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Abstract

We propose a minimand perturbation method to derive the confidence regions for the regularized
estimators for the Cox’s proportional hazards model. Although the regularized estimation
procedure produces a more stable point estimate, it remains challenging to provide an interval
estimator or an analytic variance estimator for the associated point estimate. Based on the
sandwich formula, the current variance estimator provides a simple approximation, but its finite
sample performance is not entirely satisfactory. Besides, the sandwich formula can only provide
variance estimates for the non-zero coefficients. In this article, we present a generic description for
the perturbation method and then introduce a computation algorithm using the adaptive least
absolute shrinkage and selection operator (LASSO) penalty. Through simulation studies, we
demonstrate that our method can better approximate the limiting distribution of the adaptive
LASSO estimator and produces more accurate inference compared with the sandwich formula.
The simulation results also indicate the possibility of extending the applications to the adaptive
elastic-net penalty. We further demonstrate our method using data from a phase 111 clinical trial in
prostate cancer.
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1 Introduction

Predicting clinical outcomes and identifying prognostic factors are fundamental in medical
research. Recent developments in biological and genomic experiments make it possible to
collect a vast amount of biomarkers that can be potentially used to build prognostic models
of clinical outcomes. Although the increasing availability of biomarkers shed light on
promoting knowledge for disease prognosis, it also brings new challenges for statistical
modeling. Since the introduction of novel penalized regression methods (Tibshirani, 1996;
Fan & Li, 2001), efficient modeling procedures that perform joint parameter estimation and
model selection are now the mainstream of modern statistics.
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Researchers are particularly interested in relating a set of baseline covariates to patient’s
survival time within the context of phase I11 clinical trials. This task is commonly performed
by the Cox’s proportional hazards model (Cox, 1972). In the proportional hazards model,
the dependency of the survival time fon the predictors x = (xy, ..., Xp) Tis characterized by a
hazard function of the form

Atlz)=Xo(t)exp[z" Bo], (1)

where Ao(4) is an unspecified baseline hazard function and By = (Bo1, -, fop) Tisa p-
dimensional unknown regression parameters, commonly called the log-hazard ratios. In the
semi-parametric model framework, the primary objective is to make inferences on the
unknown regression parameters.

In addition to estimating the unknown regression parameters, identifying a subset of
prognostic covariates is another important, yet challenging, inferential topic. For this
purpose, numerous variable selection tools that were originally designed for linear
regression, such as stepwise selection, hypothesis testing procedure, and Bayesian model
selection (Ibrahim, Chen, & MacEachern, 1999), have been extended to the Cox’s model.
However, their theoretical properties were not well-studied (Fan & Li, 2002). Recently, a
class of penalized procedures, including but not limited to the least absolute shrinkage and
selection operator (LASSO) (Tibshirani, 1997; Park & Hastie, 2007), the adaptive LASSO
(Zhang & Lu, 2007), the smoothly clipped absolute deviation (SCAD) (Fan & Li, 2002;
Bradic, Fan, & Jiang, 2011), and the elastic net (Wu, 2012), were proposed for the survival
endpoint. These procedures are appealing for their shrinkage property that produces sparse
point estimates and therefore achieves joint selection and estimation.

The theoretical properties of the penalized estimators have been extensively studied in the
literature (Fan & Li, 2002; Zhang & Lu, 2007; Bradic et al., 2011). Although these
penalized methods are effective for variable estimation and selection, their limiting
distributions are complicated and difficult to approximate analytically (Knight & Fu, 2000;
Chatterjee & Lahiri, 2011; Minnier, Tian, & Cai, 2011). As a result, it is crucial to have an
alternative numerical approach that can be implemented to approximate the distributions of
the regularized estimators.

