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Abstract

Hyperelastic models are of particular interest in modeling biomaterials. In order to implement 

them, one must derive the stress and elasticity tensors from the given potential energy function 

explicitly. However, it is often cumbersome to do so because researchers in biomechanics may not 

be well-exposed to systematic approaches to derive the stress and elasticity tensors as it is vaguely 

addressed in literature. To resolve this, we present a framework of a general approach to derive the 

stress and elasticity tensors for hyperelastic models. Throughout the derivation we carefully 

elaborate the differences between formulas used in the displacement-based formulation and the 

displacement/pressure mixed formulation. Three hyperelastic models, Mooney–Rivlin, Yeoh and 

Holzapfel–Gasser–Ogden models that span from first-order to higher order and from isotropic to 

anisotropic materials, are served as examples. These detailed derivations are validated with 

numerical experiments that demonstrate excellent agreements with analytical and other 

computational solutions. Following this framework, one could implement with ease any 

hyperelastic model as user-defined functions in software packages or develop as an original source 

code from scratch.
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1. Introduction

Hyperelastic models have been successfully applied to various types of biomaterials scaling 

from onion epidermis [Qian et al. (2010)] to breast tissues [O’Hagen and Samani (2009)], 

from carotid vessels [Masson et al. (2010, 2008); Bols et al. (2013)] to breast tumors [Oberai 

et al. (2009)], and a number of animal organs including brain [Karimi et al. (2013); Kaster et 
al. (2011); Rashid et al. (2013)], lung [Bel-Brunon et al. (2014); Rausch et al. (2011)], liver 

and kidney [Fu et al. (2013); Untaroiu et al. (2015); Umale et al. (2013)]. A detailed review 

‡Corresponding author: zhanglucy@rpi.edu. 

HHS Public Access
Author manuscript
Int J Comput Methods. Author manuscript; available in PMC 2019 February 15.

Published in final edited form as:
Int J Comput Methods. 2018 June ; 15(1): . doi:10.1142/S0219876218500287.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



of the applications of isotropic hyperelastic models on biological tissues is provided in [Wex 

et al. (2015)]. According to [Steinmann et al. (2012)], hyperelastic models can be classified 

as phenomenological or micro-mechanical. The latter are derived from statistical mechanics 

arguments on networks of idealized chain molecules while the former utilize more or less 

complex, frequently polynomial formulations in terms of strain invariants or principle 

stretches. Because of the popularity of hyperelastic models, many commercial softwares 

have hyperelastic models as a built-in material selection. For instance, Abaqus FEA and 

COMSOL offer Mooney–Rivlin model, Yeoh model, Neo–Hookean model, etc. They also 

allow users to provide subroutines to define new models.

Although hyperelastic models have been frequently used with finite element method to 

model nonlinear deformation behaviors, it is not straightforward to implement them because 

of the complicated procedure involved in deriving stress and elasticity tensors. The stress 

tensor is used to form the equilibrium equation, and the elasticity tensor is the keystone to 

form the tangent stiffness matrix that is used to solve the equilibrium equation. There are 

few existing literature or references providing a systematic approach to evaluate stress and 

elasticity tensors. An indicial method to derive the stress and elasticity tensors for Mooney–

Rivlin model is presented in Bower [2009], which in the author’s opinion, is not easy to be 

transplanted to another model. In Belytschko et al. [2000], a general method to find the 

tangent stiffness matrix for any hyperelastic model in index notation is introduced in an 

abstract form with no illustrated examples. A step-by-step method written in tensor notation 

is derived in Holzapfel [2000], which we refer to frequently in this paper. But again limited 

examples for different models are shown and there is no computational results to validate the 

finite element implementation. Some derivations for specific models can be found in some 

early publications [Weiss et al. (1996); Nicholson (1995)]. A more recent paper [Suchocki 

(2011)] presents the implementation of Knowles model within Abaqus, using tensor notation 

described in Holzapfel [2000]. But instead of using the spatial tensor of elasticity, the author 

used Jaumann objective rate as it is used in Abaqus [2014]. In this paper, we will present a 

systematic approach to derive the stress and elasticity tensors for any given hyperelastic 

model.

This paper is motivated to address this obstacle and clarify some of the key concepts 

presented in the existing literature in this field, as explained earlier. We present a framework 

for the derivation and walk the readers through the entire process with detailed examples. 

With the detailed derivation and the neat workflow, readers should be able to quickly 

implement any hyperelastic model. This is not only useful to the researchers who develop 

their own finite element code but also to those who work with commercial or open-source 

software with user-defined functions to include new constitutive models, especially for the 

ever-increasing newly defined models to describe biomaterials.

The rest of this paper is organized as follows: in Sec. 2, we introduce the basics of the 

hyperelastic model followed by the general procedures to derive the stress and elasticity 

tensors. To demonstrate how they can be applied for specific models, we present three 

different examples: Mooney–Rivlin model, Yeoh model, and Holzapfel–Gasser–Ogden 

(HGO) model. Mooney–Rivlin model is simple but very effective in modeling large strain 

nonlinear behavior of incompressible materials such as rubber and biomaterial. Yeoh model 
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contains only one invariant but with a second-order term. It is not complicated but can 

correctly predict the behavior of elastomer material in the range of a greater extent of 

deformation than the Mooney–Rivlin model [Gajewski et al. (2015)], and is able to 

characterize the stiffening phenomenon of vulcanized rubber. The HGO model is designed 

to model collagen fiber-reinforced biological materials. This anisotropic model is so widely 

used that many commercial and open-source finite element packages have included it as a 

standard or user-defined model, such as in Abaqus [2014], COMSOL [2012] and FEBio 

[Mass et al. (2012)]. In Sec. 3, two sets of numerical experiments are presented: biaxial 

tension and 2D vessel expansion. The experiments are performed using the three 

hyperelastic models, where the results are validated with analytical solutions and existing 

computational results whenever possible, and isotropic and anisotropic behaviors are 

observed and compared. Finally, the conclusions are drawn in Sec. 4.

2. Stress and Elasticity Tensors in Hyperelastic Models

In this section, we briefly review the hyperelastic models and their decomposition, and the 

general approach to derive stress and elasticity tensors, followed by three examples of 

different models: Mooney–Rivlin model, Yeoh model and HGO model. The first two are 

isotropic models written as polynomial functions of invariants. There are also isotropic 

models written as exponential functions or combination of both forms [Fung (1967); 

Demiray (1972); Veronda and Westmann (1970)]. Yet not all biomaterials are isotropic. For 

example, the stomach wall tissues in pigs are found to be direction-dependent [Zhao et al. 
(2008)]. Heart muscles have strong directional properties as well [Saraf et al. (2007)]. 

Materials like these are modeled as a combination of a ground substance and one or more 

families of fibers which are continuously arranged in the ground material. In literature, this 

kind of materials are referred as transversely isotropic materials. HGO model is one of the 

anisotropic models with two families of fibers. To model anisotropy, two pseudo-invariants 

are introduced. However, the procedure of the derivation of the stress and elasticity tensors 

remain the same for both isotropic and anisotropic materials.

2.1. Hyperelastic models

Generally in continuum mechanics we use constitutive equations to describe the stress 

components in terms of other functions such as strain. This functional relationship 

distinguishes different types of materials. For hyperelastic material, we postulate there exists 

a Helmholtz free-energy function Ψ, which is defined per unit reference volume. If Ψ is 

uniquely determined by the deformation tensor F or other strain tensor, it is called strain–

energy function. For example, all isotropic models are functions of the right Cauchy–Green 

tensor, which is defined as C = FTF. If the strain is given, the stress can be uniquely 

determined from the strain–energy function. Our discussion will be focused on rubber-like 

materials as often the case for biomaterials which are modeled as incompressible or nearly 

incompressible. In this case, the strain–energy function is postulated to have a unique 

decoupled form:

Ψ(C) = Ψvol(J) + Ψiso(C), (1)
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where Ψvol(J) and Ψiso(C̄) are volumetric and isochoric responses of the material, 

respectively. J is the Jacobian or the volume ratio defined as the determinant of the 

deformation tensor F, and C̄ is the modified right Cauchy–Green tensor defined as C̄ = J
−2/3C. Likely the modified counterpart of the deformation is written as F̄ = J−1/3F. The 

modified tensors are associated with the volume-preserving, because their determinants are 

1. The concept of decomposition of the deformation and strain tensors is necessary for the 

mixed formulation because we need to deal with the volumetric and isotropic parts 

individually.

