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Abstract

The implementation of multiobjective programming methods in combinatorial data analysis is an
emergent area of study with a variety of pragmatic applications in the behavioural sciences. Most
notably, multiobjective programming provides a tool for analysts to model trade offs among
competing criteria in clustering, seriation, and unidimensional scaling tasks. Although
multiobjective programming has considerable promise, the technique can produce numerically
appealing results that lack empirical validity. With this issue in mind, the purpose of this paper is
to briefly review viable areas of application for multiobjective programming and, more
importantly, to outline the importance of cross-validation when using this method in cluster
analysis.

[. Introduction

Combinatorial data analysis (CDA) encompasses a wide class of models and methods that
can be applied to a number of quantitative problems in psychology, as well as other
disciplines. In their 1992 article in the Annual Review of Psychology, Arabie and Hubert
(1992) identified important CDA problems related to seriation, cluster analysis, additive
trees, and network models. Their review captured the various classes of combinatorial
optimization problems in each of these areas, as well as available solution procedures for
such problems. Hubert, Arabie, and Meulman (2001) provided an updated review of
hierarchical clustering, partitioning, and seriation, as well as a general dynamic
programming paradigm that can be used to obtain optimal solutions for problems of modest
size. More recently, Hubert, Arabie, and Meulman (2006) presented a suite of MATLAB
(MathWorks, 2002) routines for fitting a variety of structures to one- and two-mode
proximity data, including linear and circular unidimensional scaling, ultrametric and additive
trees, and anti-Robinson (Robinson, 1951) forms.

Recent developments in CDA have also emphasized the need for multiobjective
programming methods that enable the quantitative analyst to make trade offs among
competing objective criteria (Brusco & Stahl, 2005b, Chapters 6, 11). A key aspect of
multiobjective programming is the non-dominated (or Pareto efficient) set of solutions. To
understand this concept, consider a set of A objectives (indexed 1 < A< H) and let <
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represent a feasible solution for the relevant optimization problem. Without loss of
generality, assume that each of the A objectives should be maximized. In addition, denote
fi() as the objective criterion index for criterion / (indexed 1 < < H). A solution t’
dominates T if (") = fi{t) forall 1< h< H, and fi{t”) = fy(x) for at least one /. If T
denotes the set of all feasible solutions for the optimization problem, then the non-
dominated set, 77 C 7, consists of all solutions, ©’, that are not dominated by any other
solution. For small problems, it might be possible to generate the entire set of non-
dominated solutions via exhaustive enumeration. Although this option is impractical for
most applications, there are a variety of approaches for generating or approximating non-
dominated solutions and these are discussed by numerous authors (Ehrgott, 2005; Steuer,
1986; Zeleny, 1982). One of the most popular approaches, which we use in this paper, is to
convert the multiobjective program into single scalar functions of the objective criteria. If the
resulting scalar optimization problems can be solved exactly, then the corresponding
solutions are guaranteed to be non-dominated. When heuristics are applied to the scalar
optimization problems, approximations of non-dominated solutions are obtained.

In recent years, there have been a variety of legitimate applications of multiobjective CDA in
quantitative psychology and related fields. Most notably, previous research has focused on
seriation and scaling (Brusco, 2002; Brusco & Stahl, 2001a, 2005a, 2005b, Chapter 11) and
cluster analysis (Brusco & Cradit, 2004, 2005; Brusco & Stahl, 2001b, 2005b, Chapter 6;
Steinley & Hubert, 2008). These applications notwithstanding, appropriate cross-validation
is necessary when using multiobjective programming to partition a set of objects based on
multiple sets of proximity matrices. The problem especially manifests itself when using
multiobjective programming to partition a sample of cases on two or more distinct sets of
clustering variables with the ultimate goal of using the clustering solution to classify new
cases based on only one of the variable sets.

To illustrate, consider a common scenario in the marketing literature that focuses on
simultaneously accomplishing the following goals: (a) profile customers based on
demographic variables and (b) explain variation in a set of response variables such as
satisfaction, potential for switching, likelihood of purchasing new products or services, and
so on (Brusco, Cradit, & Stahl, 2002; Brusco, Cradit, & Tashchian, 2003; DeSarbo &
Grisaffe, 1998; Krieger & Green, 1996). Multiobjective clustering methods can produce
solutions with impressive goodness-of-fit statistics for a fraining sample of cases measured
on the profiling and response variable sets; however, the results are frequently devoid of any
merit from a cross-validation standpoint. The problem stems from the fact that, when new
cases are presented or the clustering solution is applied to a validation sample, only the
profiling information is used for classification purposes. A common assumption is that
classification of the validation sample would still yield good explanation of the response
variables, but we will show that this often does not materialize because the multiobjective
clustering merely capitalizes on chance in the training sample.