In practice, it is expected to report a standard error estimate to the proposed estimator or
provide an interval estimator. Both standard error and interval estimators aim to quantify the
uncertainty of the proposed estimator. In the absence of a valid uncertainty assessment, the
point estimate alone does not provide enough information for clinical decision making.
Tibshirani (1997) initially suggested a ridge-type of approximated standard error formula for
the LASSO estimator. It has, however, the drawback of providing zero standard error
estimates for the zero estimated coefficients. Fan and Li (2002) and Zhang and Lu (2007)
proposed sandwich formulas for estimating the variance. Their formulas, however, also
suffered from a similar limitation in that it only provided variance estimates for the non-zero
coefficients. In a simulation study, Zhang and Lu (2007) demonstrated that there was a
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discrepancy between the sandwich-based standard error and the Monte Carlo-based standard
error.

To alleviate the limitations of sandwich formulas, various numerical methods have been
proposed in the context of linear regression to assess the variances of the penalized
estimators. Knight and Fu (2000) considered a residual-based bootstrap method for the
LASSO estimator in linear regression. Chatterjee and Lahiri (2010) studied the residual-
based bootstrap method and showed that the asymptotic distribution of the bootstrapped
LASSO estimator is a random measure. Hence, the bootstrap estimator is inconsistent
whenever one or more components of the regression parameter is zero. To overcome the
difficulty of the traditional bootstrap, Chatterjee and Lahiri (2010) recommended a truncated
LASSO estimator whose distribution can be approximated using a residual-based bootstrap
method. Recently, Chatterjee and Lahiri (2011) proposed a modified bootstrap method
which provides a valid approximation.

Minnier et al. (2011) introduced a resampling method based on minimand perturbation (Jin,
Ying, & Wei, 2001) to derive a confidence region for regularized procedures possessing the
oracle properties, such as the adaptive LASSO (Zou, 2006) and the SCAD (Fan & Li, 2001).
In most clinical trials in cancer, the primary outcome is time-to-event endpoint. However,
this resampling approach has not been applied to time-to-event outcomes. This could be due
to the fact that the notion of residual in the Cox’s model is not compatible with that in the
linear regression model. We adapt the minimand perturbation method to construct
confidence regions for the Cox model, regularized by the LASSO penalty and the adaptive
elastic net-penalty. To our knowledge, no one has utilized this approach to the Cox’s model.

This article is organized in the following manner. We first review the penalized estimation in
the Cox’s model and then introduce our perturbation method in Section 2. We present the
computation algorithm and the construction of confidence regions in Section 2. We evaluate
the proposed method using simulations and real data and present the results in Sections 3
and 4, respectively and we provide some concluding remarks in Section 5.

2 Minimand Perturbation Procedure

2.1 Penalized Partial Likelihood Estimation and Oracle Properties

Consider an analysis with time-to-event outcome, we denote the observed triplet as {(¢; &;
X): =1, ..., i}, where £;is the survival time if §;= 1, and censored time if 6;= 0, and x,; =
(X, ---» Xjp) is a p-dimensional predictors. Under the proportional hazards model framework
in (1), the estimation of the regression parameters is commonly carried out by minimizing
the minus log-partial likelihood function

B:argminn’lf(ﬂ): - nfliéi [wlTﬂ —log Z exp[:c]Tﬂ]-l ,
B i=1 [ JER; J (2)
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where R;={/. £;= £} is the risk set just before time #. We refer to the minimizer of (2), 3, as
the maximum partial likelihood estimator (MPLE).

The MPLE will not produce exact zero estimates in general, even though the true regression
parameters are sparse. To produce exact zero estimates and thus achieve joint estimation and
selection, we consider adding a penalty term into (2) and solving the penalized log-partial
likelihood function

P
B=argmin nilf(ﬂ)—kzt],\n (1851) 5
? =1 ®)

where J, is a non-negative penalty function and A, is a non-negative regularization
parameter that governs model sparsity. If 1, is large enough, the penalty function ., (.)
would shrink some small coefficients to exact zeros. The shrinkage property is appealing in
terms of identifying the sparse structure, but it also biases the point estimates toward zeros,
especially for the large fy;. Hence, an ideal penalty function should be able to produce
sparse estimates while keeping the large fyjintact. The reader is referred to Fan and Li
(2001) for more discussion on the properties of penalty functions.