In the displacement-based formulation, the volumetric part of the strain-energy function is a 

penalty to allow for a small compressibility:

Ψvol = κG(J), (2)

where κ is the penalty parameter and can be interpreted as the bulk modulus, G(J) is the 

penalty function and may adopt the simple form:

G(J) = 1
2(J − 1)2 . (3)

In the displacement/pressure mixed formulation, the volumetric part of the strain-energy 

function acts as a Lagrange condition to enforce the incompressibility J − 1 = 0:

Ψvol = p(J − 1), (4)

where p is a Lagrange multiplier and can be identified as the hydrostatic pressure. For nearly 

incompressible materials, p can be determined from the deformation. However, for 

incompressible materials, it has to be determined from the equilibrium equation and any 

imposed boundary conditions.

Furthermore, if the material is isotropic, the strain-energy function can be expressed as a 

function of the three invariants of the right (or left) Cauchy–Green tensor. These invariants 

are I1 = tr(C) = tr(B), I2 = 1
2(I1

2 − tr(C2)) = 1
2(I1

2 − tr(B2)), and I3 = det(C) = det(B) = J2, where 

B is the left Cauchy–Green tensor defined as B = FFT. They also have their modified 

counterparts: Ī1 = J−2/3I1, Ī2 = J−4/3I2, and Ī3 = 1. In fact, most isotropic models can be 

expressed as:

Ψ = Ψvol(J) + Ψiso(I 1, I 2) . (5)

2.2. Stress Evaluation and Elasticity Tensor

Based on the postulation of strain–energy function, it follows that the work done on 

hyperelastic materials in a dynamic process within a time interval [t1, t2] is the difference 
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between the strain–energy in the two states. It can also be proven that the work can be 

written as the integration of the tensor product of conjugate stress–strain rate pairs 

[Holzapfel (2000)]:

Ψ(F2) − Ψ(F1) = ∫
t1

t2
S:E

.
dt = ∫

t1

t2
P:F

.
dt

= ∫
t1

t2
σ :e.dt,

(6)

where P is the first Piola–Kirchhoff (PK1) stress defined as P = JσF−T, S is the second 

Piola–Kirchhoff (PK2) stress tensor, E is the Green–Lagrange strain tensor defined as 

E = 1
2(C − I), and e is Euler–Almansi strain tensor which is defined as e = 1

2(I − F−TF−1).

If the material is homogeneous, the PK2 stress S can be determined by

S = ∂Ψ(E)
∂E = 2∂Ψ(C)

∂C . (7)

Similarly, the PK1 stress and Cauchy stress can be determined as P = 2F∂Ψ(C)
∂C  and 

σ = J−1F∂Ψ(C)
∂C FT.

Not surprisingly, the PK2 stress can also be written in a decoupled form with volumetric and 

isochoric parts:

S = 2∂Ψ(C)
∂C = Svol + Siso, (8a)

Svol = 2
∂Ψvol(J)

∂C = J pC−1 = J1/3ρC−1, (8b)

Siso = 2
∂Ψiso(C)

∂C = J−2/3ℙ:S, (8c)

where S̄ is the fictitious PK2 stress defined as S̄ = 2∂Ψiso(C̄)/∂C̄ and ℙ is the projection 

tensor defined as ℙ = 𝕀 − 1
3C−1 ⊗ C = 𝕀 − 1

3C−1 ⊗ C in which ⊗ is the dyadic multiplication 

symbol and  is the fourth-order identity tensor, i.e., ℙijkl = 1
2(δikδ jl + δilδ jk) − 1

3C−1
i jCkl.
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Note that if the material is completely incompressible, the hydrostatic pressure p is 

independent from the displacement u; otherwise p can be determined from the displacement 

even when it is treated as an independent variable by:

p =
dΨvol(J)

dJ = κ dG(J)
dJ . (9)

For the material that is not completely incompressible, either displacement-based 

formulation or mixed formulation can be used. If we explicitly substitute p with Eq. (9), we 

end up with a displacement-based formulation as u is the only unknown to be solved; if we 

leave p as an unknown and use Eq. (9) as a relaxed constraint in the Lagrangian multiplier 

method, we will have a displacement/pressure mixed formulation.

The solutions in nonlinear finite element methods are often obtained incrementally with 

Newton’s method. The elasticity tensors is crucial in the implementation of Newton’s 

method. In the material description or the reference configuration, the elasticity tensor ℂ is 

defined as the gradient of the PK2 stress to its work conjugate strain, the Green–Lagrange 

strain:

ℂ = ∂S(E)
∂E = 2∂S(C)

∂C = 4∂2Ψ(C)
∂C∂C . (10)

Similar to Ψ and S, the elasticity tensor can also be rewritten in the decoupled form:

ℂ = 2 ∂S
∂C = ℂvol + ℂiso, (11a)

ℂvol = 2
∂Svol
∂C

= J−1/3p∼C−1 ⊗ C−1 − 2J−1/3pC−1 ⊙ C−1,

(11b)

ℂiso = 2
∂Siso
∂C

= ℙ:ℂ:ℙT + 2
3Tr(J−2/3S)ℙ∼ − 2

3J−2/3(C−1 ⊗ Siso + Siso ⊗ C−1),

(11c)

where p̃ is defined as p̃ = p + Jdp/dJ. Note that in the mixed formulation p̃ = p because p is 

independent of J. ⊙ is an operator defined as the derivative of the inverse of a second-order 

tensor with respect to itself, i.e., C̄−1⊗C̄−1 = −∂C̄−1/∂C̄; ℂ̄ is the fourth-order fictitious 
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elasticity tensor defined as ℂ = 2J−2/3 ∂S
∂C = 4J−4/3∂2Ψiso(C)

∂C∂C ; Tr(●) is the trace defined as 

Tr(●) = (●) : C; and ℙ̃ is the modified projection tensor of fourth-order defined as 

ℙ∼ = C−1 ⊙ C−1 − 1
3C−1 ⊗ C−1 = J−4/3(C−1 ⊙ C−1 − 1

3C−1 ⊗ C−1).

Therefore, once the stress expressions Svol and Siso are obtained, we can evaluate the 

elasticity tensor ℂ by substituting Eq. (8) into Eq. (11). The stress and elasticity tensors in 

the current configuration can be obtained easily using push-forward operations as derived in 

Appendix A.

Note that in some models the strain-energy is written as functions of principal stretches λ1, 

λ2, λ3 instead of deformation invariants, for example Ogden [1972] and Li et al. [2016]. In 

other compressible models, the strain–energy function is not decoupled into volumetric and 

isochoric parts such as the compressible Neo-Hookean model in Holzapfel [2000]. In those 

cases, the same framework can still be applied where Eqs. (7) and (10) are unchanged. 

However, Eqs. (8) and (11) cannot no longer be used directly as they are derived using the 

decoupled form. Instead, the derivatives in Eqs. (7) and (10) have to be calculated via the 

corresponding variables: λi or Ii (i = 1, 2, 3).

2.3. Examples

2.3.1. Mooney–Rivlin model—Originally derived by Mooney [1940] and Rivlin [1948], 

Mooney–Rivlin model is a polynomial function of Ī1 and Ī2. The first-order Mooney–Rivlin 

is the most widely used to model biological tissues because of its simplicity. However it was 

found that the first-order Mooney–Rivlin model is sufficient to characterize the nonlinear 

behavior of many tissues. Successful applications include animal organs [Bel-Brunon et al. 
(2014)], muscular tissue [Bols et al. (2013)], vessels [Karimi et al. (2014)], etc. As a linear 

function of the invariants, it is possible to find analytical solutions for some simple cases. 

