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Abstract

Hyperelastic models are of particular interest in modeling biomaterials. In order to implement
them, one must derive the stress and elasticity tensors from the given potential energy function
explicitly. However, it is often cumbersome to do so because researchers in biomechanics may not
be well-exposed to systematic approaches to derive the stress and elasticity tensors as it is vaguely
addressed in literature. To resolve this, we present a framework of a general approach to derive the
stress and elasticity tensors for hyperelastic models. Throughout the derivation we carefully
elaborate the differences between formulas used in the displacement-based formulation and the
displacement/pressure mixed formulation. Three hyperelastic models, Mooney-Rivlin, Yeoh and
Holzapfel-Gasser—Ogden models that span from first-order to higher order and from isotropic to
anisotropic materials, are served as examples. These detailed derivations are validated with
numerical experiments that demonstrate excellent agreements with analytical and other
computational solutions. Following this framework, one could implement with ease any
hyperelastic model as user-defined functions in software packages or develop as an original source
code from scratch.

Keywords
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1. Introduction

Hyperelastic models have been successfully applied to various types of biomaterials scaling
from onion epidermis [Qian et a/. (2010)] to breast tissues [O’Hagen and Samani (2009)],
from carotid vessels [Masson et a/. (2010, 2008); Bols et a/. (2013)] to breast tumors [Oberai
et al. (2009)], and a number of animal organs including brain [Karimi et al. (2013); Kaster et
al. (2011); Rashid et al. (2013)], lung [Bel-Brunon et al. (2014); Rausch et al. (2011)], liver
and kidney [Fu et al. (2013); Untaroiu et al. (2015); Umale et al. (2013)]. A detailed review
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of the applications of isotropic hyperelastic models on biological tissues is provided in [Wex
et al. (2015)]. According to [Steinmann et al. (2012)], hyperelastic models can be classified
as phenomenological or micro-mechanical. The latter are derived from statistical mechanics
arguments on networks of idealized chain molecules while the former utilize more or less
complex, frequently polynomial formulations in terms of strain invariants or principle
stretches. Because of the popularity of hyperelastic models, many commercial softwares
have hyperelastic models as a built-in material selection. For instance, Abaqus FEA and
COMSOL offer Mooney-Rivlin model, Yeoh model, Neo—Hookean model, etc. They also
allow users to provide subroutines to define new models.

Although hyperelastic models have been frequently used with finite element method to
model nonlinear deformation behaviors, it is not straightforward to implement them because
of the complicated procedure involved in deriving stress and elasticity tensors. The stress
tensor is used to form the equilibrium equation, and the elasticity tensor is the keystone to
form the tangent stiffness matrix that is used to solve the equilibrium equation. There are
few existing literature or references providing a systematic approach to evaluate stress and
elasticity tensors. An indicial method to derive the stress and elasticity tensors for Mooney—
Rivlin model is presented in Bower [2009], which in the author’s opinion, is not easy to be
transplanted to another model. In Belytschko et a/. [2000], a general method to find the
tangent stiffness matrix for any hyperelastic model in index notation is introduced in an
abstract form with no illustrated examples. A step-by-step method written in tensor notation
is derived in Holzapfel [2000], which we refer to frequently in this paper. But again limited
examples for different models are shown and there is no computational results to validate the
finite element implementation. Some derivations for specific models can be found in some
early publications [Weiss et al. (1996); Nicholson (1995)]. A more recent paper [Suchocki
(2011)] presents the implementation of Knowles model within Abaqus, using tensor notation
described in Holzapfel [2000]. But instead of using the spatial tensor of elasticity, the author
used Jaumann objective rate as it is used in Abaqus [2014]. In this paper, we will present a
systematic approach to derive the stress and elasticity tensors for any given hyperelastic
model.

This paper is motivated to address this obstacle and clarify some of the key concepts
presented in the existing literature in this field, as explained earlier. We present a framework
for the derivation and walk the readers through the entire process with detailed examples.
With the detailed derivation and the neat workflow, readers should be able to quickly
implement any hyperelastic model. This is not only useful to the researchers who develop
their own finite element code but also to those who work with commercial or open-source
software with user-defined functions to include new constitutive models, especially for the
ever-increasing newly defined models to describe biomaterials.

The rest of this paper is organized as follows: in Sec. 2, we introduce the basics of the
hyperelastic model followed by the general procedures to derive the stress and elasticity
tensors. To demonstrate how they can be applied for specific models, we present three
different examples: Mooney—Rivlin model, Yeoh model, and Holzapfel-Gasser—-Ogden
(HGO) model. Mooney-Rivlin model is simple but very effective in modeling large strain
nonlinear behavior of incompressible materials such as rubber and biomaterial. Yeoh model
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contains only one invariant but with a second-order term. It is not complicated but can
correctly predict the behavior of elastomer material in the range of a greater extent of
deformation than the Mooney-Rivlin model [Gajewski et a/. (2015)], and is able to
characterize the stiffening phenomenon of vulcanized rubber. The HGO model is designed
to model collagen fiber-reinforced biological materials. This anisotropic model is so widely
used that many commercial and open-source finite element packages have included it as a
standard or user-defined model, such as in Abaqus [2014], COMSOL [2012] and FEBio
[Mass et al. (2012)]. In Sec. 3, two sets of numerical experiments are presented: biaxial
tension and 2D vessel expansion. The experiments are performed using the three
hyperelastic models, where the results are validated with analytical solutions and existing
computational results whenever possible, and isotropic and anisotropic behaviors are
observed and compared. Finally, the conclusions are drawn in Sec. 4.

2. Stress and Elasticity Tensors in Hyperelastic Models

In this section, we briefly review the hyperelastic models and their decomposition, and the
general approach to derive stress and elasticity tensors, followed by three examples of
different models: Mooney-Rivlin model, Yeoh model and HGO model. The first two are
isotropic models written as polynomial functions of invariants. There are also isotropic
models written as exponential functions or combination of both forms [Fung (1967);
Demiray (1972); Veronda and Westmann (1970)]. Yet not all biomaterials are isotropic. For
example, the stomach wall tissues in pigs are found to be direction-dependent [Zhao et al.
(2008)]. Heart muscles have strong directional properties as well [Saraf et a/. (2007)].
Materials like these are modeled as a combination of a ground substance and one or more
families of fibers which are continuously arranged in the ground material. In literature, this
kind of materials are referred as transversely isotropic materials. HGO model is one of the
anisotropic models with two families of fibers. To model anisotropy, two pseudo-invariants
are introduced. However, the procedure of the derivation of the stress and elasticity tensors
remain the same for both isotropic and anisotropic materials.