In this article, we consider the adaptive LASSO (ALASSO) penalty that has the form

In, (1B51) =Anl B |/|Bj|. The inverse absolute estimates 1/|BJ-| serves as data-driven weights
to avoid over-penalizing large parameters and hence give rise to the name adaptive LASSO.
The choice of adaptive weights is crucial for optimizing the performance of the ALASSO
estimator. We propose to adopt the inverse of the absolute MPLE as adaptive weights for
convenience because the MPLE is consistent and asymptotically normal (Tsiatis, 1981) and
its magnitude can better represent the relative importance of the predictors. We are
particularly interested in the ALASSO penalty for its wide popularity in the statistical
literature and its oracle properties (Zhang & Lu, 2007).

According to Fan and Li (2001), an estimation procedure is said to enjoy the oracle
properties if: (1) it identifies the correct sparse representation, and (2) the root-, consistent
estimator is asymptotically normal for the non-zero parameters as sample size goes to
infinity. Moreover, the asymptotic precision matrix is the same as the Fisher information
knowing the true sparse representation. Although theoretically sound, the oracle properties
rarely hold in finite sample and the inference based on the asymptotic result is unreliable
(Minnier et al., 2011; Chatterjee & Lahiri, 2011).

2.2 Perturbed Penalized Partial Likelihood

To approximate the asymptotic distribution of 3 more accurately, we consider a minimand
perturbation method of Jin et al. (2001). The minimand perturbation was originally proposed
to make inference on estimators whose covariance matrix may be difficult to estimate
analytically.
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The notion of minimand perturbation is simply assigning a random weight to each likelihood
contribution. Let {G; /=1, ..., 1} be a set of /./.d. non-negative random sample drawn from
an underlying distribution with mean x and variance &2/2. The stochastic perturbation of

Z(B) s given by

nLe*(B)= — n_liG,-cSi wiTﬁ —log Z exp[:cjrﬂ} .

i=1 JER; (4)

Let [3* be the minimizer of (4), then under suitable regularity conditions, Jin et al. (2001)
showed that the distribution of 3" can be used to approximate the distribution of 3. In
practice, the distribution of 3" is empirically estimated by repeatedly solving (4), say Btime,
using different random sample {G;: /= 1, ..., 7i}. Then the inference on 3 is made based on

the empirical distribution of {B; b=1,..., B}. For instance, the covariance matrix of 3 can
be estimated by the sample covariance matrix.

Following the same analogy, for the £-th realization of {G;: /=1, ..., i}, we stochastically
perturb the penalized objective function in (3)

n P
—n"1Y"Gio; | @ B—1log Y explx] B]| +A5D_IB;1/15,l;
=1

jER; =1 (5)

where )\* is another smoothing parameter and we defer the tuning procedure to the next

section. Let ﬂz be the minimizer of (5), we propose to use the empirical distribution of
{B; b=1,..., B} to approximate the distribution of 3.

In order for the asymptotic oracle properties to hold and the perturbation method to work,
Minnier et al. (2011) established three key regularity conditions. For the Cox’s model, we
argue that all the required regularity conditions hold. First, the convexity of the log-partial
likelihood function ensures the unique solution at the true value as well as the positive
definiteness of the Hessian matrix. Kosorok (2008) established that the log-partial likelihood
is Glivenko-Cantelli. Finally, the log-partial likelihood is continuous and differentiable
(Tsiatis, 1981) and its derivative meet the properties described in the regularity condition.

2.3 Computation

The optimization problem in (5) is essentially the same as the standard ALASSO
optimization problem. The random perturbation will neither affect the convexity of the
objective function nor the computation difficulty and hence the optimization problem can be
solved efficiently. To solve the ALASSO optimization problem for the Cox’s model, Simon,
Friedman, Hastie, and Tibshirani (2011) proposed an iteratively re-weighted least squares
method combined with the state-of-art coordinate descent algorithm (Friedman, Hastie,
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Hofling, & Tibshirani, 2007). In this article, we adapt their algorithm to solve the
optimization problem in (5).