It is imperative to unequivocally clarify at this point that we are not suggesting that a//
applications of multiobjective clustering to multiple sets of proximity data are problematic.
Indeed, there are situations where multiobjective programming provides an excellent trade
off among multiple data sources and the resulting solutions will stand up to cross-validation
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(e.g. Handl & Knowles, 2006). However, in the case of our marketing example above, as
well as many psychological settings, an analyst could easily be fooled by impressive fit
statistics from multiobjective clustering and not realize that the resulting solution cannot be
cross-validated.

A brief review of multiobjective CDA is provided in section 2. A biobjective optimization
problem corresponding to the clustering of a data set based on a weighted function of
explained variation for profiling and response variables is described in section 3. In section
4, we use an example to demonstrate that this procedure produces numerically appealing
results for the sample that do not translate well to the entire population. Section 5 reports the
results of an application of the biobjective model to a real psychological data set. The paper
concludes in section 6 with a brief summary.

2. Literature review — multiobjective CDA

2.1. Multiobjective seriation and scaling

One class of applications of multiobjective programming in CDA pertains to the seriation
and scaling of proximity matrices. In some instances, multiobjective programming has been
used to obtain a structural fit to a single proximity matrix based on multiple criteria. For
example, using a generalization of well-established dynamic programming procedures
(Hubert & Golledge, 1981; Lawler, 1964) to generate non-dominated solutions, Brusco and
Stahl (2001a) presented a multiobjective procedure for seriation that can be used to identify
a permutation of objects that provides a good structural fit to a single asymmetric proximity
matrix. The objective function of their model was to optimize a weighted function of two or
more structural indices. Brusco and Stahl (2005a) expanded on this problem by developing a
biobjective seriation and scaling model for different components of skew-symmetric
matrices.

Whereas the multiobjective seriation and scaling models developed by Brusco and Stahl
(20014a, 2005a) focused on the analysis of a single source of proximity data, other
multiobjective models have been developed within the context of a set of proximity matrices
available for the same set of objects. For example, Brusco (2002) proposed a multiobjective
programming model for finding a permutation that provides a good fit for each of a set of
matrices, even when antagonistic relationships existed among some of the matrices. Brusco,
Stahl, and Cradit (2002) subsequently expanded this model to the case of multiobjective
multidimensional scaling of a set of proximity matrices. In each of these multiobjective
programming applications, the proximity matrices were obtained from confusion
experiments on the same set of objects under different experimental conditions; however, the
models are also applicable for proximity data produced from paired comparison, sorting, or
other collection methods.

2.2. Multiobjective clustering

Multiobjective programming methods have also received considerable attention in clustering
applications. These applications span a number of areas of scientific inquiry, including
computational biology (Handl, Kell, & Knowles, 2007; Handl & Knowles, 2006, 2007;
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Ripon, Tsang, Kwong, & Ip, 2006), marketing (Brusco et al., 2002, 2003), psychology
(Brusco & Cradit, 2004, 2005; Brusco & Stahl, 2001b; Steinley & Hubert, 2008), as well as
the more general statistical and pattern recognition literature (Delattre & Hansen, 1980;
Ferligoj & Batagelj, 1992; Law, Topchy, & Jain, 2004). In addition to the emergence of
multiobjective programming methods in different scientific disciplines, the role of
multiobjective programming also differs across applications.

In one of the earliest multiobjective clustering papers, Delattre and Hansen (1980) developed
an algorithm that generates the entire non-dominated set for a biobjective clustering problem
using partition splitand partition diameter as the objective criteria. Partition split, which is
analogous to Johnson’s (1967) minimum method in hierarchical clustering, is the minimum
distance between any two objects not in the same cluster. Partition diameter, which is
analogous to Johnson’s (1967) maximum method in hierarchical clustering, is the maximum
distance between any two objects that are in the same cluster. Brusco and Cradit (2004) also
utilized the partition diameter criterion in their biobjective clustering approach for confusion
data. Drawing from the pioneering work of Hubert (1973, 1974a), Brusco and Cradit
established compact partitions by minimizing diameter and, subsequently, selected from
among alternative optima by minimizing the number of inconsistencies in a digraph
corresponding to the confusion matrices. Brusco and Cradit (2005) also exploited the
potential for alternative optima for the diameter criterion, evaluating a variety of secondary
criteria. Steinley and Hubert (2008) demonstrated that the K-means algorithm (Howard,
1966; MacQueen, 1967), when used in conjunction with an object-order constraint obtained
based on an anti-Robinson criterion, was especially effective at recovering the underlying
(known) structure in synthetic data sets. Moreover, relative to the use of K-means alone, the
order constraint enabled the identification of more interpretable solutions for several
empirical data sets.

