ 8p){*a1; =0, (34)
xan
where
I 0 0.0
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0 -1 0 - 0

K +qAp qA1 qA3 - qAp 42
Sp=| 0 I yI- 0
0 -1 0 - vy,

This approach is called the Roger’s approximation [31] or the p-method.

This model can be written in terms of six nondimensional quantities, &, e, u= ml(rpt?),
r= 1/1/(mbz), o= wjwgand C; , where the natural frequencies are defined as wy, = \/kj/m
and wy = ,/kg/I. Nominal values for this parameters are a=-0.2, e=-0.1, =20, r=0.42,

o=0.4and C;, = 2. Furthermore, a non-dimensional flow speed is defined as V= U4/
wg. With the LPV model in (34) at hand, the system stability is prescribed by the manner in
which the corresponding eigenvalues vary with V. In the example above we assume that x =
Vand yis the maximal real part of the plunge, pitch, and lag eigenvalues. It is further
assumed that the model response is aleatory because the parameters aand e vary uniformly
within 5% from their nominal value.
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Fig. 1.
Intersections of ® with four 2-dimensional hyperplanes (non-blue region) along with £(50)

(yellow region) and £(100) (union of the regions in yellow and orange).
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Fig. 2.
Staircase densities for maximal entropy (blue), minimal squared likelihood (red) and target-

matching (green) for 77, = 200. The density of the DGM is shown in black.
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CPU time versus number of bins.
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Fig. 4.
DGM (top), maximal-entropy moment-matching SPM (second), maximal-entropy moment-

bounding SPM (third), and minimal-(21) moment-bounding SPM (bottom).
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Fig. 5.
A, and moments for the DGM (solid lines) and the target (dashed lines).
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Fig. 6.
Moments of a moment-bounded SPM based on (11) (solid line), of a moment-bounded SPM

based on (21) (dotted line), and the corresponding bounds (shaded regions).
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Fig. 7.
Data (x), and bound to the support set (lines).
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Fig. 8.

Target functions (dashed lines) and their sampling error ranges (shaded areas).
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Fig. 9.
2-percentiles of the SPM Sy(9(6)(x, 250, £).
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Fig. 10.
Heteroscedastic GP model (left) and a GM model (right).
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Fig. 11.
Instability metrics as a function of airspeed.
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Fig. 12.
Unrestricted (top) and restricted maximal likelihood staircases (bottom).
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