Letn=(i; ... n,) =(zB ... 1 B)", and denote o>*and &* as the gradient vector and
Hessian matrix of .2* with respect to 7, respectively. Let E be a proper initial value and

n=X E by using the same argument in Simon et al. (2011), we can show that the
perturbed log-partial likelihood function can be approximated by a second-order Taylor
expansion. In particular,

nLB) % () — XB) V(n)(=() ~ XBIC. o

where z()= 5 —V~'.£"(n)is a pseudo response vector,

V=diag(£ (), ... £ (n)n.n)is a diagonal matrix containing diagonal elements of
#"(m). and Cis some constant that does not depend on 8. We summarize the algorithm of
solving ﬁ* into following steps

L Initialize E andset ) =X B

2. Compute Z*(7), V(5)and z(7)

3. Find 3" that minimizes

n — p R
w3 (e, — 278) A 181/,
il j= @)

4. Set E =B andy =x3".

5 Repeat step 2—4 until B* converge.

In step 3, we drop the constant Cand absorb the fraction 1/2 into the regularization
parameter )\*. The above algorithm requires repeatedly minimizing a weighted squared loss
plus an ALASSO penalty. We use the R package gl met (Friedman, Hastie, & Tibshirani,
2012) that implements the coordinate descent algorithm to solve the minimization problem.
Finally, at each iteration, we need to update the current weight and the pseudo response
using the formulas

(1 e?]/k l’ e;]/k ‘l
=2 (U)kk:ZGz(h 7 1- = J s k=1,...,n,

lecy, ZjERlew L Z o7

and
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- - L), - 1 M
2(1), =" — ..*(v)k=’7k+— Gibr — Y_ G5y C | k=1,...,n,
< (U)k Ukk 1eCy, Zeni
JER, (9)

where Cy={/ ;< ly}.

2.4 Extension to the Adaptive Elastic-Net Penalty

While a sandwich-type of standard error estimator have been proposed for the ALASSO, a
standard error estimator remains void for the adaptive elastic-net penalty (Zou & Zhang,
2009). We experiment by extending the application of the proposed method to the adaptive
elastic-net penalty. With some modification, the adaptive elastic-net penalty has the form

1—(1 2
185" +aw;| Bl

EN (15 1\ _
TN (8D =M | =5 w0

where wj's are the adaptive weights. For consistency with the ALASSO, we let 'UJ]‘:|BJ'|71

When appending the adaptive elastic-net penalty to the minus log-partial likelihood, we

denote the minimizer as BEN, that is,

~

p
ﬂEN:argm;n n LB+ I (185) -
=1 (11)

In the Cox’s model context, Wu (2012) modified the least angle regression algorithm (Efron,
Hastie, Johnstone, & Tibshirani, 2004) and proposed a solution path for solving the objective
function of (11). The optimization of (11) can also be carried out using the iteratively-
reweighted least squares method described in Section 2.3 by changing the penalty term in

(7) to an adaptive elastic-net penalty. To simplify exposition, we continue utilizing the
iteratively-reweighted process to solve the regularized Cox’s model with an adaptive elastic-
net penalty.

2.5 Parameter Tuning and Confidence Regions
In order for the ALASSO estimator to enjoy the oracle properties, the regularization
parameter needs to be chosen such that |/, \,, — ¢ and 711, — oo (Zhang & Lu, 2007). For
practical use, we may choose A,and )\* based on the information criteria, such as the AIC or

the BIC, or cross-validation. In this study, we consider an AIC-type of criterion to select the
regularization parameters in (3) and (5). For a given A, we denote
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AIC(A,)=2.2(B(\))+ min(n®?, 2)df( n)s (12)

and

AIC* (X3)=2.2"(B"(X;))+ min(n™!, 2)df (\),  (13)

where ¢f(-) is the number of non-zero elements in the parameter estimates. We choose the
AlC-type of penalty factor min(/f-1, 2), instead of the BIC-type of penalty factor log(7), to
avoid excess shrinkages on the parameter estimates. From our experience, when the BIC
criterion is used, the empirical coverage rate is much smaller than the nominal rate as a
result of the biased parameter estimates and deflated standard error. Although cross-
validation approach also tends to choose a less amount of shrinkage. we adopt the AIC-type
of penalty for computational consideration.