The Mooney–Rivlin model is written as:

Ψvol = κ
2(J − 1)2, (12a)

Ψiso =
μ1
2 (I 1 − 3) +

μ2
2 (I 2 − 3), (12b)

where μ1, μ2 and κ are material constants. For small deformations, the shear modulus and 

bulk modulus can be approximated by μ1 + μ2 and κ. When using mixed formulation Eq. 

(12a) is rewritten as Eq. (4) where Ψvol = p(J − 1).

To derive the expression for the PK2 stress, we will first decide Svol and Siso separately. The 

volumetric part of the PK2 stress that is defined in Eq. (8b), can be shown in the following 

forms:

Cheng and Zhang Page 7

Int J Comput Methods. Author manuscript; available in PMC 2019 February 15.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



Svol = J1/3pC−1 (13a)

J1/3(J − 1)κC−1 . (13b)

Equations (13a) and (13b) are used in the mixed and displacement-based formulations, 

respectively.

To obtain the isochoric stress Siso defined in Eq. (8c), we need to first find the fictitious 

stress:

S = 2
∂Ψiso(C)

∂C

= 2
∂Ψiso
∂I 1

∂I 1
∂C + 2

∂Ψiso
∂I 2

∂I 2
∂C

= μ1I + μ2(I 1I − C)

= (μ1 + μ2I 1)I − μ2C .

(14)

With the fourth-order projection tensor ℙ, the isochoric PK2 stress becomes:

Siso = J−2/3ℙ:S

= J−2/3 𝕀 − 1
3C−1 ⊗ C :S

= J−2/3 S − 1
3(C−1 ⊗ C):S

= J−2/3 S − 1
3(C:S)C−1

= J−2/3 S − 1
3[(μ1 + μ2I 1)I 1 − μ2(I 1

2 − 2I 2)]C−1

= J−2/3 S − 1
3(μ1I 1 + 2μ2I 2)C−1

= J−2/3 − 1
3(μ1I 1 + 2μ2I 2)C−1 + (μ1 + μ2I 1)I − μ2C .

(15)

In the mixed formulation, the volumetric part and isochoric part of the PK2 stress are Eqs. 

(13a) and (15), respectively since p is independent of u. While in the displacement-based 

formulation, the two parts are Eqs. (13b) and (15), respectively.

Once the stress is evaluated, the next step is to evaluate the elasticity tensor ℂ as defined in 

Eq. (11). Recall that the volumetric elasticity tensor in Eq. (11b) is a function of p̃ where p̃ is
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p∼ = p + J dp
dJ

= κ(2J − 1) .

(16)

Substituting p̃ into Eq. (11b) and simply evaluating p from Eq. (9), ℂvol becomes

ℂvol = J−1/3p∼C−1 ⊗ C−1 − 2J−1/3pC−1 ⊙ C−1, (17a)

ℂvol = J−1/3(2J − 1)κC−1 ⊗ C−1 − 2J−1/3(J − 1)κC−1 ⊙ C−1 . (17b)

Equation (17a) is for the mixed formulation, with p̃ = p because dp/dJ = 0, while Eq. (17b) is 

for the displacement-based formulation.

Next we evaluate ℂiso following Eq. (11c). The first term on the right-hand side in Eq. (11c) 

requires the evaluation of the fourth-order fictitious elasticity tensor ℂ, which starts with 

∂Ψiso/∂C̄:

∂Ψiso(C)
∂C =

μ1
2

∂I 1
∂C +

μ2
2

∂I 2
∂C

=
μ1
2 I +

μ2
2 (I 1I − C),

(18)

∂2Ψiso(C)
∂C∂C =

μ2
2 I ⊗

∂I 1
∂C − 𝕀 =

μ2
2 (I ⊗ I − 𝕀) . (19)

Therefore, the fourth-order fictitious elasticity tensor becomes

ℂ = 4J−4/3∂2Ψiso(C)
∂C∂C = 2J−4/3μ2(I ⊗ I − 𝕀), (20)

with the projection tensor ℙ, the first term of the right-hand side in Eq. (11c) is:
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ℙ:ℂ:ℙT = 2J−4/3μ2 𝕀 − 1
3C−1 ⊗ C : (I ⊗ I − 𝕀): 𝕀 − 1

3C ⊗ C−1

= 2J−4/3μ2 𝕀: (I ⊗ I): 𝕀 − 1
3𝕀: (I ⊗ I): (C ⊗ C−1) − 𝕀: 𝕀: 𝕀

+ 𝕀: 𝕀: 1
3(C ⊗ C−1) − 1

3(C−1 ⊗ C): (I ⊗ I): 𝕀

− 1
3(C−1 ⊗ C): 𝕀: 1

3(C ⊗ C−1)

+ 1
3(C−1 ⊗ C): (I ⊗ I): 1

3(C ⊗ C−1) + 1
3(C ⊗ C−1): 𝕀: 𝕀

= 2J−4/3μ2 I ⊗ I − 1
3 I 1(I ⊗ C−1) − 𝕀 + 1

3(C ⊗ C−1) − 1
3 I 1(C−1 ⊗ I)

− 1
9(C:C)(C−1 ⊗ C−1) + 1

9 I 1
2(C−1 ⊗ C)−1 + 1

3(C−1 ⊗ C)

= 2J−4/3μ2 I ⊗ I − 𝕀 − 1
3 I 1(C−1 ⊗ I + I ⊗ C−1)

+ 1
3(C−1 ⊗ C + C ⊗ C−1) + 2

9 I 2(C−1 ⊗ C−1)

= 2J−4/3μ2(I ⊗ I − 𝕀) − 2
3J−4/3μ2I 1(C−1 ⊗ I + I ⊗ C−1)

+ 2
3J−4/3μ2(C−1 ⊗ C + C ⊗ C−1) + 4

9J−4/3μ2I 2(C−1 ⊗ C−1) .

(21)

The second term of the right-hand side of Eq. (11c) requires the trace of J−2/3S̄:

Tr(J−2/3S) = J−2/3S:C
= S:C
= [(μ1 + μ2I 1)I − μ2C]:C
= (μ1 + μ2I 1)I 1 − μ2C:C
= (μ1 + μ2I 1)I 1 − μ2(I 1

2 − 2I 2)
= μ1I 1 + 2μ2I 2 .

(22)

Along with the modified projection tensor ℙ̃, the second term of the right-hand side of Eq. 

(11c) becomes

2
3Tr(J−2/3S)ℙ∼ = 2

3J−4/3(μ1I 1 + 2μ2I 2) C−1 ⊙ C−1 − 1
3C−1 ⊗ C−1 . (23)

Finally, with Eq. (15) for Siso, the third term of the right-hand side of Eq. (11c) becomes
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− 2
3(C−1 ⊗ Siso + Siso ⊗ C−1)

= − 2
3J−4/3 C−1 ⊗ − 1

3(μ1I 1 + 2μ2I 2)C−1 + (μ1 + μ2I 1)I − μ2C

+ − 1
3(μ1I 1 + 2μ2I 2)C−1 + (μ1 + μ2I 1)I − μ2C ⊗ C−1

= − 2
3J−4/3 − 1

3(μ1I 1 + 2μ2I 2)(C−1 ⊗ C−1) + (μ1 + μ2I 1)(C−1 ⊗ I)

− μ2(C−1 ⊗ C) − 1
3(μ1I 1 + 2μ2I 2)(C−1 ⊗ C−1)

+ (μ1 + μ2I 1)(I ⊗ C−1) − μ2(C ⊗ C−1)

= − 2
3J−4/3 − 2

3(μ1I 1 + 2μ2I 2)(C−1 ⊗ C−1)

+ (μ1 + μ2I 1)(C−1 ⊗ I + I ⊗ C−1) − μ2(C−1 ⊗ C + C ⊗ C−1) .