2.1. Hyperelastic models

Generally in continuum mechanics we use constitutive equations to describe the stress
components in terms of other functions such as strain. This functional relationship
distinguishes different types of materials. For hyperelastic material, we postulate there exists
a Helmholtz free-energy function ¥, which is defined per unit reference volume. If ¥ is
uniquely determined by the deformation tensor F or other strain tensor, it is called strain—
energy function. For example, all isotropic models are functions of the right Cauchy-Green
tensor, which is defined as C = F’F. If the strain is given, the stress can be uniquely
determined from the strain—energy function. Our discussion will be focused on rubber-like
materials as often the case for biomaterials which are modeled as incompressible or nearly
incompressible. In this case, the strain—energy function is postulated to have a unique
decoupled form:

(€)=Y, (/) +¥,0. (1)
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where ¥01(4) and ¥iso(C) are volumetric and isochoric responses of the material,
respectively. Jis the Jacobian or the volume ratio defined as the determinant of the
deformation tensor F, and C is the modified right Cauchy—Green tensor defined as C = J
~23C. Likely the modified counterpart of the deformation is written as E = J'V3F. The
modified tensors are associated with the volume-preserving, because their determinants are
1. The concept of decomposition of the deformation and strain tensors is necessary for the
mixed formulation because we need to deal with the volumetric and isotropic parts
individually.

In the displacement-based formulation, the volumetric part of the strain-energy function is a
penalty to allow for a small compressibility:

Y, =xG({), (2)

where xis the penalty parameter and can be interpreted as the bulk modulus, G(J) is the
penalty function and may adopt the simple form:

G() = %(] -2 ()

In the displacement/pressure mixed formulation, the volumetric part of the strain-energy
function acts as a Lagrange condition to enforce the incompressibility /- 1 = 0:

Yg=rU-0, (4

where pis a Lagrange multiplier and can be identified as the hydrostatic pressure. For nearly
incompressible materials, p can be determined from the deformation. However, for
incompressible materials, it has to be determined from the equilibrium equation and any
imposed boundary conditions.

Furthermore, if the material is isotropic, the strain-energy function can be expressed as a
function of the three invariants of the right (or left) Cauchy—Green tensor. These invariants

are /; =tr(C) = tr(B), I, = %(1% —tr(C?) = %(1% — (B?)), and A = det(C) = det(B) = .2, where

B is the left Cauchy—Green tensor defined as B = FF . They also have their modified
counterparts: i = J234, b= J*3h, and 5 = 1. In fact, most isotropic models can be
expressed as:

Y=Y (N+¥, U.I,). (5

2.2. Stress Evaluation and Elasticity Tensor

Based on the postulation of strain—energy function, it follows that the work done on
hyperelastic materials in a dynamic process within a time interval [, &] is the difference
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between the strain—energy in the two states. It can also be proven that the work can be
written as the integration of the tensor product of conjugate stress—strain rate pairs
[Holzapfel (2000)]:

1, t

2 2
‘P(Fz)—‘P(Fl)=/ S:Edz:/ P:Fd: (6)
a1 gl
t

2 .
= / c:edt,
t

1

where P is the first Piola—Kirchhoff (PK1) stress defined as P = JoF~7, S is the second
Piola—Kirchhoff (PK2) stress tensor, E is the Green—Lagrange strain tensor defined as

E = %(C —1I), and e is Euler-Almansi strain tensor which is defined as e = %(I - F‘TF‘I).

If the material is homogeneous, the PK2 stress S can be determined by

() _ ,9¥(C)

$==7 =%5¢ -

Similarly, the PK1 stress and Cauchy stress can be determined as P = 2F‘N’(C) and
_ J—lFa‘P(C)FT

Not surprisingly, the PK2 stress can also be written in a decoupled form with volumetric and
isochoric parts:

0¥(C
s=200) =5 45, (8a)
o, (J) _
Suo = 5—°Cl=JpC‘1=J”3pc I (8b)
o, (C) _
o= 2—5¢— =JB:S, (80)

where S is the fictitious PK2 stress defined as S = 20'¥;s,(C)/dC and P is the projection
tensor defined as P = 1- 1¢™' ® C = 1- 1€~ ® C in which ® is the dyadic multiplication

—1

symbol and [l is the fourth-order identity tensor, i.e., Pl.jkl = 5(6 8+ 80 4) — ij

idj1t90; Crr
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Note that if the material is completely incompressible, the hydrostatic pressure pis
independent from the displacement u; otherwise p can be determined from the displacement
even when it is treated as an independent variable by:

_ M) dGw)

p dj o O

For the material that is not completely incompressible, either displacement-based
formulation or mixed formulation can be used. If we explicitly substitute p with Eq. (9), we
end up with a displacement-based formulation as u is the only unknown to be solved; if we
leave pas an unknown and use Eq. (9) as a relaxed constraint in the Lagrangian multiplier
method, we will have a displacement/pressure mixed formulation.

The solutions in nonlinear finite element methods are often obtained incrementally with
Newton’s method. The elasticity tensors is crucial in the implementation of Newton’s
method. In the material description or the reference configuration, the elasticity tensor C is
defined as the gradient of the PK2 stress to its work conjugate strain, the Green-Lagrange
strain:
c_98E) _,80 _, *¥(C) .
oE 0oC 0CoC

(10)

Similar to ¥ and S, the elasticity tensor can also be rewritten in the decoupled form:

3s
C=235=Cy+Cy, (113)
oS
Cyor =256+ (11b)

— J_1/356_1 ®E_1 —2J_1/3p6_1 Oa—l’

98,
1SO
Ciso=2 oC (11c)
= 2 ey 2 203 =
=P:C:PT+ ST )P - 27727(CT @8, + 8, ®C D,

where gis defined as o= p + Japl dJ. Note that in the mixed formulation g= p because pis
independent of J. © is an operator defined as the derivative of the inverse of a second-order
tensor with respect to itself, i.e., C1®C~1 = -aC~1/9C; C is the fourth-order fictitious
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2

- i — 5308 439 ¥ © . ,
elasticity tensor defined as € = 2=/ 3% =457Y 3%; Tr(®@) is the trace defined as

Tr(®) = (@) : C; and P is the modified projection tensor of fourth-order defined as
P=cloc'-1c'ec!'=r*CoC!-1C 0T

Therefore, once the stress expressions S, and Sjsq are obtained, we can evaluate the
elasticity tensor C by substituting Eq. (8) into Eq. (11). The stress and elasticity tensors in
the current configuration can be obtained easily using push-forward operations as derived in
Appendix A.