In considering the absence of a well-defined degree of freedom estimate for the adaptive
elastic-net penalty, the information criteria cannot be applied for tuning the regularization
parameters in the adaptive elastic-net penalty. Instead, cross-validation will be used to
identify the optimal pair of (1, a) that minimizes the cross-validated model deviance. In the
subsequent computation example, we use 10-fold cross-validation to compute the model
deviance.

We construct three types of (1 — a)100% confidence regions (CR). The first type is based on
the normal approximation and the second one is based on the empirical quantiles. In
particular, we estimate the standard error for the jth coefficient by

\/B 121, 1 B;) and then the first CR for 5, CRN, is given by

[)’j + &' (a/2)5;, where @71 () is the inverse function of the standard normal distribution
function. The second type of CR, CRQ, is constructed by taking the empirical (a/2)100th
and (1 - a/2)100th quantiles as the lower and upper bounds. The third type of CR is also
based on the normal approximation but the standard error is estimated by the sandwich
formula given in equation (8) of Zhang and Lu (2007). It is noteworthy that the sandwich
formula can only provide standard error estimate for non-zero coefficients. For the zero
coefficients, the confidence region reduces to a single point.

3 Simulation Study

3.1 Simulation Setup

We conduct simulation studies to examine the performance of the proposed perturbation
method. Three simulation examples are considered.

Example 1: In the first example, the predictors x;; /=1, ..., 1, j=1, ..., p, are
marginally generated from the standard normal dlstrlbutlon and their pairwise
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correlation is cor(x;; x;) = 0.3V-A. We generate the survival time from an exponential
distribution with hazard function

A(tilw:)=1-exp[@] Bol, (14)

where the true regression parameters in this example are £y = (1,-1,0,0, 1,0, ---)".
We independently generate a censored time from ({0, &), where &, is chosen such
that 30% of the survival times are censored.

Example 1la: We consider a high-dimensional variation of Example 1 by setting the
number of predictors to p = 1000. When the number of predictor is greater than the
sample size, the MPLE does not exist due to singularity. A principled sure
independent screening of Zhao and Li (2012) is utilized to reduce the number of
predictor down to Lr/log(n)d. After the initial screening stage, the remaining steps
will follow the same analytical procedure as described above.

Example 2: In the second example, we consider a different correlation structure
between the predictors and a weaker signal strength. The predictors are still
marginally generated from a standard normal distribution, but their pairwise
correlation follows a compound symmetry structure, cor(xj; Xj) = 0.2. The survival
time is generated from a Weibull distribution with hazard function

Mtilzs)=vt] " exp[v2! Bol,  (15)

where the shape parameter = 0.5. The true regression parameters in this Example
are By =(1,-1,0,0,0.75,-0.75, 0, ---) . Similar to Example 1, an independent
censoring time is generated from ({0, &) and the constant & is chosen such that 15%
of the survival times are censored.

Example 3: The third simulation example examines the practicability of extending
the proposed method to the adaptive elastic-net penalty. In this example, we keep the
same simulation scenario as that in Example 1 but change the pairwise correlation to
0.5V and control the censoring rate at 20%. Considering the absence of well-
accepted variance estimator for the adaptive elastic-net penalty, we will only present
the performance of the proposed method and compare it with the MPLE.

We consider three sample sizes 7= {200, 400, 800} throughout the three examples and two
number of predictors p = {10, 20}, except for Example 1a in which the number of predictors
is p=1000, combinations. We perturb the minimand B = 300 times and the random
variables G;'s are taken from a Gamma distribution with parameters (1,1), which is also used
in Jin et al. (2001). The process is repeated 500 times for each scenario and we summarize
the average performance by the empirical coverage probabilities and length.

Throughout the simulation and real data analysis, we construct the CRs using the nominal
rate of 90% and demonstrate that the empirical probabilities of covering the true parameters.
In addition, we compare our method with two other methods: the oracle estimator and the
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MPLE. Because the oracle method knows the true sparse representation a prioriand only
needs to estimate the non-zero parameters, it mainly serves as a reference. The CRs for both
the oracle and the MPLE are based on the normal approximation.