(24)

Combining Eqs. (21), (23) and (24), ℂiso is

ℂiso = 2J−4/3μ2(I ⊗ I − 𝕀) − 2
3J−4/3μ2I 1(C−1 ⊗ I + I ⊗ C−1)

+ 2
3J−4/3μ2(C−1 ⊗ C + C ⊗ C−1) + 4

9J−4/3μ2I 2(C−1 ⊗ C−1)

+ 2
3J−4/3(μ1I 1 + 2μ2I 2) C−1 ⊙ C−1 − 1

3C−1 ⊗ C−1

+ 4
9J−4/3(μ1I 1 + 2μ2I 2)(C−1 ⊗ C−1)

− 2
3J−4/3(μ1 + μ2I 1)(C−1 ⊗ I + I ⊗ C−1)

+ 2
3J−4/3μ2(C−1 ⊗ C + C ⊗ C−1)

= 2J−4/3μ2(I ⊗ I − 𝕀) + 2
3J−4/3(μ1I 1 + 2μ2I 2) C−1 ⊙ C−1 − 1

3C−1 ⊗ C−1

− 2
3J−4/3(μ1 + 2μ2I 1)(C−1 ⊗ I + I ⊗ C−1)

+ 4
3J−4/3μ2(C−1 ⊗ C + C ⊗ C−1) + 4

9J−4/3(μ1I 1 + 3μ2I 2)C−1 ⊗ C−1

= 2J−4/3μ2(I ⊗ I − 𝕀) − 2
3J−4/3(μ1 + 2μ2I 1)(C−1 ⊗ I + I ⊗ C−1)

+ 4
3J−4/3μ2(C−1 ⊗ C + C ⊗ C−1)

+ 2
9J−4/3(μ1I 1 + 4μ2I 2)(C−1 ⊗ C−1)

+ 2
3J−4/3(μ1I 1 + 2μ2I 2)(C−1 ⊙ C−1) .

(25)

Equations (17) and (25) complete the derivations of the elasticity tensor for the volumetric 

and isochoric parts, respectively, in the reference configuration.

2.3.2. Yeoh model—First introduced in 1990 [Yeoh (1990)] and modified in 1993 [Yeoh 

(1993)], Yeoh model was motivated to simulate the mechanical behavior of carbon-black 
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filled rubber vulcanizates with the typical stiffening effect in large strain domain. Yeoh 

model is a polynomial of Ī1 only. To capture the stiffening effect of rubber in the large strain 

domain, it is usually truncated up to the third-order. Yeoh model is another popular choice in 

biomechanics which has been be applied to human breast tissue [O’Hagen and Samani 

(2009)], porcine muscular tissue [Bols et al. (2013)], rat lung parenchyma [Bel-Brunon et al. 
(2014); Rausch et al. (2011)], etc. It is even proven to be the best one in capturing nonlinear 

behaviors of some specific tissues compared to Neo–Hookean and Mooney–Rivlin models 

[Zaeimdar (2014)].

The volumetric part to account for compressibility in Yeoh model is the same as in Mooney–

Rivlin model. Consequently the volumetric parts of both stress and elasticity tensors are the 

same as Eqs.(13) and (17). Therefore, we will only show the derivation of the isochoric 

component.

The isochoric part in Yeoh model includes higher order terms. It is written as:

Ψiso = c1(I 1 − 3) + c2(I 1 − 3)2 + c3(I 1 − 3)3, (26)

where c1, c2, c3 are material constants with constraints c1 > 0, c2 < 0, and c3 > 0. The initial 

shear modulus is approximated as μ = 2c1.

Following the same way, we first derive the fictitious stress:

S = 2
∂Ψiso(C)

∂C

= 2
∂Ψiso
∂I 1

∂I 1
∂C

= [2c1 + 4c2(I 1 − 3) + 6c3(I 1 − 3)2]I .

(27)

Then the isochoric part of the PK2 stress is obtained as

Siso = J−2/3ℙ:S

= J−2/3 𝕀 − 1
3C−1 ⊗ C :S

= J−2/3 S − 1
3(C:S)C−1

= J−2/3 S − 1
3[2c1 + 4c2(I 1 − 3) + 6c3(I 1 − 3)2]I 1C−1

= J−2/3[2c1 + 4c2(I 1 − 3) + 6c3(I 1 − 3)2] I − 1
3 I 1C−1 .

(28)
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Similarly, to derive the first term on the right-hand side of Eq. (11c) we must begin with 

∂Ψiso/∂C̄:

∂Ψiso(C)
∂C = [c1 + 2c2(I 1 − 3) + 3c3(I 1 − 3)2]

∂I 1
∂C

= [c1 + 2c2(I 1 − 3) + 3c3(I 1 − 3)2]I .

(29)

The second order derivative is

∂2Ψiso(C)
∂C∂C = I ⊗

∂[c1 + 2c2(I 1 − 3) + 3c3(I 1 − 3)2]
∂C

= I ⊗ [2c2I + 6c3(I 1 − 3)I]

= [2c2 + 6c3(I 1 − 3)]I ⊗ I .

(30)

Therefore, the fictitious elasticity tensor is

ℂ = 4J−4/3∂2Ψiso(C)
∂C∂C = 8J−4/3[c2 + 3c3(I 1 − 3)]I ⊗ I . (31)

The first term on the right-hand side of Eq. (11c) can be found as
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ℙ:ℂ:ℙT = 8J−4/3[c2 + 3c3(I 1 − 3)] 𝕀 − 1
3C−1 ⊗ C : (I ⊗ I): 𝕀 − 1

3C ⊗ C−1

= 8J−4/3[c2 + 3c3(I 1 − 3)] 𝕀: (I ⊗ I): 𝕀 − 𝕀: (I ⊗ I): 1
3(C ⊗ C−1)

− 1
3(C−1 ⊗ C): (I ⊗ I): 𝕀 + 1

9(C−1 ⊗ C): (I ⊗ I): (C ⊗ C−1)

= 8J−4/3[c2 + 3c3(I 1 − 3)]

× I ⊗ I − 1
3 I 1(C−1 ⊗ I) − 1

3 I 1(I ⊗ C−1) + 1
9 I 1

2(C−1 ⊗ C−1)

= 8J−4/3[c2 + 3c3(I 1 − 3)]

× I ⊗ I −
I 1
3 (I ⊗ C−1 + C−1 ⊗ I) +

I 1
2

9 (C−1 ⊗ C−1)

= J−4/3[8c2 + 24c3(I 1 − 3)](I ⊗ I)

− J−4/3 8
3c2I 1 + 8c3(I 1 − 3)I 1 (I ⊗ C−1 + C−1 ⊗ I)

+ J−4/3 8
9c2I 1

2 + 8
3c3(I 1 − 3)I 1

2 (C−1 ⊗ C−1) .

(32)

Using the fictitious PK2 stress derived in Eq. (27), we can obtain the trace of J−2/3S̄:

Tr(J−2/3S) = J−2/3S:C
= S:C
= [2c1 + 4c2(I 1 − 3) + 6c3(I 1 − 3)2](I:C)
= 2c1I 1 + 4c2(I 1 − 3)I 1 + 6c3(I 1 − 3)2I 1 .

(33)

So that the second term on the right-hand side of Eq. (11c) is

2
3Tr(J−2/3S)ℙ∼ = 2

3J−4/3[2c1I 1 + 4c2(I 1 − 3)I 1 + 6c3(I 1 − 3)2I 1]

× C−1 ⊙ C−1 − 1
3C−1 ⊗ C−1

= J−4/3 4
3c1I 1 + 8

3c2(I 1 − 3)I 1 + 4c3(I 1 − 3)2I 1 × C−1 ⊙ C−1 − 1
3C−1 ⊗ C−1 .