Note that in some models the strain-energy is written as functions of principal stretches 14,
Ay, Az instead of deformation invariants, for example Ogden [1972] and Li et a/. [2016]. In
other compressible models, the strain—energy function is not decoupled into volumetric and
isochoric parts such as the compressible Neo-Hookean model in Holzapfel [2000]. In those
cases, the same framework can still be applied where Egs. (7) and (10) are unchanged.
However, Egs. (8) and (11) cannot no longer be used directly as they are derived using the
decoupled form. Instead, the derivatives in Egs. (7) and (10) have to be calculated via the
corresponding variables: A;or /;(i=1, 2, 3).

2.3. Examples

2.3.1. Mooney-Rivlin model—Originally derived by Mooney [1940] and Rivlin [1948],
Mooney-Rivlin model is a polynomial function of / and 4. The first-order Mooney-Rivlin
is the most widely used to model biological tissues because of its simplicity. However it was
found that the first-order Mooney-Rivlin model is sufficient to characterize the nonlinear
behavior of many tissues. Successful applications include animal organs [Bel-Brunon et al.
(2014)], muscular tissue [Bols et al. (2013)], vessels [Karimi et al. (2014)], etc. As a linear
function of the invariants, it is possible to find analytical solutions for some simple cases.
The Mooney-Rivlin model is written as:

K
Y= 50— D% (129)

Hy - Hy -
Wy =50, =3)+ 5, -3), (12b)

1

where /4, (b and x are material constants. For small deformations, the shear modulus and
bulk modulus can be approximated by z4 + 15 and x. When using mixed formulation Eq.
(12a) is rewritten as Eq. (4) where ¥yq = p(J- 1).

To derive the expression for the PK2 stress, we will first decide S,q) and Siso Separately. The
volumetric part of the PK2 stress that is defined in Eg. (8b), can be shown in the following
forms:
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=J"3,Cc! (13a)

vol —

S

JBU - 1€t (13b)

Equations (13a) and (13b) are used in the mixed and displacement-based formulations,
respectively.

To obtain the isochoric stress Sjg, defined in Eq. (8¢), we need to first find the fictitious
stress:

N AN(®)
s:z% (14)
ol, oC =~ oI, aC

= 1+ p,(1,1-C)

=(u + /421_1)1 - ﬂzé .

With the fourth-order projection tensor P, the isochoric PK2 stress becomes:

S, =J2"°P:S (15)
= 1- 5" o T):s

=735 - %(E‘l ®E):§]

Y SR I(HS T

e | - S0 o

=7 2/3[S—g[(#1+,u211)11—y2(112—212)]C 1]
onle 1, - - o

=718 = 31| + 2,0 )C 1]

J_2/3

1 - o _ —
—g(/‘lll +2u,1,)C T+ (py + pyd DI —/42C].

In the mixed formulation, the volumetric part and isochoric part of the PK2 stress are Egs.
(13a) and (15), respectively since pis independent of u. While in the displacement-based
formulation, the two parts are Eqgs. (13b) and (15), respectively.

Once the stress is evaluated, the next step is to evaluate the elasticity tensor C as defined in
Eg. (11). Recall that the volumetric elasticity tensor in Eq. (11b) is a function of gwhere gis
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S _ . dp
p—p+JdJ (16)

=xQJ - 1).

Substituting ginto Eq. (11b) and simply evaluating p from Eq. (9), C,o becomes

Coy=J"3pC @ C ' -2 1B3pC 0T, (179

Cp =71 - D€ @ C ! -2 3y - 1xC ' oC ! (17h)

Equation (17a) is for the mixed formulation, with g= pbecause gp/dJ= 0, while Eq. (17b) is
for the displacement-based formulation.

Next we evaluate Cjg, following Eq. (11c). The first term on the right-hand side in Eq. (11c)
requires the evaluation of the fourth-order fictitious elasticity tensor C, which starts with

o¥. (C) al ol
iso ) Mo M2 (18)
0C 2 aC 2 4C
Hy

Hy - —
= 71+7(111—C),

—
oC

azlpiso(a) Hy ol 1 Hy
—=c =7 ! =51A®I-1. (19

Therefore, the fourth-order fictitious elasticity tensor becomes

) —
— 439 ¥iso(©)

C=arth 2 =27""u,a®1-1, (20)

with the projection tensor P, the first term of the right-hand side in Eq. (11c) is:
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p.C:pT = 21‘4’3,42(u - %6‘1 ®6):(I®I - u):(u - %E@E“) @1
=273y, [I]:(I@I):I] - %u:a«g D:(C®C H-111

+ u:u:%(éqgﬁ‘l) - %(6‘1 ®C):IAQI):I

— €' @0 LCoT

+ %(6“ ®6):(I®I):%(E®E_l) + %(E@E‘l):u:u]

=273y, [I®I - %I_I(I@)E_l) —1+ %(E@E‘l) - %1‘1(6‘1 QT
~5COC 8T H+5NIC ' 00 +5C 9 0)

= 27743y, [I®I— 1 - %1‘1(6‘1 QI+I®CH

+ %(E‘l ®C+C®C )+ %iz(é‘l ®6‘1)]

_ 2 _a; s o —
=2J 4/3,u2(I®I—I])—§J Wl Cc'er+iech
+ %J“” ,CT'®C+C®C H+ gr‘”%ziz(é‘l ®Ch).

The second term of the right-hand side of Eq. (11c) requires the trace of J-2/35:
Tr(J~>3S) = J~%38:C (22)
=S:C
= [(u; + pyd DI = u,C1:C
= (uy + oI DI | — u,C:C
= () + ol I, = pp(T}* =21
= ”11_1 + 2;42]_2.

Along with the modified projection tensor P, the second term of the right-hand side of Eq.
(11c) becomes

2 23S 2 43, 7 = (=1 =1 1=-1_ =1
2108 = 2) (u111+2y212)(c oC'-3C'®C ) (23)

Finally, with Eq. (15) for Sjo, the third term of the right-hand side of Eq. (11c) becomes
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_%(c—‘ ®S, +8,®CH (24)
- - %J_M 3 =E‘1 ® [—%(/411_1 + 20,0 )C e (g + o 1= ﬂzé]

+] =300+ 20T)C "+ Gy T DI 1| @ T

= = 37 = ST+ 20T )€ @ T Gy + T YE ' @D

~ 1€ T~ 2], + 2T )T ® T

+ i+ 1T AT = i€ T

- _ %1‘4/3 [ - %(ﬂlil +2u,1)C ' ®T

+(u +pl PCT'®I+I®C ) — 4, (C'®C+C®C .