3.2 Simulation Results

We first consider the case when there are 10 predictors and summarize the simulation results
in Table 1. The results presented in Table 1 are consistent with the established theoretical
properties. Since the oracle and the MPLE are both consistent and asymptotically normal,
their empirical coverage rates should be very close to the nominal rate. As expected, as
presented in columns 2 and 4, all the empirical coverage rates are fairly close to 90%. The
MPLE is less efficient and thus has wider CRs than the oracle estimator.

As the sample size gets larger, the ALASSO estimator should identify the prominent
predictors and efficiently estimate their associated parameters. In the simulation result, as
the sample size increases, we observe that the empirical coverage rates for the non-zero
parameters tend to the nominal rate and the lengths also become closer to those of the oracle
estimator. In addition, for the zero parameters, the empirical coverage rates are all higher
than the nominal rate and tending to one as the sample size increases, suggesting that the
ALASSO estimator is asymptotically as efficient as the oracle estimator.

Both types of CRs that we proposed for the ALASSO perform well. Because the AIC-type
of selection criterion does not provide enough shrinkage, the ALASSO point estimates are
not close enough to zero and hence CRN covers the zero parameters less frequently than the
asymmetry quantile-based CR. Both of the symmetric CRs, CRS and CRN, provide
comparable coverage probabilities. The sandwich formula produces smaller variances
estimates and thus narrower confidence intervals are observed across the zero and the non-
zero coefficients, respectively. It is noteworthy that since the sandwich formula is applicable
for the non-zero estimates, the comparison between CRN and CRS to the non-zero
coefficients will be more informative.

We illustrate the simulation results for the 20 predictors case in Figure 1. As expected, the
empirical coverage rates for the oracle and the MPLE methods are all close to 90%.
Resulting from the shrinkage property, the adaptive LASSO point estimates are biased
toward zeros and therefore all of the three CRs have difficulty covering the non-zero
parameters when the sample size is relatively small. As the sample size increases, the
coverage rates converge quickly to the nominal rate and one for the non-zero and the zero
parameters, respectively.

As presented in Figure 1, it is clear that the MPLE has the same variability across all
unknown parameters. In contrast, the ALASSO estimator has very distinct variabilities
across the zero and the non-zero parameters. For the zero parameters, the variabilities are
much smaller and the coverage probabilities tend to one. As for the non-zero parameters, the
coverage rate and the length are similar to those of the oracle estimator, reflecting the
superior performance of the ALASSO estimator and its oracle properties.
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To further examine the accuracy of the proposed variance estimator, we compare the
standard errors with their estimates. Table 2 summarizes the mean of the estimated standard
errors and the sample standard error from the Monte Carlo simulations. For all sample size
and the number of predictors combinations, there is minor difference between the estimated
standard errors and the sample standard errors. However, the difference vanishes as sample
size increases. We again observe that the sandwich formula under-estimates the true
variability in Table 2.

In Example 1a, a screening procedure is utilized to reduce the number of predictors to a
more manageable scale. The frequency of reserving all predictors with non-zero coefficients,
also known as sure screening, is presented in Table 3. Also presented in Table 3 is the
required screening size in order to keep all predictors with non-zero coefficients. Since the
predictors with non-zero coefficients may not be reserved after the screening stage, the
simulation results shown in Table 4 are based on the repetitions when they were reserved
after screening. In order to simplify the presentation, Table 4 only presents the empirical
coverage and length for predictors with non-zero parameters. When the sample size is 200,
only 15.2% of the times all the prominent predictors were reserved after the screening stage.
Thus, making the downstream inference unreliable as demonstrated by the under-covered
empirical probability. When the sample size increases to 800, 120 predictors will be reserved
during the screening, the sure screening rate is almost 100%, and the performance is closer
to what was displayed in Table 1. However, as a result of a greater number of predictors, the
results shown in Table 4 are still not as efficient compared with those presented in Table 1.