(34)

Cheng and Zhang Page 14

Int J Comput Methods. Author manuscript; available in PMC 2019 February 15.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



The third term on the right-hand side of Eq. (11c) is obtained by using Siso in Eq. 28:

− 2
3J−4/3(C−1 ⊗ Siso + Siso ⊗ C−1)

= − 2
3J−4/3[2c1 + 4c2(I 1 − 3) + 6c3(I 1 − 3)2]

× C−1 ⊗ I − 1
3 I 1C−1 + I − 1

3 I 1C−1 ⊗ C−1

= J−4/3 − 4
3c1 − 8

3c2(I 1 − 3) − 4c3(I 1 − 3)2 (C−1 ⊗ I + I ⊗ C−1)

+ J−4/3 8
9c1I 1 + 16

9 c2(I 1 − 3)I 1 + 8
3c3(I 1 − 3)2I 1 (C−1 ⊗ C−1) .

(35)

Combining Eqs. (32), (34) and (35), we have the isochoric part of the elasticity tensor:

ℂiso = J−4/3 [8c2 + 24c3(I 1 − 3)](I ⊗ I)

− 4
3c1 + c2

16
3 I 1 − 8 + 12c3(I 1 − 1)(I 1 − 3) (C−1 ⊗ I + I ⊗ C−1)

+ 4
9c1I 1 + c2

16
9 I 1

2 − 8
3 I 1 + 4c3I 1(I 1 − 1)(I 1 − 3) (C−1 ⊗ C−1)

+ 4
3c1I 1 + 8

3c2(I 1 − 3)I 1 + 4c3(I 1 − 3)2I 1 (C−1 ⊙ C−1) .

(36)

Equations (17) and (36) yield the elasticity tensor in the reference configuration for Yeoh 

model.

2.3.3. Holzapfel–Gasser–Ogden model—The Holzapfel–Gasser–Ogden (HGO) model 

was introduced in 2000 [Holzapfel and Gasser (2000)] to model the layering structure of 

arterial tissues. The idea was to formulate a constitutive model which incorporates some 

histological structure of arterial walls (i.e., fiber direction). The volumetric part is the same 

as Mooney–Rivlin and Yeoh models. What distinguishes HGO model from the 

phenomenological models is that it accounts for both the non-collagenous matrix material 

which is active at low pressures (modeled as isotropic) and the collagenous fibers which 

becomes active at high pressure (modeled as anisotropic). HGO model uses Neo–Hookean 

model as the isotropic ground material, and the anisotropic part consists two families of 

fibers represented by two pseudo-invariants Ī4 and Ī6. The directions of these fibers are 

represented by unit vectors a04 and a06 in the reference configuration. Specifically, the 

isochoric part of HGO model is consist of isotropic part Ψisotropic and anisotropic part 

Ψaniso:

Ψiso(C, a04, a06) = Ψisotropic(C) + Ψaniso(C, a04, a06) . (37a)

In particular
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Ψisotropic =
μ1
2 (I 1 − 3), (37b)

Ψaniso(C, a04, a06) =
k1

2k2
∑

i = 4, 6
{ exp [k2(I i − 1)2] − 1}, (37c)

where k1 > 0 is a stress-like material parameter and k2 > 0 is a dimensionless parameter.

The volumetric part of the stress and elasticity tensors of the HGO model are the same as 

Mooney–Rivlin and Yeoh models derived in Eqs. (13) and (17). The isotropic part of the 

isochoric HGO model is simply the Neo–Hookean model, which is a special case of 

Mooney–Rivlin model with μ2 = 0. Therefore, to obtain the isotropic contribution to the 

isochoric PK2 stress, we only need to set μ2 to 0 in Eq. (15)

Sisotropic = J−2/3μ1 − 1
3 I 1C−1 + I . (38)

Similarly, by setting μ2 to 0 in the isochoric elasticity tensor from Mooney–Rivlin model in 

Eq. (25), the isotropic part of the isochoric elasticity tensor for the HGO model becomes:

ℂisotropic = − 2
3J−4/3μ1(C−1 ⊗ I + I ⊗ C−1) + 2

9J−4/3μ1I 1C−1 ⊗ C−1 + 2
3J−4/3μ1I 1C−1

⊙ C−1 .

(39)

To derive the anisotropic parts of stress and elasticity tensors, the deformation of the fibers 

needs to be introduced. As the material deforms, the vectors of the fibers deform accordingly 

and are expressed as unit vectors a4 and a6 in the current configuration. a0i and ai (i = 4, 6) 

are related by

λiai = Fa0i, (40)

where i = 4, 6, λi is the stretch of the original fiber and no summation is applied on i. Since |

ai| = 1, we find the value of stretch λi through:
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λi
2 = a0i · FTFa0i = a0i · Ca0i, i = 4, 6. (41)

To express the anisotropic term, two pseudo-invariants are defined:

Ii(C, a0i) = a0i · Ca0i = λi
2, i = 4, 6. (42)

Similarly, the modified invariants are defined as

I i = J−2/3Ii, i = 4, 6. (43)

For the convenience of the derivation, we define two second-order tensors to represent the 

dyadic products of a0i:

A0i = a0i ⊗ a0i, i = 4, 6. (44)

The derivatives of the pseudo-invariants are easy to find

∂I i
∂C = A0i, i = 4, 6. (45)

Based on the definition of these pseudo-invariants and the symmetric structure of the HGO 

model itself, it is obvious to see that Ī4 and Ī6 should be symmetric in all the related 

expressions.

Next, we derive the stress and elasticity tensors for the anisotropic part of the isochoric HGO 

model in a similar approach as presented in Sec. 2.2. The anisotropic part will be combined 

with the isochoric isotropic part and the volumetric part to form the complete stress and 

elasticity tensors of the HGO model.

As the first step, Eq. (45) is used to obtain the anisotropic part of the fictitious PK2 stress:

Saniso = 2
∂Ψaniso(C)

∂C = 2 ∑
i = 4, 6

∂Ψaniso
∂I i

A0i . (46)

Recall the definitions in Eqs. (40)–(44), we can prove that
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C:A0i = C: (a0i ⊗ a0i) = a0i · (Ca0i) = I i, i = 4, 6. (47)

Consequently,

C:Saniso = 2 ∑
i = 4, 6

I i
∂Ψaniso

∂I i
. (48)

Using Eq. (48), the isochoric anisotropic PK2 stress is obtained through Eq. (8c)

Saniso = J−2/3 𝕀 − 1
3C−1 ⊗ C :Saniso = J−2/3 Saniso − 1

3(C:Saniso)C−1

= 2J−2/3 ∑
i = 4, 6

∂Ψaniso
∂I i

A0i − 1
3 I iC

−1 ,

(49)

where ∂Ψaniso/∂Īi = k1(Īi − 1)ek2(Īi − 1)2. Combining Eqs. (38) and (49), we have the 

isochoric PK2 stress for the HGO model:

Siso = J−2/3μ1 − 1
3 I 1C−1 + I + 2J−2/3 ∑

i = 4, 6

∂Ψaniso
∂I i

A0i − 1
3 I iC

−1 . (50)

Next we derive the anisotropic part of the isochoric elasticity tensor of the HGO model. For 

convenience, we do not explicitly write out ∂Ψaniso/∂Īi and ∂2Ψaniso/ ∂I i
2 where i = 4, 6. The 

first and second derivatives of Ψaniso with respect to C̄ can be easily converted to that with 

respect to Īi (i = 4, 6) as follows:

∂Ψaniso
∂C = ∑

i = 4, 6

∂Ψaniso
∂I i

A0i, (51a)

∂2Ψaniso
∂C∂C = ∑

i = 4, 6

∂2Ψaniso
∂I i

2 A0i ⊗ A0i . (51b)

Using Eq. (51b), the anisotropic contribution to the fictitious elasticity tensor ℂ̄
aniso is:
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ℂaniso = 4J−4/3∂2Ψaniso
∂C∂C = 4J−4/3 ∑

i = 4, 6

∂2Ψaniso
∂I i

2 A0i ⊗ A0i . (52)

Therefore, the first term on the right-hand side of Eq. (11c) becomes

ℙ:ℂaniso:ℙT

= ∑
i = 4, 6

J−4/3∂2Ψaniso
∂I i

2 𝕀 − 1
3C−1 ⊗ C : (A0i ⊗ A0i): 𝕀 − 1

3C ⊗ C−1

= ∑
i = 4, 6

4J−4/3∂2Ψaniso
∂I i

2 A0i − 1
3(C:A0i)C

−1 ⊗ A0i − 1
3(C:A0i)C

−1

= ∑
i = 4, 6

4J−4/3∂2Ψaniso
∂I i

2

× A0i ⊗ A0i − 1
3 I i(C

−1 ⊗ A0i + A0i ⊗ C−1) + 1
9 I i

2C−1 ⊗ C−1 .