In computational biology and pattern recognition, there are many instances where the
effective clustering of a data set requires trade offs among competing criteria such as
compactness, separation, and, connectedness. For example. Law et a/. (2004) implemented a
consensus clustering approach that uses partitions established by a variety of single-
objective clustering approaches (e.g. K-means, single-linkage, model-based methods, etc.).
Methods of this type are often termed ‘ensemble approaches’ (Strehl & Ghosh, 2002). In
contrast to ensemble methods, Handl and Knowles (2007) adopted a direct approach using a
multiobjective genetic algorithm that incorporates minimum spanning trees (see Hubert,
1974b) to produce well-connected solutions and a K-means algorithm (Howard, 1966;
MacQueen, 1967) for achieving compactness.

3. A biobjective clustering problem

3. 1. Problem overview

Whereas section 2.2 identifies viable implementations of multiobjective programming in
cluster analysis, there are other situations where the approach is of dubious value. To
illustrate a the importance of cross-validation in multiobjective CDA, we return to the
biobjective clustering problem that has its origin in the marketing literature (Brusco et al.,
2002; DeSarbo & Grisaffe, 1998; Krieger & Green, 1996). Although the same perils pertain
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to the case of three or more objectives (see e.g. Brusco et al., 2003), we restrict our attention
to the biobjective case for the purposes of case of presentation and clarity.

The goal of the biobjective clustering problem is to obtain clusters that are ‘reachable’ with
respect to a set of demographic/psychographic profiling variables, yet at the same time
facilitate adequate explanation of one or more response variables. Krieger and Green
describe an application corresponding to a company (using the disguised name ‘Alpha
Company’) that markets home equity loans. A telephone survey was used to collect
information from a sample of customers. The information gathered included responses to
psychographic statements and an evaluation of the likeability of the company. Psychographic
variables measure attitudes and opinions that help to establish personality traits, values, and
other psychological characteristics of the respondents. The sample was initially classified
(using K-means) on the basis of the psychographic data. Next, the company attempted “... to
find out if the original segmentation could be “loosened” a bit to better predict respondent
liking of the Alpha Company’ (Krieger & Green, 1996, p. 356). An algorithm was applied to
the K-means solution, reducing explained variation in the psychographic variables by 15%,
but increasing explained variation in the response variable (likeability) by more than 100%.
Krieger and Green (1996, p. 360) recognized that their algorithm capitalized on chance and
suggested that using the results from a training sample to classify a validation sample from
the same population would result in a degradation of explained variation; however, no
information was presented with respect to the extent of this problem.

DeSarbo and Grisaffe (1998) demonstrated impressive explained variation results for a
biobjective application pertaining to a utility company that sought to achieve strong
prediction of overall satisfaction for its industrial clients, while maintaining homogeneous
clusters with respect to firm-specific profile measurements. Similarly, Brusco et a/. (2002)
classified firms into homogeneous groups based on telecommunication activity while also
enabling adequate prediction of long-distance spending. Brusco ef a/. used a split-half
procedure to validate their results; however, they used both the profiling and response
measures in the validation process. As noted previously, in many marketing and
psychological applications, only the profiling measures would be available for classifying
new cases.

To place the biobjective problem in a psychological context, consider a situation where a
university department wishes to use demographic information on an incoming freshman
class (e.g. SAT score, high-school GPA) to establish homogeneous clusters of students,
while also yielding satisfactory prediction of college-GPA at the end of the first year. A
second example is the development of a homogeneous classification of participants based on
their histories of depressive disorders that also yields prediction of symptoms displayed
during smoking cessation (Burgess et al., 2002). A third illustration is the construction of
clusters that facilitate explanation of social acceptance and adjustment, yet are also
homogeneous with respect to aggressive and prosocial behaviours (Haselager, Cillessen, Van
Lieshout, Riksen-Walraven, & Hartup, 2002).