We summarize the simulation results for Example 2 with 10 predictors in Table 5. The
simulation results are similar to those in the first example. The coverage rates for the oracle
and the MPLE remain fairly close to the nominal rate. CRN and CR® produce the highest
coverage for the non-zero and the zero parameters, respectively. The length of CRQ is
however shorter and therefore costs some coverage rates for the non-zero parameters in this
example. We also observe that the length of CRS is almost identical to that of the oracle.
Moreover, the coverage rates for the non-zero parameters are consistently lower than those
of CRN, implying that the sandwich formula indeed under-estimates the standard error. We
also compare the mean of the estimated standard errors and the sample standard error to
assess the accuracy. The results are similar to what was observed in example 1 and therefore
will not be further discussed.

We demonstrate the simulation result for the 20 predictors scenario using Figure 2. Due to
the stronger signals, the first two non-zero parameters are estimated well across different
sample sizes. As the sample size increases, the coverage rates for the 5- and 6-th parameters
gradually catch up and close to the nominal rate. In this case, as an indication of under-
estimate the variability, we still observe the coverage rates for CRS are consistently lower
than those of CRN. In conclusion, our perturbation-based CRs still perform well even though
the signal strength are weaker and the correlation between predictors are more complicated.

The simulation results for the third example is presented in Table 6. These results indicate
promising potential of applying the proposed method, particularly the CR based on the
normal approximation, to the adaptive elastic-net penalty. When the sample size is 200, the
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CRs based on normal approximation have coverage rates of 85.2, 84.4 and 89.4 for the 1st,
2nd and 5th predictors, respectively. Although slightly under the nominal rate when the
sample size is 200, the coverage rates are sufficiently close to the nominal rate with sample
size of 400. The quantile-based CR, however, does not provide sufficient coverage even with
sample size of 800. We conjecture that the under-coverage is due to the additional ridge
penalty as the perturbed point estimates are further shrunk toward zero and hence the
quantiles of the perturbed point estimate are not wide enough to cover the true parameter.

4 Real Data Analysis

Our goal is to develop a prognostic model of overall survival using data from a phase 111 trial
of metastatic castration-resistant prostate cancer (CRPC)(Kelly et al., 2012). The trial,
CALGB 90401, enrolled 1,050 men with CRPC and part of the data was reserved for testing
purpose. We restrict our attention to 536 patients in the training set without missing
predictors. The list of 16 baseline variables and their summary statistics are presented in
Table 7. Among 536 patients with complete observations, 486 of them died before the end of
the follow-up period.

We first fit an unpenalized Cox’s model using the coxph function in R The unpenalized
estimates are used to construct the adaptive weights for ALASSO. Then we fit an ALASSO
model using the gl met function to select important baseline covariates and estimate their
hazard ratios. Following the same analysis procedure, the regularization parameter is
selected by the AIC and the ALASSO estimates 13 non-zero coefficients. We then construct
CRs using the sandwich formula and our proposed method. In this analysis, we perturb the
minimand B =500 times. The ALASSO point estimates and their associated CRs are
presented in Figure 4.

By the equivalence between hypothesis test and confidence interval, we also conduct a test
for the null hypothesis Hy: o= 0, /=1, ..., 17. The null hypothesis will not be rejected if
any of the CRs contains the origin. Based on the graphical summary in Figure 4, we
conclude that the following six predictors are prognostic of overall survival: PAIN, ECOG,
LDH.High, HGB, PSA, and ALKPHQOS. The selected factors were also identified in other
independent studies (Halabi et al., 2003; Scher et al., 2012; Ryan et al., 2013; Halabi et al.,
2013), confirming the clinical importance of these factors on the patients’ overall survival
time.

5 Discussion

In this article, we propose a minimand perturbation method to derive the confidence region
and estimate the covariance matrix for the regularized proportional hazards model. The
theoretical background of applying the perturbation method to time-to-event outcomes is
also justified in this article. Through simulations using the ALASSO penalty, we
demonstrate that the proposed method successfully addresses many limitations of the
existing variance estimator and provides a better standard error estimate than the sandwich
formula. The simulation results also suggest the potential of applying the methodology to
the adaptive elastic-net penalty. In a finite sample situation, similar to Zhang and Lu (2007)
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and Minnier et al. (2011), we observe that the sandwich formula tends to under-estimate the
true standard error of parameter estimate, which may lead to a liberal statistical inference.
Our work complement the asymptotic results established by Zhang and Lu (2007) in the
regularized Cox’s model. Although the asymptotic properties are crucial for evaluating the
merits of an estimation procedure, the finite sample inference has far-reaching impact on
real practices. As a result, we propose novel improvements to alleviate the limitations of the
current inference procedure.