Combining Egs. (21), (23) and (24), Cig iS

Ciy =2 2, @1-1) - %J“‘”yzi (C'eI+10C (25)
+ %J“” €' C+C®C H+ 31‘4’3,42172(6‘1 ®CHh

+ %J“‘”(ﬂlil +2p,1 ) (E‘l oC'- %E‘l ® E‘l)

+ gr‘” Sud, +2u )C ' @C™

- %J“‘“(ul +u,I YC'RI+1®C )

+ %J‘“M(E‘l ®C+C®CH

=27 p,ae1-1+ %J_MS(/J]I_] + 24,1 ) (E‘l oC'- %E‘l ® E‘l)

- %1_4/3(u1 +2u,l NC'RI+1®C )

+ %1‘4’3;42(6“ ®C+C®C H+ gJ_4/3(/411_1 +3u,0,)C '@ C!

_ 2 - e -
=27 @ 1= 1) = 277, + 21, HCT' @T+I® T

+ 3P C ' @T+CeT

2 a3, - C
+ 57T, + 4l € @ CTH

2 a3, - C oy
+ 537701, + 2,1 )€ o T,

Equations (17) and (25) complete the derivations of the elasticity tensor for the volumetric
and isochoric parts, respectively, in the reference configuration.
2.3.2. Yeoh model—First introduced in 1990 [Yeoh (1990)] and modified in 1993 [Yeoh

(1993)], Yeoh model was motivated to simulate the mechanical behavior of carbon-black
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filled rubber vulcanizates with the typical stiffening effect in large strain domain. Yeoh
model is a polynomial of 4 only. To capture the stiffening effect of rubber in the large strain
domain, it is usually truncated up to the third-order. Yeoh model is another popular choice in
biomechanics which has been be applied to human breast tissue [O’Hagen and Samani
(2009)], porcine muscular tissue [Bols et a/. (2013)], rat lung parenchyma [Bel-Brunon et al.
(2014); Rausch er al. (2011)], etc. It is even proven to be the best one in capturing nonlinear
behaviors of some specific tissues compared to Neo—Hookean and Mooney-Rivlin models
[Zaeimdar (2014)].

The volumetric part to account for compressibility in Yeoh model is the same as in Mooney-
Rivlin model. Consequently the volumetric parts of both stress and elasticity tensors are the
same as Eqs.(13) and (17). Therefore, we will only show the derivation of the isochoric
component.

The isochoric part in Yeoh model includes higher order terms. It is written as:

Wio = =3 + 0y — 3+ N 3)°,  (26)

where ¢, ¢, ¢z are material constants with constraints ¢; > 0, ¢2 <0, and ¢z > 0. The initial
shear modulus is approximated as ¢ = 2¢;.

Following the same way, we first derive the fictitious stress:

0%. (C)
2—= @7)
aC
oW, oI,

oI, oC

= [2¢; + 4c,(I | = 3) + 6c,(T, = 3)IL.

Then the isochoric part of the PK2 stress is obtained as

5. = J23p.§ (28)
=23 (u - %E_l ® 6):5

= [§ - %(ES)E‘I]

=y [§ - %[2‘71 ey = 3) + 6c3(1 — 3)211_16_1]

= 732¢, + 4ey(I | - 3) + 6ey(T| — 3)7] (1 ~31 16‘1) .
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Similarly, to derive the first term on the right-hand side of Eq. (11c) we must begin with

¥ (C)

150

- - 2 ail
—ac— =l + 200 =3+ 303 =3 == (29)

= [c; +2c,(I, = 3) + 3¢y, = 3)°11.
The second order derivative is

1S0

¥, () dley +2¢,(I = 3) + 35I| - 3)7]
— =1 —
9CaC aC

(30)
=1@® [2¢,] + 6¢4(1; — 3]

=[2¢, + 603(1_1 -3)IQI.

Therefore, the fictitious elasticity tensor is

o) —

—4/3 7

The first term on the right-hand side of Eq. (11c) can be found as
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P:C:P" = 8773 [c,y + 3¢5, - 3)] (u - %E‘l ®E):(I ® I):(I] - %E@ E‘l) (32)

=877 c, + 3¢, = (1A D:1 - n:(1®1):%(6®6‘1)

- %(E“ QC):IRD):1+ 5(6“ RC):I®D:(C®CH

=87 *c, + 3¢y, - 3)]
| J— [
x[I®I—§11(C 1®I)—§11(I®C 1)+§1§(C 'eC 1)]

=877 c, + 3¢y, - 3)]
7 72

Il ~-1, ~-1 Il ~—1 o ~—1
X[I@I-5(I®C +C ®D+5(C ®C )

=J3(8c, + 24c,(T, - INAR D)

— g3 [%CZI_l +8cy(l, - 3)1'1] aeCc'+C'en

+J743 [gczi% + §c3(i1 - 3)1’%] Cc'ec™h.

Using the fictitious PK2 stress derived in Eq. (27), we can obtain the trace of J2/35;
Tr(~23S) = J~%38:C (33)
=S:C
= [2¢, +dey(d, = 3) + 6c5(I, = 3)*I(I:C)
=2¢,0 | +4cy(I, =3, +6c,(I, =3I,

So that the second term on the right-hand side of Eq. (11c) is

2o o=y 2L _ - . .
30 2B9)P = = Y32¢, I, +dey (I, =3 | +6cy(0, =3 |] (34)
X(E—loé—l_ga—lm—l)

34 - 8 - v I A
— §c1[1+§cz(11—3)11+4c3(11—3)211]><(c loCT'-1C'®C 1).
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The third term on the right-hand side of Eq. (11c) is obtained by using Sjs, in Eq. 28:

§—4’3(c ®S. +5 ®CH (35)

iso T Viso
2

= — 3772, +4ey(T) = 3) + 6030, - 3)%]

x [6-1 ®(1-37,C7")+(1- %1‘16‘1) ®C!

=43 [—%cl - %cz(l_l —3)—deyd, - 3)2] C'e1+10CH
. S (T . -

g3 gc111+36c2(11—3)11+§c3(11—3)211](c 'eCh).

Combining Egs. (32), (34) and (35), we have the isochoric part of the elasticity tensor:

C, =/ [ [8c, +24cy(T, = 3HIA®D) (36)

% ( I —8)+12c3(1 - 1d, —3)](0 QI+I®C )
gcll_1+c2(19611 %1‘)+4c3i1(i - 1d, —3)](6‘ ®C )

4
3

e, %2(1 — 31, + 4y, —3)1]((: Xon )]

Equations (17) and (36) yield the elasticity tensor in the reference configuration for Yeoh
model.