3.2. Notation

S: a set of nindices corresponding to objects sampled from a population, {1,2, ..., 77};
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U: the number of profiling variables, indexed 1 < u< U,
V: the number of response variables, indexed 1 < v< V,

X: a matrix of profiling variable measurements with elements x;, representing the
measurement for object 7on profiling variable ¢, for1 < /< nand 1< u< U,

Y : a matrix of response variable measurements with elements y;, representing the
measurement for object 7on response variable v, for1</<nand1<v< V;

K: the number of clusters;

Py a partition of Sinto Kclusters, Py={Cy, ..., Cx}, Where Cy. is a set of 1, object
indices assigned to cluster kfor 1 < k< K;

Tk the set of all possible partitions of /70bjects into K clusters. The cardinality of ITx
can be computed using a formula for the Stirling number of the second kind.

One such formula is provided by Hand (1981):
K
1 K
ﬁkz()(—l)"(k)(K—k)". (1)

Wi (Pr): the within-cluster sum-of-squares for the profiling variables that is produced from
partition Px. This quantity is computed as follows:

K

U
WxP)= Y 3 Y (-5 @

k=1i€Cku=1

where

1
n.

X, =— Z X, forl<u<Uandl <k<K. (3)
tECk

W4 (Pk): the within-cluster sum-of-squares for the response variables that is produced from
partition Px. This quantity is computed as follows:

K

Vv
WyPo =D > D - @

k:liGCkvzl

where

Br J Math Stat Psychol. Author manuscript; available in PMC 2018 June 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Brusco and Steinley

Page 7

_o_ 1
yvk=n_k.z; y, forl<v<Vandl<k<K. (5)
&S
k

TSSx: the total sum-of-squares for the profiling variables, which is computed as:

n U
TSSy= D Y (5, — %)% (6)

i=lu=1

where
1 n
X, = ;‘lem forl <u<U. (7)
1=

TSSy: the total sum-of-squares for the response variables, which is computed as:

n \4
TSSy= > > 0 =55 (8)

i=1lv=1

where

_ 1Y
yV:E.ZyiV f0r1SVSV~ (9)

i=1

Zx(Px): the proportion of variation in the profiling variables that is explained by partition
Px. This quantity is computed as follows:

Wy (Py)
Zy(P)=1—-—c—. (10

Zv(Pg): the proportion of variation in the response variables that is explained by partition
Px. This quantity is computed as follows:

Wy(Py)
ZyPp)=1———. (11
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a: a weighting parameter (0 < a < 1) that represents the proportion of weight allocated to
the explained variation for the profiling variables.

3.3. Model formulation and solution procedure

To obtain non-dominated solutions for the biobjective clustering problem, we formulate the
following scalar optimization problem:

Maximize: (Zy(Pg)) + (1 — )(Zy(Pg)),  (12)

Subjectto: Py € [T, (13)

For computational purposes, we substituted the right-hand-sides of equations (10) and (11)
into equation (12) and, after some minor algebra, obtained the following equivalent objective
function:

S 1-
Minimize: %SX(WX(PK)) + %(WY(P ). (14)

This reformulation enabled us to obtain optimal solutions to the scalar optimization problem
using a modified version of a branch-and-bound algorithm developed by Brusco (2006) for
within-cluster sum-of-squares partitioning (see also Brusco & Stahl, 2005b, Chapter 6).

In applied analyses, there are two key parameter choices for the biobjective clustering
model. First, it is necessary to determine the number of clusters, K. In Krieger and Green’s
(1996) application, K'was selected by company management based on interpretability
issues. Brusco et al. (2002) used the Califiski and Harabasz (1974) pseudo- F statistic for the
K-means solution to choose an appropriate value of K (see Dimitriadou, Dolni¢ar, &
Weingessel, 2002, for a variety of other indices for selecting K). The determination of a is
the second parameter choice. We recommend running the biobjective model multiple times,
varying a from 0 to 1 in increments of .1. This process typically facilitates the identification
of a range for a that can be investigated more thoroughly. For example, an analyst might
initially identify .7 and .8 as possible candidates for a.. Subsequent executions of the
algorithm can be implemented for a = .725, .75, .775, etc. to narrow in on an effective
choice.