The perturbation method requires essentially the same computation effort as that of the
ALASSO-Cox. The computation and the demonstration codes are available via these two
links: www.duke.edu/halab001/CommunicationsinStatistics/Demonstration.R
www.duke.edu/halab001/CommunicationsinStatistics/pAIASSO.R In the first simulation
example, it takes 1.4 and 3.5 seconds to run each perturbation using sample sizes of 200 and
800, respectively, and 20 predictors on a laptop PC with an Intel i5-2520M CPU and 4.0 GB
memory. The number of perturbations is another pivotal factor in the computation. In our
experience, the results varied slightly after 8= 300 perturbations. To facilitate the
computation speed, we recommend implementing parallel computing techniques (Tierney,
Rossini, Li, & Sevcikova, 2012; Urbanek, 2011) to fully exploit the modern multi-thread
computer hardware.

The scope of statistical inference ranges from point estimation to hypothesis testing. The
confidence region complements the insufficiency of the point estimate and provides a
thorough statistical inference. In medical research and in other disciplines, the point estimate
is the first step of summarizing the association between the predictors and the outcome.
Subsequent analysis, such as survival prediction and risk assessment, depends on both the
point and interval estimates. Hence, it is vital to provide a comprehensive inference
procedure that quantifies the uncertainty in the point estimate for applied practitioners.

The Cox’s model will continue to be employed for developing prognostic models of time-to-
event outcomes in clinical studies. To better promote the penalized regression methods for
clinical applications, it is essential to disclose all the information relevant to clinical decision
making. While a substantial amount of research has been dedicated to the theoretical and
computational aspects of the penalized regression methods, there are numerous inferential
questions that remain to be answered. As a result, the statistical inferences from the interval
estimator is an evolving area of research.

In summary, we have presented a perturbation method which obtains the confidence region
for the regularized Cox’s model. The results of our simulations are favorable and
demonstrate great finite sample performance across different scenarios. Moreover, this
approach is easy to implement and can be extended to other penalty functions.
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circles are proportional to the length of the confidence regions. The online version of this
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Table 3

Sure Screening Rate and Sure Screening Size of Example 1a.

(n,p) Sure Screening Rate  Sure Screening Size

(200, 1000) 15.2 225.33 (229.21)
(400, 1000) 78.6 55.32 (99.02)
(800, 1000) 99.4 7.29 (15.47)

The numbers in the parentheses are standard deviation of sure screening size.
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Table 7

Variable Description and Summary Statistics.

Variable Description Mean SD
PAIN Binary: 1 if the patient has baseline pain. 0.39 -
CAUCASIAN  Binary: 1 if the patient is Caucasian. 0.86 -
LDH.High Binary: 1 if the patient’s Lactate dehydrogenase is greater than normal value 0.36 -
RADIO Binary: 1 if the patient has prior radiation therapy. 0.79 -
ECOG Eastern Cooperative Oncology Group performance status of 0-2. 0.59/0.38/0.03< -
COMORB Number of Comorbidity 1.54 1.53
GLEAST Gleason Score 7.61 1.32
ALKPHOS Alkaline Phosphatase (U/L). In log scale. 4.92 0.73
ALB Albumin (g/dL). 3.94 0.45
BILI Bilirubin (mg/dL) 0.52 0.27
HGB Hemoglobin (g/DL). 12.68 1.54
PLT Peripheral Platelet Count (x10%/uL) 258.22 78.28
PSA Baseline Prostate Speci ¢ Antigen (ng/mL). In log scale. 4.32 1.57
TESTO Testosterone (ng/dL). In log scale. 2.75 0.98
BMI Body Mass Index (kg/m?). 29.72 5.16
AGE Age (years). 68.64 8.81

1 . . .
These three values represent the proportion of patients having performance status of 0, 1 and 2.
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