2.3.3. Holzapfel-Gasser—Ogden model—The Holzapfel-Gasser-Ogden (HGO) model
was introduced in 2000 [Holzapfel and Gasser (2000)] to model the layering structure of
arterial tissues. The idea was to formulate a constitutive model which incorporates some
histological structure of arterial walls (i.e., fiber direction). The volumetric part is the same
as Mooney-Rivlin and Yeoh models. What distinguishes HGO model from the
phenomenological models is that it accounts for both the non-collagenous matrix material
which is active at low pressures (modeled as isotropic) and the collagenous fibers which
becomes active at high pressure (modeled as anisotropic). HGO model uses Neo—Hookean
model as the isotropic ground material, and the anisotropic part consists two families of
fibers represented by two pseudo-invariants /; and /. The directions of these fibers are
represented by unit vectors ags and agg in the reference configuration. Specifically, the
isochoric part of HGO model is consist of isotropic part ¥isotropic and anisotropic part

¥ aniso:

lPiso(C’ Ay a06) = lIlisotropic(E) + \Paniso(é’ Ay 306) ' (37a)

In particular
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Hy
¥ 7‘(11—3), (37b)

isotropic

¥ o (C _ k(-1 -1), (37
anisol 73047306)—2_1%2‘:6{6@[2( i~ D1-1}, (370
=4,

where k1 > 0 is a stress-like material parameter and 4> > 0 is a dimensionless parameter.

The volumetric part of the stress and elasticity tensors of the HGO model are the same as
Mooney-Rivlin and Yeoh models derived in Egs. (13) and (17). The isotropic part of the
isochoric HGO model is simply the Neo—Hookean model, which is a special case of
Mooney-Rivlin model with 15 = 0. Therefore, to obtain the isotropic contribution to the
isochoric PK2 stress, we only need to set /» to 0 in Eg. (15)

S =23y (-li c! +1). (38)

371

isotropic

Similarly, by setting /& to 0 in the isochoric elasticity tensor from Mooney—Rivlin model in
Eqg. (25), the isotropic part of the isochoric elasticity tensor for the HGO model becomes:

2 43 -1 =1, 2,453 711, 2,-4/3 71
Cisotropic= _§J :“l(c QI+I®C )+§J Mlllc ®C +§J Hy lC
ocC L.

(39)

To derive the anisotropic parts of stress and elasticity tensors, the deformation of the fibers
needs to be introduced. As the material deforms, the vectors of the fibers deform accordingly
and are expressed as unit vectors a4 and ag in the current configuration. ag;and a; (/= 4, 6)
are related by

Aa;=Fay, (40)

where /=4, 6, A;is the stretch of the original fiber and no summation is applied on /. Since |
aj =1, we find the value of stretch A,through:
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At =ay F'Fay,=ay Cay, i=46 (41)

1

To express the anisotropic term, two pseudo-invariants are defined:

1(C,ay,) =a,-Cay =17 i=4,6 (42
Similarly, the modified invariants are defined as

7 —2/3 .
I=02P1, i=46 (43)

P

For the convenience of the derivation, we define two second-order tensors to represent the
dyadic products of ag;:

Aj=a,Qa,, (=46 (44)

The derivatives of the pseudo-invariants are easy to find
—L=A, =46 (45)

Based on the definition of these pseudo-invariants and the symmetric structure of the HGO
model itself, it is obvious to see that /; and / should be symmetric in all the related
expressions.

Next, we derive the stress and elasticity tensors for the anisotropic part of the isochoric HGO
model in a similar approach as presented in Sec. 2.2. The anisotropic part will be combined
with the isochoric isotropic part and the volumetric part to form the complete stress and
elasticity tensors of the HGO model.

As the first step, Eq. (45) is used to obtain the anisotropic part of the fictitious PK2 stress:

_ oY . (C) ov

S, . =2 WN T g WION,.. (46)
s 0
aniso aC ; =2476 all 1

Recall the definitions in Egs. (40)—(44), we can prove that
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C:A,=C:(a,;®ay) =ay (Cay) =1, i=46.(47)

Consequently,

Using Eq. (48), the isochoric anisotropic PK2 stress is obtained through Eqg. (8¢c)

S =J %3 %(ES U (a9)

-2/3 =1, w\.g <
aniso — J (I] - §C ® C)' Saniso [ aniso aniso

oY

aniso 1-=-1
Mo (- 41|

— ZJ_2/3 [ n
i=Z4,6 aIi

where 0 4niso/077= k(- 1)ek2Ui~ 12 Combining Egs. (38) and (49), we have the
isochoric PK2 stress for the HGO model:

Sy [ 1E 1) 42

[a‘I’
3 i=4,6

Next we derive the anisotropic part of the isochoric elasticity tensor of the HGO model. For

convenience, we do not explicitly write out 0¥ aniso/d/;and 0*¥, . /917 where /=4, 6. The

aniso
first and second derivatives of ¥ s, With respect to C can be easily converted to that with
respect to /; (= 4, 6) as follows:

alPeEiso _ Z alPaPisoAO_’ (51&)
oC i=4,6 aIi '

2 2
0 Eanfo _ Z oY
0CoC S ol

aniso

Ay ®A,. (51b)

Using Eq. (51b), the anisotropic contribution to the fictitious elasticity tensor Cypisg iS:
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Y, RO
= _ —4/3 aniso __ —4/3 aniso
Cao =4 5550 =4 2 o M@ A (D)

Therefore, the first term on the right-hand side of Eq. (11c) becomes

._ . T
P:C,io: P ¢3)
2
v — = €T
I P (ﬂ _lee c): (Ay; ® Ag): (u -ice c‘l)
27,6 or; : ’
l s l
2
v
—4/3 aniso 1 = ! LG c!
Yy 24 T2 [AOi‘ 3(CA0)C ]‘X’ [Aol“ 3 AC ]
i=4, i

2
2 4J_4/3 0 lI‘aniso
i=4,6 al ,2

1+ = — 11  ——
X[A0i®A0i_§1i(C 1‘X’Aol"FAo,"X’C 1)+§1?C '®C 1].