Exact solutions to the scalar optimization problem using different values of a produce what
are known as ‘supported’ non-dominated solutions (Erhgott & Gandibleaux, 2000; Ulungu
& Teghem, 1994). For multiobjective combinatorial optimization problems, there are
frequently a large number of ‘unsupported’ non-dominated solutions that cannot be
identified using the scalar optimization problem with any weighting scheme. This limitation
notwithstanding, we have found that the scalar optimization problem typically yields
satisfactory trade offs among competing criteria.
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4. A numerical demonstration

4.1. Data generation

To provide a numerical illustration of the potential pitfalls associated with multiobjective
clustering, we produced synthetic variable measurements using a data generation process
comparable to one recently employed by de Craen, Commandeur, Frank, and Heiser (2006).
First, we generated a pseudo-population of /= 3,600 profiling variable measurements using
bivariate normal distributions with equal variances. The data were generated to produce K=
3 equally sized clusters in the = 2 —dimensional space. The variable means were (30, 70),
(50, 50), and (70, 70) for clusters 1, 2, and 3, respectively. The 2 x 2 diagonal covariance
matrices were 100 | ,x» for each of the three clusters (where |« is a 2 x 2 identity matrix).

The measurements for the V= 2 response variables were generated in precisely the same
manner as the profiling variables. Next, the 3,600 profiling measurements were paired with
the 3,600 response measures after random relabeling of the latter. This process produces an
extreme situation where the profiling variables are completely unrelated to the response
variables. We use these data to demonstrate that, even in this extreme condition, numerically
appealing results can be obtained using multiobjective programming methods. We deem this
demonstration important in light of the fact that “antagonistic’ relationships between the
profiling and response variables have been observed in the literature (Brusco et a/., 2002,
2003; Krieger & Green, 1996). Section 5 focuses on the analysis of an empirical data set that
exhibits moderately strong relationships among the profiling and response variables.

4.2. Obtaining biobjective solutions for a sample

We took a random sample of » = \/N = 60 observations from the pseudo-population and
solved the biobjective clustering problem presented in section 3 for a variety of values of a.
For this sample size, we were able to solve each scalar optimization problem exactly using
the branch-and-bound method. Accordingly, all of the obtained solutions are guaranteed to
be in the non-dominated set. Table 1 provides the values of Zx(Px) and Z/(Pk) for each of
15 non-dominated solutions realized for different values of a.. A graphical representation of
non-dominated points is provided in Figure 1.

Figure 1 provides a visual indication of the marked improvements in one criterion that can
be achieved for a small sacrifice in the maximum value of the other criterion. As shown in
Table 1, the maximum value 2 (Pk) is .72988. Because of the antagonistic relationship
between the profiling variables and the response variables, this partition yields a poor value
of explained variation for the response variables (Zy(Px) = .06050). However, for only a
1.87% reduction in Zx(Px) to .71622, the explained variation in the response variable more
than doubles to 2/ (Pk) = .14769. Similarly, a modest 4.21% reduction in Zx(Px) to .69916
results in Zy(Px) = .18380, which is more than triple the value realized when a = 1. It is
precisely these large gains in explained variation for response measures realized for small
sacrifices in explained variation for profiling variables that motivated Krieger and Green’s
(1996) affinity for this biobjective perspective. Such information is numerically appealing to
marketing managers and behavioural science analysts; however, we pose the question: ‘What
do these results really mean?’
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4.3. Implications of biobjective results for the population

We selected the non-dominated solution corresponding to a. = .6675 for further analysis
because the percentage reduction in the maximum possible value for Zx(Pg) was 12.97%
(i.e. from .72988 to .63522), which is in the range of 10-15% considered by Krieger and
Green (1996) and Brusco et al. (2002). Figure 2 shows the change in the cluster structure for
the profiling variables when reducing a from 1 to .6675. The top panel of Figure 2 shows
three distinct clusters labelled by * + ¢, “‘O’, and ‘0O, which are realized when a = 1. The
bottom panel shows that a reduction of a degrades this structure. The * +* cluster remains
mostly intact, with only minor reassignments. However, the ‘O’ and ‘0O clusters are mixed
together, which is indicative of the reduction in explained variation.

The 12.97% reduction in Zx(Px) enables a more than 400% improvement in A/ (Pg) from .
06050 to .31387. Figure 3 provides a visual reflection of the improvement in the cluster
structure for the response variables when reducing a. from 1 to .6675. The top panel of
Figure 3 reveals a somewhat random smattering of * +’, *O’, and ‘00’ labels that is yielded
when a = 1. The bottom panel shows that reduction of a to .6675 provides enhanced
clustering of the response measurements. Although far from a perfectly clean result, most of
the ‘O’ labels have been pushed to the left on the v; axis, whereas most of the ‘00" labels
have been pushed to the right. The 15, axis, however, does little to distinguish the response
variable clusters.