(53)

Recall Eq. (48), the second term on the right-hand side of Eq. (11c) is

2
3Tr(J−2/3Saniso)ℙ∼ = 2

3(Saniso:C)ℙ∼

= 2
3J−4/3(Saniso:C) C−1 ⊙ C−1 − 1

3C−1 ⊗ C−1

= ∑
i = 4, 6

4
3J−4/3I i

∂Ψaniso
∂I i

C−1 ⊙ C−1 − 1
3C−1 ⊗ C−1 .

(54)

Substituting Eq. (49) into the third term on the right-hand side of Eq. (11c), it becomes:

− 2
3J−2/3(C−1 ⊗ Saniso + Saniso ⊗ C−1)

= ∑
i = 4, 6

− 4
3J−4/3∂Ψaniso

∂I i

× C−1 ⊗ A0i − 1
3 I iC

−1 + A0i − 1
3 I iC

−1 ⊗ C−1

= ∑
i = 4, 6

− 4
3J−4/3∂Ψaniso

∂I i
C−1 ⊗ A0i + A0i ⊗ C−1 − 2

3 I iC
−1 ⊗ C−1 .

(55)
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Adding up Eqs. (53)–(55), we have the anisotropic part of the isochoric elasticity tensor for 

the HGO model:

ℂaniso = ∑
i = 4, 6

J−4/3 4
∂2Ψaniso

∂I i
2 (A0i ⊗ A0i) − 4

3 I i
∂2Ψaniso

∂I i
2 +

∂Ψaniso
∂I i

(C−1 ⊗ A0i + A0i

⊗ C−1) + 4
9 I i

2∂2Ψaniso
∂I i

2 + I i
∂Ψaniso

∂I i
(C−1 ⊗ C−1) + 4

3 I i
∂Ψaniso

∂I i
(C−1 ⊙ C−1) ,

(56)

where the ∂Ψaniso/∂Īi and ∂2Ψaniso/ ∂I i
2 (i = 4, 6) are given in Eq. (51).

Combining Eq. (39) with Eq. (56), the complete isochoric part of the elasticity tensor of 

HGO model is

ℂiso = − 2
3J−4/3μ1(C−1 ⊗ I + I ⊗ C−1) + 2

9J−4/3μ1I 1(C−1 ⊗ C−1) + 2
3J−4/3μ1I 1(C−1

⊙ C−1) + ∑
i = 4, 6

J−4/3 4
∂2Ψaniso

∂I i
2 (A0i ⊗ A0i) − 4

3 I i
∂2Ψaniso

∂I i
2 +

∂Ψaniso
∂I i

(C−1 ⊗ A0i + A0i

⊗ C−1) + 4
9 I i

2∂2Ψaniso
∂I i

2 − I i
∂Ψaniso

∂I i
(C−1 ⊗ C−1) + 4

3 I i
∂Ψaniso

∂I i
(C−1 ⊙ C−1) .

(57)

The volumetric part of the elasticity tensor is still the same as Eq. (17).

Table 1 lists a summary of the derived tensors in the reference configuration for all three 

models, namely Mooney–Rivlin, Yeoh and HGO. An updated Lagrangian formulation can 

be derived by using a push-forward approach based on the reference configuration. The 

detailed derivation can be found in Appendix A. The corresponding summary of equations 

in the current configuration is shown in Table 2.

3. Numerical Experiments

In this section, we present two sets of test cases to validate the derived formulas. The first 

case is a biaxial tension test which is often used to calibrate material constants. For isotropic 

materials, the analytical solution can be easily found if the material is assumed to be 

incompressible. The Poisson’s ratio for all the test cases is set to ν = 0.49999, which is 

nearly incompressible where the volume is checked to be unchanged with double machine 
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precision. For extreme cases, such as an even high Poisson’s ratio or absolutely 

incompressible material (which is hardly meaningful in reality) where ν = 0.5, using the 

typical displacement-based formulation would result in numerical problems such as locking. 

We must then resolve it with mixed formulation. The second case is the expansion of a 2D 

cylinder. It is widely used to validate numerical simulations as the theoretical solutions can 

often be found for simple models. The results of both cases are obtained in updated 

Lagrangian formulation, using the formulas listed in Table 2.

3.1. Biaxial tension test

In this test, we examine the three isotropic models (Neo–Hookean, Mooney–Rivlin, and 

Yeoh models) and 1 anisotropic HGO model. Consider a long bar loaded equally in two 

directions with fixed tractions. The section of the bar is a 1 m2-square. As shown in Fig. 1, 

the back surface is fixed in the x direction; the left surface is fixed in the y direction and the 

bottom surface is fixed in the z direction. External tractions are applied to the front and right 

surfaces.

The bar is stretched by the tractions in x and y directions, and compressed in the z direction 

in order to maintain the volume. The stretch λ is defined as the ratio between the deformed 

length to the original length in x and y directions. For an isotropic incompressible material, 

the deformation tensor can be written as

F =
λ 0 0
0 λ 0
0 0 λ−2

. (58)

Based on Eq. (58) the theoretical solution of the diagonal components of the PK2 stress is 

expressed as:

S11 = S22 = 2(1 − λ−6)
∂Ψiso
∂I 1

+ λ2∂Ψiso
∂I 2

S33 = 0.

(59)

All the off-diagonal components are 0. Note that the theoretical solution is not limited in the 

range of small deformation since no such assumption is made.

Since the nonzero components of the PK2 stress are the same, we denote them as S. For 

Mooney–Rivlin model, plug Eq. (12b) into (59), we have

S = (1 − λ−6)(μ1 + μ2λ2) . (60)
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Therefore, the nominal stress P is

P = λS = (λ − λ−5)(μ1 + μ2λ2) . (61)

When μ2 = 0 terms we have the nominal stress for Neo–Hookean model:

P = λS = μ1(λ − λ−5) . (62)

Similarly, for Yeoh model:

P = λS = 2(λ − λ−5) × [c1 + 2c2(2λ2 + λ−4 − 3) + 3c3(2λ2 + λ−4 − 3)2] . (63)

Table 3 lists the material constants used in the isotropic models, which are curve-fitted from 

the standard ASTM412 tensile test results of the rubber used in the transmission mounts 

[Sharma (2003)].

Figure 2(a) shows the results of the theoretical calculations and numerical computations for 

all three isotropic models for λ in the range of 1 to 1.8. Since the traction is fixed in the 

original configuration, the nominal stress equals the traction. Perfect agreement is achieved 

at every discrete data point. As expected, in the small strain range, all these models have 

similar linear performance. It can be seen that μ2 in Mooney–Rivlin model acts as a 

modification to μ1 in Neo–Hookean model which increases the stiffness. In large strain 

range, the stiffness of Yeoh model grows quickly, becoming significantly larger than the 

others due to the inclusion of the higher order terms.