Recall Eq. (48), the second term on the right-hand side of Eq. (11c) is

—~

2 —2/3G ~ 2.
T8 )P = 56,0101 O (54)

2 43,5 = (A1 ~ - l=-1_ =~
= 376 o OC 0T - 5T @ T
_0¥, . (— — — —
_ Z %J_4/31i aniso (C_1®C_1—1C_1®C_1).
i=4.6 ol 3

Substituting Eq. (49) into the third term on the right-hand side of Eq. (11c), it becomes:

2 .-2/3,=-1 =1
_§J Cc ® Saniso + Saniso ®C ) (55)
_ _iJ—4/3 alpailiso

i=4,6 3 aIi

~—1 1-—-1 l-=-1) o ~-1
x|C @[y~ 577+ (A - 57 C @]

4 _439%aniso (=-1 ~-1 2545-1 -1
= Z —§J T(C ®A0i+AOi®C —§IC ®C )
1
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Adding up Egs. (53)—(55), we have the anisotropic part of the isochoric elasticity tensor for
the HGO model:

Pt 2 Fas JRNE) O
—4/3 aniso 4 (- aniso aniso | ~—1
Caniso:i§6‘] 4 7 (A0i®Ao,-)—§(1i T €' @Ay +Ay
Pas 2 oV . oV,
—~—1 4 72 aniso 7 aniso | ~—1 —~—1 4 - aniso ,~—1 —~—1
C H+<|I: +1——= C C ) +51———(C C ),
8C 5|+l | € ®C 3l el

(56)

where the 0¥ aniso/0/and 0™, . /017 (/= 4, 6) are given in Eq. (51).

aniso

Combining Eg. (39) with Eqg. (56), the complete isochoric part of the elasticity tensor of

HGO model is
Cuo= — 23, (€ @I+T1® T )+ 27431, @CT )+ 27743 1,
iso = T3 M1 9 ity 3 ity
2 2
oY, . la S .
—~—1 —4/3 aniso 4|+ aniso aniso | ,~—1
oCH+ JTB g0 QA — = ] —ms0 a0l (ET @A+ A
; 224 p ()Iiz 0i 0i 31 61? ali 0i 0i
2
—~—1 4 —Za \Paniso - alI’aniso ——1 —~—1 4 - a\Paniso —~—1 . ~—-1
®C H+5|l; 7 S 7 S TIRRE U s CIRCIE |

(57)

The volumetric part of the elasticity tensor is still the same as Eq. (17).

Table 1 lists a summary of the derived tensors in the reference configuration for all three
models, namely Mooney-Rivlin, Yeoh and HGO. An updated Lagrangian formulation can
be derived by using a push-forward approach based on the reference configuration. The
detailed derivation can be found in Appendix A. The corresponding summary of equations
in the current configuration is shown in Table 2.

3. Numerical Experiments

In this section, we present two sets of test cases to validate the derived formulas. The first
case is a biaxial tension test which is often used to calibrate material constants. For isotropic
materials, the analytical solution can be easily found if the material is assumed to be
incompressible. The Poisson’s ratio for all the test cases is set to v=0.49999, which is
nearly incompressible where the volume is checked to be unchanged with double machine
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precision. For extreme cases, such as an even high Poisson’s ratio or absolutely
incompressible material (which is hardly meaningful in reality) where v= 0.5, using the
typical displacement-based formulation would result in numerical problems such as locking.
We must then resolve it with mixed formulation. The second case is the expansion of a 2D
cylinder. It is widely used to validate numerical simulations as the theoretical solutions can
often be found for simple models. The results of both cases are obtained in updated
Lagrangian formulation, using the formulas listed in Table 2.

3.1. Biaxial tension test

In this test, we examine the three isotropic models (Neo—Hookean, Mooney-Rivlin, and
Yeoh models) and 1 anisotropic HGO model. Consider a long bar loaded equally in two
directions with fixed tractions. The section of the bar is a 1 72-square. As shown in Fig. 1,
the back surface is fixed in the x direction; the left surface is fixed in the y direction and the
bottom surface is fixed in the zdirection. External tractions are applied to the front and right
surfaces.

The bar is stretched by the tractions in xand y directions, and compressed in the zdirection
in order to maintain the volume. The stretch A is defined as the ratio between the deformed
length to the original length in xand y directions. For an isotropic incompressible material,
the deformation tensor can be written as

20 0
F=[01 0| (58
00472

Based on Eq. (58) the theoretical solution of the diagonal components of the PK2 stress is
expressed as:

. .
S =8,,=2(1-2"0—22 4210 (59
11 =S =2 )(511 + oI, (59)

S33=0.

All the off-diagonal components are 0. Note that the theoretical solution is not limited in the
range of small deformation since no such assumption is made.

Since the nonzero components of the PK2 stress are the same, we denote them as S. For

Mooney-Rivlin model, plug Eq. (12b) into (59), we have

S=(1=2"%u, +p,2.  (60)
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Therefore, the nominal stress Pis
P=2S=Q0—=2")u +pD. (61)

When /& = 0 terms we have the nominal stress for Neo—Hookean model:

P=2S=p,(A-27). (62)

Similarly, for Yeoh model:

P=2S=20— 2% x[e; + 26,202 + 7 = 3) + 3,222 + 74 = 3)]. (69)

Table 3 lists the material constants used in the isotropic models, which are curve-fitted from
the standard ASTM412 tensile test results of the rubber used in the transmission mounts
[Sharma (2003)].

Figure 2(a) shows the results of the theoretical calculations and numerical computations for
all three isotropic models for A in the range of 1 to 1.8. Since the traction is fixed in the
original configuration, the nominal stress equals the traction. Perfect agreement is achieved
at every discrete data point. As expected, in the small strain range, all these models have
similar linear performance. It can be seen that 1, in Mooney-Rivlin model acts as a
modification to z4 in Neo—Hookean model which increases the stiffness. In large strain
range, the stiffness of Yeoh model grows quickly, becoming significantly larger than the
others due to the inclusion of the higher order terms.

To demonstrate the anisotropy of HGO model, we compare the stretches in two directions in
the biaxial tension test. We use the material parameters calibrated from the media layer of
the artery in Holzapfel and Gasser [2000] but only one direction is strengthened. That is,
both two families of fibers are arranged in the same direction while the tractions are still
applied in two directions. The material parameters are 14 = 3KPa, k; = 2.3632KPa, & =
0.8393 and x = 1x10° KPa. We vary the direction of the fibers measured by the angle from
the x direction denoted as a, from 0° to 90° to observe the trends qualitatively as there is no
existing theoretical solution.