The top panel of Table 2 provides a numerical summary of the non-dominated clustering
solution obtained for a = .6675. For the sample data, the profiling variable means indicate a
distinct separation of the clusters on both variables. In contrast, the means for the response
variables show some separation on variable v, but little on v», which is consistent with the
bottom panel of Figure 3.

Now, for the all important question: given the biobjective solution for the sample, can we
classify new cases based solely on their profiling measurements and achieve explained
variation results for profiling and response measures comparable to Zx(Px) = .63522 and
Zyv(Py) = .31387? To answer this question, we assigned each object in the pseudo-
population to the same cluster as its nearest neighbor in the training sample. The results are
summarized in the bottom panel of Table 2. This process produced three clusters of roughly
equal size that are clearly well-separated with respect to both profiling measures. The
proportion of explained variation for the profiling measures in the classified pseudo-
population is an impressive .55478. Unfortunately, the results for the response variables are
miserable. The cluster means on the response measures show no separation whatsoever, and
the proportion of explained variation is an abysmal .00056.

The results of the illustration are clear. It is inappropriate to conclude that the measured
explained variation for response variables in the sample will translate into a comparable
level of explained variation for subsequent subsamples of the population. The results of the
illustration are not sample specific. We repeated this analysis for many samples and always
obtained comparable results. The underlying problem with the biobjective approach in this
context is that it is merely exploiting the chance variation in the sample to induce
numerically alluring results that have no pragmatic explanatory or predictive value.
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5. An empirical application

5.1. The empirical data set

The numerical illustration in section 4 provided a demonstration of the shortcomings of the
biobjective clustering model using a synthetic data set. In this section, we present additional
evidence via an application to an empirical data set pertaining to the study of reflective
judgment (Brusco, Cradit, Steinley, & Fox, 2008; Kitchener, Jensen, & Wood, 1999; Wood,
Kitchener, & Jensen, 2005), The data are measurements for a sample of 3,618 participants
on a single response variable, (1) reflective judgment score, and four profiling variables:
(tn) = ACT score; (p)= endorsement of a written essay; (¢3)= high-school GPA; and (uy)=
college GPA.

A correlation matrix for the response variable and four profiling variables is provided in
Table 3. The multiple correlation coefficient for 14 with respect to the four profiling
variables is .526. Therefore, unlike the synthetic data set analyzed in section 4, there is a
modest relationship between the response variable and profile variables in these data. Our
goal is to identify a partition of participants that ensures homogeneity with respect to the
profiling measurements, yet also provides adequate explanation of reflective judgment.
Accordingly, the results of the biobjective clustering model could be used to classify
additional participants based solely on their available profiling measurements, yielding a
prediction for their reflective judgment score.

5.2. Data preparation

We randomly split the full data set into two equally sized samples each consisting of 7=
1,809 participants. The training sample, S1, was analyzed using biobjective clustering for
model selection purposes. The validation sample, S2, was used as a #ofdout sample to assess
the explanatory power of the model. Variable ¢4 (ACT score) exhibited a substantially
greater range and variance relative to the other profiling variables and the response variables.
For this reason, we applied the variance-to-range data transformation developed by Steinley
and Brusco (2008) to the data prior to analysis. Steinley and Brusco demonstrated that this
procedure facilitated appreciably better cluster recovery than three alternative methods: (a)
no transformation; (b) zscore transformation; and (c) range transformation.

The exact algorithm used in section 4 was not computationally feasible for the reflective
judgment sample of 7= 1,809 participants. For this reason, we used a simulated annealing
heuristic developed by Brusco et a/(2002) to approximate the non-dominated set for the
biobjective clustering problem. We applied the heuristic to S1 using 11 different values of a
(«=1,.9 .8,.7,.6,.5 .4, .3 .2 .1,0). Based on prior research that suggested the
appropriateness of a four-cluster solution (Brusco et af., 2008), all results were obtained for
K= 4 clusters. For each value of a, we restarted the heuristic 10 times, with each restart
using a different random assignment of participants to clusters. The solution corresponding
to the restart that yielded the largest value for equation (12) was stored as the best-found
solution.
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5.3. Computational results

Table 4 provides an approximation of the non-dominated set for the reflective judgment
training sample (S1). A graphical representation of non-dominated points is provided in
Figure 4. For each value of a.. Table 4 reports the values of Zx(Px) and A (Pk) for the
training sample, as well as the percentage reduction in Zx(Px) associated with the reduction
of a by .1. The values of Zx(Px) and Z/(Px) for the holdout sample (S2), which are
obtained after assigning the S2 cases to the same cluster as their nearest neighbor in the
multiobjective solution for S1, are reported in the last two columns of Table 4.