To demonstrate the anisotropy of HGO model, we compare the stretches in two directions in 

the biaxial tension test. We use the material parameters calibrated from the media layer of 

the artery in Holzapfel and Gasser [2000] but only one direction is strengthened. That is, 

both two families of fibers are arranged in the same direction while the tractions are still 

applied in two directions. The material parameters are μ1 = 3KPa, k1 = 2.3632KPa, k2 = 

0.8393 and κ = 1×105 KPa. We vary the direction of the fibers measured by the angle from 

the x direction denoted as α, from 0° to 90° to observe the trends qualitatively as there is no 

existing theoretical solution.

The stretch ratio λ is defined as λ = {
λy/λx, α = 0°, 30° or 45°
λx/λy, α = 60° or 90° , where λy is greater than λx 

when 0° < α < 45° since the x direction is strengthened more. As the angle gets larger, λx 

becomes greater too. Figure 2(b) shows the nominal stress, which is nothing but the traction 

applied to each surface, as a function of the stretch ratio. As expected, the stretch ratio at α = 

0° is the same as α = 90°. These complementary angles of α yields the most asymmetric 

results since the stretch ratio is the largest for a given nominal stress. Same stretch ratios are 
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obtained for α = 30° and α = 60°. When α = 45° two directions become symmetric and the 

stretch ratio remains to be 1.

3.2. Cylindrical pressure vessel with isotropic models

In the second test, we consider a vessel under internal pressure. This case is more 

challenging than the previous one, especially in the Cartesian coordinates system since the 

deformation varies both in the radial and the circumferential directions. As shown in Fig. 3, 

the cylinder has an internal radius of Ri = 7m and an external radius of Ro = 18.625 m. Only 

a quarter of vessel is considered with plain strain assumption. Symmetry conditions are 

applied to the two sides to simulate a complete cylinder. The material parameters for the 

isotropic models are the same as the previous example, listed in Table 3.

As a benchmark, we model the vessel with Mooney–Rivlin model and compare the radial 

displacement, hoop stress, radial stress, and axial stress with the analytical solutions. For 

incompressible materials, the analytical solutions are found in Green and Zerna [1968] as 

follows:

ur = − R + R2 + b, (64a)

Fig. 3. Cross-section of the vessel.

σθθ = p + μ2 + (μ1 + μ2) r
R

2
+ C, (64b)

σrr = p + μ2 + (μ1 + μ2) R
r

2
+ C, (64c)

σzz = p + μ1 + μ2
R
r

2
+ r

R
2

+ C, (64d)

p = − pi − μ2 − (μ1 + μ2) × log r
Ri

+ b
2(r2 − Ri

2) − log R
Ri

+
Ri
r

2
, (64e)

where R and r are the radial coordinate before and after deformation, p is the hydrostatic 

pressure, ur is the radial displacement, and σθθ, σrr and σzz are the hoop, radial and axial 

stresses, respectively. C is an arbitrary constant to be determined by the reference pressure 

since the material is incompressible. b is a constant determined by the internal pressure pi as
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pi = 2(μ1 + μ2) × log
Ri

2 + b

Ro
2 + b

− 2 log
Ri
Ro

+ b
Ro

2 − Ri
2

(Ro
2 + b)(Ri

2 + b)
. (64f)

Again, this solution is not limited in the range of small deformation.

Figure 4 shows the stress components and the radial displacement along the radial direction 

under a given internal pressure of pi = 200KPa. Good agreement is achieved on all the 

components. There are 21 nodes that are uniformly distributed in the radial direction. As 

expected, point on the outer surface undergoes less radial displacement than the inner 

surface in order to keep the area of cross-section unchanged. All the components of the 

Cauchy stress exhibit nonuniform distribution. The absolute value of hoop stress and radial 

stress on the inner surface are more significant than the outer surface. This is not altered by 

the value of the material constants or the pressure. But by setting different material constants 

along the radial direction one can obtain more uniform stress distributions Batra (1980). 

Note that the axial stress is usually challenging to validate as they are seldomly shown in 

literature. The responses of a range of internal pressures are also studied. We pick the node 

at the midpoint in the radial direction (R = 12.8125m) and study its deformation under 

different internal pressures from 50KPa to 350KPa. As shown in Fig. 5, the computational 

result and analytical solution agree perfectly with each other. The variation of the radial 

displacement and the stress are nonlinear in the sense that the absolute value increases faster 

at greater pressure. This is similar to what we observed in Fig. 2(a).

With the validated implementation of the Mooney–Rivlin model, we then compare the 

performance of Neo–Hookean, Mooney–Rivlin, and Yeoh model. Figure 6 shows the results 

of these models under an inner pressure of pi = 350KPa. All these isotropic models have 

similar trends, and the discrepancies among different models decrease from the inner surface 

to the outer surface. It implies that under a moderate pressure, different isotropic models do 

not make too much difference. The performance of the Yeoh model is very close to the Neo–

Hookean model and stiffening effect does not occur. This is because they both have only one 

invariant and the strain is not large enough for Yeoh model to demonstrate its particular 

characteristics due to the higher order term. Considering in this case the maximum strain is 

already significant, and the expansion of vessels is not likely to exceed this maximum, it is 

expected that Yeoh model and Neo–Hookean model behave similarly.

4. Concluding Remarks

In order to implement any model with finite element method efficiently, one has to find a 

general way to derive the stress and elasticity tensors. In this paper, we presented a 

systematic way to do that by decomposing the strain–energy function, stress tensor, and the 

elasticity tensor into volumetric and isochoric parts. We derived the stress and elasticity 

tensors for the Mooney–Rivlin, Yeoh, and HGO model as examples. These models are 

popular in biomechanics and cover both isotropic and anisotropic models. Incompressibility 

in biomaterials was also discussed, where the tangent stiffness matrix of the standard 

displacement-based formulation is often ill-conditioned. Toward this end, the volumetric 
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parts of the derived formulas are rewritten as functions of the pressure so that mixed 

formulation can be implemented. Two numerical experiments were examined that include 

biaxial tension, and vessel expansion. These experiments involved Neo–Hookean, Mooney–

Rivlin, Yeoh and HGO models. Their comparisons to analytical solutions and existing 

numerical solutions yielded excellent agreement. In summary, this paper addressed the 

challenges in the derivation of the stress and elasticity tensors for hyperelastic models using 

the existing literature by providing a framework with detailed procedure. It will be useful to 

the researchers in computational biomechanics. Following the systematic approach, readers 

should be able to derive stress and elasticity tensors for any hyperelastic model as part of 

their own code or as user-define functions in finite element packages.
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Appendix A. Updated Lagrangian Formulation

In the updated Lagrangian Formulation, the Kirchhoff stress τ or the Cauchy stress σ is used 

instead of the PK2 stress S, meanwhile the principle of virtual work or principle of 

stationary potential energy and their linearization are written in the current configuration as 

well. In this appendix we will show the corresponding formulations in the current 

configuration.

The stress tensor we work with in the updated Lagrangian formulation is the Kirchhoff stress 

τ, which is obtained by a push-forward operation of the PK2 stress S:
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τ = FSFT . (A.1)

Recall the definition of the elasticity tensor ℂ in Eq. (10), the spatial tensor of elasticity ℂ is 

defined as

ℂ =
∂ℒv(τ♯)

∂d , (A.2)

where ℒv(τ♯) is the objective Oldroyd stress rate defined as: ℒv(τ♯) = τ̇ − lτ − τlT, l = ∇xv 
and d = (l + lT)/2. The spatial tensor of elasticity ℂ can be transformed from the elasticity 

tensor ℂ through a push-forward operation

cijkl = FiIF jJFkKFlLCIJKL . (A.3)

Next we will derive the Kirchhoff stress τ and the spatial tensor of elasticity ℂ for Mooney–

Rivlin model, Yeoh model and HGO model respectively. All these models have the same 

volumetric part, which can be obtained by substituting Eq. (13) into Eq. (A.1):

τvol = FSvolFT, (A.4a)

= J pI, (A.4b)

= J(J − 1)κI . (A.4c)

Substituting Eq. (17) into Eq. (A.3) gives the volumetric spatial tensor of elasticity. For 

convenience, here we use the index notation:

(cvol)ijkl
= FiIF jJFkKFlL(Cvol)IJKL

(A.5a)

= J p∼δi jδkl − J p(δikδ jl + δilδ jk) (A.5b)
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= κ[J(2J − 1)δi jδkl − J(J − 1)(δikδ jl + δilδ jk)] . (A.5c)

Equations (A.4) and (A.5) complete the volumetric part of the Kirchhoff stress and spatial 

tensor of elasticity for all these models. Next we will derive the isochoric parts individually.