Ay//lx, a = 0°30°0r45°

The stretch ratio A is defined as 1 = {
Ax//ly, a = 60° or 90°

, where A is greater than A

when 0° < a < 45° since the x direction is strengthened more. As the angle gets larger, 1,
becomes greater too. Figure 2(b) shows the nominal stress, which is nothing but the traction
applied to each surface, as a function of the stretch ratio. As expected, the stretch ratio at a =
0° is the same as a = 90°. These complementary angles of a yields the most asymmetric
results since the stretch ratio is the largest for a given nominal stress. Same stretch ratios are
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obtained for a = 30° and a = 60°. When a = 45° two directions become symmetric and the
stretch ratio remains to be 1.

3.2. Cylindrical pressure vessel with isotropic models

In the second test, we consider a vessel under internal pressure. This case is more
challenging than the previous one, especially in the Cartesian coordinates system since the
deformation varies both in the radial and the circumferential directions. As shown in Fig. 3,
the cylinder has an internal radius of £;=7m and an external radius of /,= 18.625 m. Only
a quarter of vessel is considered with plain strain assumption. Symmetry conditions are
applied to the two sides to simulate a complete cylinder. The material parameters for the
isotropic models are the same as the previous example, listed in Table 3.

As a benchmark, we model the vessel with Mooney—Rivlin model and compare the radial
displacement, hoop stress, radial stress, and axial stress with the analytical solutions. For
incompressible materials, the analytical solutions are found in Green and Zerna [1968] as
follows:

u, = —R+\R>+b, (64a)

Fig. 3. Cross-section of the vessel.

2
Gog= P+ iy + (4 + 1) () +C,  (64b)
R
r

2
6,,=p+/42+(/41+/42)( )+C, (64c)

r

O, =p+Hu +i, [(§)2 + (R)2] +C, (64d)

P=—P5—M2—(H1+/¢2)X TI

log R; + g(r2 - Riz) — log % +
1 1

R 2
), (64e)

where Rand rare the radial coordinate before and after deformation, p is the hydrostatic
pressure, u,is the radial displacement, and ogg, o,-and o, are the hoop, radial and axial
stresses, respectively. Cis an arbitrary constant to be determined by the reference pressure
since the material is incompressible. b is a constant determined by the internal pressure p;as
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R>+b
R’>+b

o

RZ-R?
- —|. (64
(R, +b)(R; +b)

R.
p; = 2(uy + py) X | log —2logR—‘+b
o

Again, this solution is not limited in the range of small deformation.

Figure 4 shows the stress components and the radial displacement along the radial direction
under a given internal pressure of p;= 200KPa. Good agreement is achieved on all the
components. There are 21 nodes that are uniformly distributed in the radial direction. As
expected, point on the outer surface undergoes less radial displacement than the inner
surface in order to keep the area of cross-section unchanged. All the components of the
Cauchy stress exhibit nonuniform distribution. The absolute value of hoop stress and radial
stress on the inner surface are more significant than the outer surface. This is not altered by
the value of the material constants or the pressure. But by setting different material constants
along the radial direction one can obtain more uniform stress distributions Batra (1980).
Note that the axial stress is usually challenging to validate as they are seldomly shown in
literature. The responses of a range of internal pressures are also studied. We pick the node
at the midpoint in the radial direction (R = 12.8125m) and study its deformation under
different internal pressures from 50KPa to 350KPa. As shown in Fig. 5, the computational
result and analytical solution agree perfectly with each other. The variation of the radial
displacement and the stress are nonlinear in the sense that the absolute value increases faster
at greater pressure. This is similar to what we observed in Fig. 2(a).

With the validated implementation of the Mooney—Rivlin model, we then compare the
performance of Neo—Hookean, Mooney-Rivlin, and Yeoh model. Figure 6 shows the results
of these models under an inner pressure of p;= 350KPa. All these isotropic models have
similar trends, and the discrepancies among different models decrease from the inner surface
to the outer surface. It implies that under a moderate pressure, different isotropic models do
not make too much difference. The performance of the Yeoh model is very close to the Neo—
Hookean model and stiffening effect does not occur. This is because they both have only one
invariant and the strain is not large enough for Yeoh model to demonstrate its particular
characteristics due to the higher order term. Considering in this case the maximum strain is
already significant, and the expansion of vessels is not likely to exceed this maximum, it is
expected that Yeoh model and Neo—Hookean model behave similarly.

4. Concluding Remarks

In order to implement any model with finite element method efficiently, one has to find a
general way to derive the stress and elasticity tensors. In this paper, we presented a
systematic way to do that by decomposing the strain—energy function, stress tensor, and the
elasticity tensor into volumetric and isochoric parts. We derived the stress and elasticity
tensors for the Mooney-Rivlin, Yeoh, and HGO model as examples. These models are
popular in biomechanics and cover both isotropic and anisotropic models. Incompressibility
in biomaterials was also discussed, where the tangent stiffness matrix of the standard
displacement-based formulation is often ill-conditioned. Toward this end, the volumetric
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parts of the derived formulas are rewritten as functions of the pressure so that mixed
formulation can be implemented. Two numerical experiments were examined that include
biaxial tension, and vessel expansion. These experiments involved Neo—Hookean, Mooney—
Rivlin, Yeoh and HGO models. Their comparisons to analytical solutions and existing
numerical solutions yielded excellent agreement. In summary, this paper addressed the
challenges in the derivation of the stress and elasticity tensors for hyperelastic models using
the existing literature by providing a framework with detailed procedure. It will be useful to
the researchers in computational biomechanics. Following the systematic approach, readers
should be able to derive stress and elasticity tensors for any hyperelastic model as part of
their own code or as user-define functions in finite element packages.
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Appendix A. Updated Lagrangian Formulation

In the updated Lagrangian Formulation, the Kirchhoff stress z or the Cauchy stress ¢ is used
instead of the PK2 stress S, meanwhile the principle of virtual work or principle of
stationary potential energy and their linearization are written in the current configuration as
well. In this appendix we will show the corresponding formulations in the current
configuration.

The stress tensor we work with in the updated Lagrangian formulation is the Kirchhoff stress
t, which is obtained by a push-forward operation of the PK2 stress S:
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t=FSF. (A1)

Recall the definition of the elasticity tensor C in Eq. (10), the spatial tensor of elasticity C is
defined as

where &£.,(7) is the objective Oldroyd stress rate defined as: £.(7) = z—lz— d’, | = Vv
and d = (1 + 17)/2. The spatial tensor of elasticity C can be transformed from the elasticity
tensor C through a push-forward operation

Ciimt = Firl iy F P 1. Crxe - (A3)

Next we will derive the Kirchhoff stress zand the spatial tensor of elasticity C for Mooney—
Rivlin model, Yeoh model and HGO model respectively. All these models have the same
volumetric part, which can be obtained by substituting Eq. (13) into Eq. (A.1):

7, =FS F'. (Ada)

vol

=JpL, (A.4b)

=J(J - Del. (Ad4c)

Substituting Eq. (17) into Eq. (A.3) gives the volumetric spatial tensor of elasticity. For
convenience, here we use the index notation:

(cvol),:jk[ = FyF yFcF 1 (Coo) g, (A53)

= JP, 8y — P08y +8,0,)  (AS5D)
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= k[JQ2J = 18,8, — I = D68+ 8,5,)1.  (A5C)

Equations (A.4) and (A.5) complete the volumetric part of the Kirchhoff stress and spatial
tensor of elasticity for all these models. Next we will derive the isochoric parts individually.