Once again, numerically compelling results for the training sample were evident. For
example, reducing a from 1 to .8 provides a modest 8.5% reduction in Zx(Px) from .62425
to .57166; however, this modification yields an astounding 637% Improvement in A/ (Pk)
from .06919 to .51038. Although other estimated non-dominated points in Table 4 are
attractive (e.g. the solutions for .7 < a <.5), we selected the solution for a. = .8 for further
analysis.

Table 5 provides detailed information on the cluster sizes and centroids for the a. = .8
solution. The top panel of Table 5 contains the results for S1. The reflective judgment means
for S1 reveal considerable cluster separation of the sample with respect to this response
variable. The m =435 participants assigned to cluster 1 tend to possess the highest reflective
judgment scores, whereas the 114 = 450 participants in cluster 4 exhibit the lowest. Clusters 2
and 3 consist of participants with slightly less extreme reflective judgment scores relative to
clusters 1 and 4, respectively.

Strong cluster separation for S1 is also apparent in the profiling variables, particularly with
respect to the high-school and college GPA measurements. Unfortunately, the profiling
variable centroids do not have a readily interpretable linkage to the response variable means.
For example, the largest high-school (u3) and college (1) GPA averages are achieved in
cluster 2, which corresponds to the second largest within-cluster average for reflective
judgment. However, for cluster 1, which has the largest within-cluster average for reflective
judgment, the average high-school and college GPA are relatively weak (third largest).
Similarly, it is noted that cluster 4, which has the smallest within-cluster average for
reflective judgment, has the second largest averages for high-school and college GPA scores.
The only profiling variable that exhibits strong concordance with the reflective judgment
means is endorsement scores for the written essay (»).

The bottom panel of Table 5 provides the cluster centroids for the holdout sample, which are
computed after assigning each case in S2 to the same cluster as its nearest neighbor in S1.
The relative rankings of cluster means for each variable are comparable for S1 and S2. The
proportion of explained variation for the profiling variables in S2, Zx(Px) = .47998,
represents only a modest decrease from the value obtained for S1, Zx(Px) = .57166.
Unfortunately, the same cannot be said for reflective judgment. Whereas the explained
variation for reflective judgment for S1 is Z/(Px) = .51038, the corresponding value for S2
is only 2/ (Px) = .09237.
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The reflective judgment averages for S2 are markedly different from those in S1 in two
respects. First, there is the obvious observation that the cluster averages for S2 are noticeably
smaller than those for S1, which reflects the substantial reduction in explained variation.
Second, the relative ranking of the averages is different. For S1, the ranking of cluster
averages for reflective judgment (from highest to lowest) is 1-2-3-4, whereas the
corresponding ranking for S2 is 2-1-4-3. For S2, we observe that the reflective judgment
scores are somewhat more commensurate with high-school (¢3) and college (1) GPA
scores. The largest within-cluster averages for high-school GPA, college GPA, and reflective
judgment are realized for cluster 2, whereas the smallest averages occur in cluster 3.

5.4. Analysis of other solutions on the estimated non-dominated set

The problems outlined in the previous subsection are not unique to the solution
corresponding to a = .8. Table 4 reveals that the Zx(Pk) values for the holdout sample
generally lag slightly below the Zx(Px) values for the training sample for .3 <a <1.0,
whereas these measures are comparable for small values of a. In contrast, the 2 (Pk) values
for the holdout sample are always quite poor (<.11 in all instances). Most importantly, for .0
<a £.9, the Z/(Px) values for the holdout sample are drastically less than those for the
training sample, illustrating the inability to cross-validate the multiobjective programming
solutions in this context. The key point here is that cross-validation problems prevail across
nearly the full range of the non-dominated set. Consider, for example, the solution
corresponding for a = .3, which provides Zy(Pg) = .82785 and Zx(Px) = .32700 in the
training sample (S1). This particular solution provides stronger explanation of the response
variable at the expense of explained variation in the profiling variables. When classifying the
cases in S2 by assigning them to the same cluster as their nearest neighbor in S1, the
explained variation for the profiling variables is Zx(Px) = .27076, but explained variation for
the response variable is a dismal 2, (Px) = .06087.