The isochoric Kirchhoff stress τiso for Mooney–Rivlin model is transformed from Eq. (15):

τiso = FSisoFT

= FJ−2/3 − 1
3(μ1I 1 + 2μ2I 2)C−1 + (μ1 + μ2I 1)I − μ2C FT,

= − 1
3(μ1I 1 + 2μ2I 2)I − μ2B2 + (μ1 + μ2I 1)B

(A.6)

where B̄ is the modified right Cauchy–Green tensor defined as B = FFT = CT, and the 

isochoric spatial tensor of elasticity ℂiso is obtained from Eq. (25):

(ciso)
ijkl

= FiIF jJFkKFlL(Ciso)
IJKL

= 2μ2 Bi jBkl − 1
2(BikB jl + BilB jk)

− 2
3(μ1 + 2μ2I 1)(Bi jδkl + Bklδi j)

+ 4
3 μ2(Bi j

2 δkl + Bkl
2 δi j) + 2

9(μ1I 1 + 4μ2I 2)δi jδkl

+ 1
3(μ1I 1 + 2μ2I 2)(δikδ jl + δilδ jk) .

(A.7)

Similarly, the isochoric stress τiso and the isochoric spatial tensor of elasticity ℂiso for Yeoh 

model are transformed from Eqs. (28) and (36):

τiso = FSisoFT = FJ−2/3[2c1 + 4c2(I 1 − 3) + 6c3(I 1 − 3)2] I − 1
3 I 1C−1 FT,

= [2c1 + 4c2(I 1 − 3) + 6c3(I 1 − 3)2] B − 1
3 I 1I ,

(A.8)
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(ciso)
ijkl

= FiIF jJFkKFlL(Ciso)
IJKL

= [8c2 + 24c3(I 1 − 3)]Bi jBkl

− 4
3c1 + c2

16
3 I 1 − 8 + 12c3(I 1 − 1)(I 1 − 3) (Bi jδkl + Bklδi j)

+ 4
9c1I 1 + c2

16
9 I 1

2 − 8
3 I 1 + 4c3I 1(I 1 − 1)(I 1 − 3) δi jδkl

+ 2
3c1I 1 + 4

3c2(I 1 − 3)I 1 + 2c3(I 1 − 3)2I 1 (δikδ jl + δilδ jk) .

(A.9)

For the HGO model, we will first derive the isotropic parts of the isochoric Kirchhoff stress 

and the isochoric spatial tensor of elasticity by setting μ2 to 0 in Eqs. (A.6) and (A.7), 

respectively:

τisotropic = − 1
3 μ1I 1I + μ1B, (A.10)

(cisotropic)ijkl
= − 2

3 μ1(Bi jδkl + Bklδi j) + 2
9 μ1I 1δi jδkl + 1

3 μ1I 1(δikδ jl + δilδ jk) . (A.11)

Next we derive the anisotropic part of the isochoric Kirchhoff stress by substituting Eq. (49) 

into Eq. (A.1):

τaniso = FSanisoFT

= F2J−2/3 ∑
i = 4, 6

∂Ψaniso
∂I i

A0i − 1
3 I iC

−1 FT

= 2 ∑
i = 4, 6

∂Ψaniso
∂I i

FA0iF
T − 1

3 I iFC−1FT

= 2 ∑
i = 4, 6

∂Ψaniso
∂I i

I i Ai − 1
3I ,

(A.12)

where Ai is dyadic product of the deformed fiber vectors defined as Ai = ai ⊗ ai. The 

anisotropic part of the isochoric spatial tensor of elasticity is obtained by substituting Eq. 

(56) into Eq. (A.3):
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(caniso)
ijkl

= FiIF jJFkKFlL(Caniso)
IJKL

= ∑
i = 4, 6

4I i
2∂2Ψaniso

∂I i
2 Ai ⊗ Ai

− 4
3 I i I i

∂2Ψaniso
∂I i

2 +
∂Ψaniso

∂I i
(Ai ⊗ I + I ⊗ Ai)

+ 4
9 I i

2∂2Ψaniso
∂I i

2 + I i
∂Ψaniso

∂I i
I ⊗ I + 4

3 I i
∂Ψaniso

∂I i
𝕀 .

(A.13)

Therefore, the isochoric Kirchhoff stress is obtained by adding up Eqs. (A.10) and (A.12), 

and the isochoric spatial tensor of elasticity is obtained by adding up Eqs. (A.11) and (A.13), 

respectively:

τiso = − 1
3 μ1I 1I + μ1B + 2 ∑

i = 4, 6

∂Ψaniso
∂I i

I i Ai − 1
3I . (A.14)

(ciso)
ijkl

= − 2
3 μ1(Bi jδkl + Bklδi j) + 2

9 μ1I 1δi jδkl + 1
3 μ1I 1(δikδ jl + δilδ jk)

+ ∑
i = 4, 6

4I i
2∂2Ψaniso

∂I i
2 Ai ⊗ Ai − 4

3 I i

× I i
∂2Ψaniso

∂I i
2 +

∂Ψaniso
∂I i

(Ai ⊗ I + I ⊗ Ai)

+ 4
9 I i

2∂2Ψaniso
∂I i

2 − I i
∂Ψaniso

∂I i
I ⊗ I + 4

3 I i
∂Ψaniso

∂I i
𝕀 .

(A.15)

To summarize, Tables 1 and 2 list the equation numbers of the derived stress and elasticity 

tensors for Mooney–Rivlin, Yeoh and HGO models in the reference configuration and the 

current configuration, respectively.
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Fig. 1. 
Model setup for biaxial tension test.
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Fig. 2. 
Relationship of nominal stress to stretch in biaxial tension test.
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Fig. 3. 
Cross-section of the vessel.

Cheng and Zhang Page 34

Int J Comput Methods. Author manuscript; available in PMC 2019 February 15.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



Fig. 4. 
Vessel expansion under internal pressure of Pi = 200KPa.
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Fig. 5. 
Vessel expansion under different pressure with Mooney–Rivlin model.
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Fig. 6. 
Vessel expansion under inner pressure of Pi = 350KPa using different hyperelastic models.
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Table 1

Equations in the reference configuration.

Stress tensor Elasticity tensor

Model Isochoric Volumetric Isochoric Volumetric

Mooney–Rivlin 15 25

Yeoh 28 13a (mixed) or 13b (disp.) 36 17a (mixed) or 17b (disp.)

HGO 50 57
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Table 2

Equations in the current configuration.

Stress tensor Elasticity tensor

Model Isochoric Volumetric Isochoric Volumetric

Mooney–Rivlin A.6 A.7

Yeoh A.8 A.4b (mixed) or A.4c (disp.) A.8 A.5b (mixed) or A.5c (disp.)

HGO A.14 A.15
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Table 3

Material parameters of the isotropic models.

Neo–Hookean Mooney–Rivlin Yeoh

μ1 = 0.595522 MPa μ1 = 0.595522 MPa c1 = 0.358756 MPa

μ2 = 0.050381 MPa c2 = −0.0508009 MPa

c3 = 0.0142132 MPa

For all models, κ = 1 × 105 MPa
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