The isochoric Kirchhoff stress z, for Mooney—Rivlin model is transformed from Eq. (15):

T
Tiso = FSisoF (A-G)

o 1, - — _ _
= FI725 |Gy L) +2pp )C 4 (uy + ppd DI = | FT,

1 7 B2 B
= = 3yl + 20l DU = pyB” + (py + iy 1 B

where B is the modified right Cauchy—Green tensor defined as B = FF! = C/, and the
isochoric spatial tensor of elasticity Cjy, is obtained from Eq. (25):

Ciso) iy = Firk jsF ki F11(Ciso) (A7)

— ] — —  — —
=24y | BBy — 5By B+ B;B ;)

IJKL

2 _ — —
= 3y +2p0 B, 5+ By 5;)
4 B25, +B25 ) + 2(u T, + duT
+ 3Bl 0 + Biyd;)) + gl + 4uy15)6;6

1 - -
+ 30T+ 2up0 )68+ 58 3)

Similarly, the isochoric stress zg, and the isochoric spatial tensor of elasticity Cig, for Yeoh
model are transformed from Eqs. (28) and (36):

- - . 17 =
7, = FS, F' = FI2[2¢, +dey(, - 3) + 6¢5(1 | — 3)°] (1 -3I,C 1) F', (A8)
1

= [2¢, + 4cy(I | = 3) + 6c,(I, = 3)°] (ﬁ -3 1I),
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(Ciso),-jkl = FyF yF b (Cigo) (A.9)

= [8¢c, + 24c;(I, — 3)IB, jﬁkl

1IJKL

4 16 7 - . ==
- [§c1 +c, (Tll - 8) +12¢41, - DU, - 3)] (B, 6, + By,
4 - 162 8 = = .
+ [§c111 +c, (711 - gll) +deyd (I, -1, - 3)] 8,8y

2 - 4 S 27
+ [§c11 L+ 500 =D +2e5(0, =3 1] B8+ 605

For the HGO model, we will first derive the isotropic parts of the isochoric Kirchhoff stress
and the isochoric spatial tensor of elasticity by setting /& to 0 in Egs. (A.6) and (A.7),
respectively:

1 - —
T —3ml I+uB,  (AL0)

isotropic —

2 = = 2 - 1 -
(Cisotropic)ijkl = =3B Spy + Bydi) + Guid 160 + il |5y dy+ 80,0 . (ALl

Next we derive the anisotropic part of the isochoric Kirchhoff stress by substituting Eq. (49)

into Eq. (A.1):
z . =FS . F' (A.12)
aniso aniso
oY, .
-2/3 Z aniso 1-—=-1 T
=F2J . 466—]—i(A0i—§1iC ) F
i=4,

oYy, .
_ aniso T _ 1- — 13T
= zi=§4 6[—61_ (FAOiF 3IFC'F )

i

oY, . _ 1
aniso

where A;is dyadic product of the deformed fiber vectors defined as A;=a,;® a;. The
anisotropic part of the isochoric spatial tensor of elasticity is obtained by substituting Eq.
(56) into Eq. (A.3):
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(Caniso) = Fyl jFgF

l'jkl il JJ kK ZL(CaniSO)IJKL (A13)

oY
AI—SOA, @ A,
ol

1

. + =
=)
! a]i ali
P ,
aniso T aniso
i——= Tl
a]i i

. )
l( aniso aniso (Al®I+I®Al)

oY

3

4—alPaniso
IQI+ =1 —1].
@1+ 31

Therefore, the isochoric Kirchhoff stress is obtained by adding up Egs. (A.10) and (A.12),
and the isochoric spatial tensor of elasticity is obtained by adding up Egs. (A.11) and (A.13),
respectively:

o 0,
to= sl T4 B2 Y [ﬂzi(Ai—%l)l. (A.14)
i£Tel 9

2 = - 2 - 1 -
(o) = 3By + Bd;) + Guil 1881 + g 16y + 665 (ALS)

ik
2
oY, .
72 aniso 4
Wiz Mi®AiT3

1

1;

I_ aniso + lI‘z«miso
or’ oI,

1

A,QI+I®A)

—2a lPaniso _ I— alIlaniso

01_12 ! ali 3

4—01Paniso
IQI+ =1 —1].
®1+37—r

To summarize, Tables 1 and 2 list the equation numbers of the derived stress and elasticity
tensors for Mooney-Rivlin, Yeoh and HGO models in the reference configuration and the
current configuration, respectively.
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Fig. 1.
Model setup for biaxial tension test.
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Fig. 2.
Relationship of nominal stress to stretch in biaxial tension test.
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Cross-section of the vessel.
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Vessel expansion under internal pressure of 2;= 200KPa.
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Vessel expansion under different pressure with Mooney—Rivlin model.
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Vessel expansion under inner pressure of ;= 350KPa using different hyperelastic models.
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Table 1
Equations in the reference configuration.
Stress tensor Elasticity tensor
Model Isochoric Volumetric Isochoric Volumetric
Mooney-Rivlin 15 25
Yeoh 28 13a (mixed) or 13b (disp.) 36 17a (mixed) or 17b (disp.)
HGO 50 57
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Table 2
Equations in the current configuration.
Stress tensor Elasticity tensor
Model Isochoric Volumetric Isochoric Volumetric
Mooney-Rivlin A.6 A7
Yeoh A8 A.4b (mixed) or A.4c (disp.) A8 A.5b (mixed) or A.5c (disp.)
HGO Al4 A.15
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Table 3

Material parameters of the isotropic models.

Neo-Hookean Mooney-Rivlin Yeoh

th =0.595522 MPa /4 =0.595522 MPa ¢, = 0.358756 MPa
/5 =0.050381 MPa ¢, = —0.0508009 MPa
03 =0.0142132 MPa

For all models, x=1 x 10° MPa
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