6. Conclusion

There is no question that the application of multiobjective programming methods to
problems of CDA can produce results that are numerically impressive with respect to
objective criterion indices. In this paper, we have focused on a fundamental question: Do the
impressive indices of fit realized for multiobjective problems necessarily translate into
salient findings for quantitative analysts? For some multiobjective problems, we believe the
answer to this question is ‘yes’, Multiobjective clustering procedures, for example, can yield
better recovery of cluster structure (Steinley & Hubert, 2008), or facilitate the identification
of complex structures that cannot be accommodated by any single criterion (Handl &
Knowles, 2007; Handl et a/., 2007), Multiobjective programming also has pragmatic value
for tie-breaking (Brusco & Cradit, 2004, 2005; Delattre & Hansen, 1980) in clustering
applications.

In some instances, multiobjective programming can also be gainfully used when multiple
sets of proximity matrices are available for the same set of objects. For example. Brusco
(2002) used multiobjective procedures to provide a permutation of the digits (0, 1, 2, ..., 9)
that provided a good structural fit to each of four proximity matrices. We believe that
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extreme caution is advised, however, when using multiobjective programming to obtain
clustering solutions based on criteria for multiple data sets. This caution is especially
important when clustering a sample of objects with the goal of predicting one or more
response variable measurements upon classification of new objects based only on the
profiling variable measurements. We have presented examples using synthetic and real data
sets that demonstrate that explained variation for the response measures can be impressively
raised in the training sample using multiobjective methods. Unfortunately, these results are
obtained through an overfitting of the training sample, and the explained variation
performance does not translate to objects in the holdout sample.

Our numerical examples in this paper have been presented within the context of biobjective
clustering where the two relevant objective criteria are the percentage of explained variation
for the profiling and response variables. These biobjective issues generalize to the
multiobjective case where there are multiple sets of response variables, each with their own
objective criterion component. Moreover, the same problems pervade the situation where
within-cluster regression models are established to represent objective criteria for the
response variables (Brusco ef al., 2003), The problems we have outlined for multiobjective
clustering resemble those associated with clusterwise regression, as recently identified by
Brusco et al. (2008). Specifically, overfitting the data and an inability to classify new cases
to facilitate satisfactory explanation of response measures frequently plague both methods.

Our goal in writing this paper was not to stifle advancement of multiobjective programming
methods in CDA. We believe there are many promising avenues of future research,
including: (a) the development of improved methods for estimating non-dominated solutions
and (b) identification of other applications in scaling and clustering, as well as other areas of
CDA. At the same time, we believe it is imperative to understand the importance of cross-
validation when using multiobjective programming for applied data analyses.
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Figurel.
Points on the efficient frontier obtained using the weighting schemes in Table 1.
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Figure 2.
Scatterplots for the profiling variables for three-cluster bicriterion partitions obtained using

a = | (top panel) and a = .6675. (bottom panel). The horizontal axis is v4, and the vertical
axis is vs.
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Scatterplots for the response variables for three-cluster bicriterion partitions obtained using
a =1 (top panel) and a =.6675, (bottom panel).
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Figure 4.
Points on the estimated efficient frontier for the reflective judgment data, which were

obtained using the weighting schemes in Table 3.
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Explained variation for non-dominated solutions for the sample synthetic data using various values of a

a Zx(Pe)  Zv(Pk)  percentage decreasein Zy(Px)?
1.0000 .72988 .06050 .00
.9000 72789  .09942 .27
.8000 71622 14769 1.87
.7000 71622 14769 1.87
.6750 .69916  .18380 421
.6675 63522  .31387 12.97
.6500 61780  .34644 15.36
.6000 .60905  .35911 16.55
.5000 49954 48266 31.56
.4000 40264 54740 44.83
.3250 30214 59983 58.60
.3000 19447 64952 73.36
.2000 .07303  .69122 89.99
.1000 .05474 69429 92.50
.0000 .05474 69429 92.50

a . . L - . . . .
The percentage decrease in explained variation for the profiling variables relative to the optimal value of ZX (PK) obtained when a = 1.
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