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Abstract

Graphical models are a popular approach to find dependence and conditional independence
relationships between gene expressions. Directed acyclic graphs (DAGS) are a special class of
directed graphical models, where all the edges are directed edges and contain no directed cycles.
The DAGs are well known models for discovering causal relationships between genes in gene
regulatory networks. However, estimating DAGs without assuming known ordering is challenging
due to high dimensionality, the acyclic constraints, and the presence of equivalence class from
observational data. To overcome these challenges, we propose a two-stage adaptive Lasso
approach, called NS-DIST, which performs neighborhood selection (NS) in stage 1, and then
estimates DAGs by the Discrete Improving Search with Tabu (DIST) algorithm within the selected
neighborhood. Simulation studies are presented to demonstrate the effectiveness of the method and
its computational efficiency. Two real data examples are used to demonstrate the practical usage of
our method for gene regulatory network inference.

Keywords
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1 INTRODUCTION

The genome encodes thousands of genes, the messenger RNA (mRNA) of which are related
to numerous cellular functions such as cell survival. Fundamentally, regulatory processes are
carried out by regulatory genes, called transcription factors (TFs), which activate, repress, or
modulate the transcription of their downstream genes (Materna and Oliveri, 2008). All
regulatory genes are themselves under the control of transcriptional regulators and together
form large gene regulatory networks (GRNs) (Markowetz and Spang, 2007; Materna and
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Oliveri, 2008). Graphical models are a popular approach to find dependence and conditional
independence relationships between multiple interacting quantities, i.e., expression levels of
different genes in the GRNs (Friedman et al., 2000; Imoto et al., 2003; Beal et al., 2005;
Zou, 2006; Werhli et al., 2006). This method is also widely used in biological applications
such as in gene-gene expression networks (Friedman et al., 2000; Butte et al., 2000; Oldham
et al., 2006; Keller et al., 2008), protein-protein interaction analysis (Jansen et al., 2003; Tu
et al., 2012), phenotype networks (Neto et al., 2008, 2010), causal networks linking gene
expression and metabolic change (Ferrara et al., 2008), and metabolomics (Steuer, 2006).

The estimation of directed gene networks has been very challenging since the number of
genes is very large, measuring in the tens of thousands, while sample sizes are small, mostly
a few hundred. In addition, gene networks have many regulatory genes (i.e., TFs), so they
have a structure with several hub nodes, which causes multicollinearity problems around the
hub nodes. Such challenges naturally lead to two related problems: variable selection in high
dimension and estimation of directed graphical models.

For the variable selection problem, BIC criteria, which is a special type of Ly-penalty, is
widely suggested as the best subset selection technique (Shao, 1997; Shi and Tsai, 2002).
However, the best subset selection is not computationally efficient in high dimensional
settings, and the selected subset is variable due to the discreteness of Ly penalty (Breiman,
1995; Fan and Li, 2001). To address this, Tibshirani (1996) proposed the Lasso, which gives
a more stable estimate than the subset variable selection method, and has been popularly
used for simultaneous estimation and variable selection. Recently, Zou (2006) proposed the
adaptive lasso, and showed that it provides consistent variable selection under a certain
selection of weights.

Directed acyclic graphs (DAGS) are a special class of directed graphical models, where all
the edges are directed edges and contain no directed cycles (Pearl, 2000). A connection in
DAGs can be made between their characterization and a causal inference by applying the
directed Markov property under certain assumptions (Pearl, 2000; Friedman et al., 2008).
The skeleton of a DAG, obtained by ignoring the directions of a DAG, is in general different
from the undirected graphical models (Lauritzen, 1996). The two nodes are connected in the
skeleton of a DAG if and only if they are dependent given any subset of all the other nodes
(Lauritzen, 1996). Therefore, the skeleton of the DAG is typically a subset of the conditional
independence graph, which includes additional edges (Lauritzen, 1996; Kalisch and
Buhlmann, 2007; Shojaie and Michailidis, 2010).

Estimating the structure of DAGs has been the subject of extensive studies during the last
decade (Buntine, 1994, 1996; Heckerman et al., 1995; Neapolitan, 2004; Daly et al., 2011),
and it is especially challenging in high dimensional settings as the number of DAGs grows
super exponentially in the number of nodes (Robinson, 1977). Three major types of
approaches have been developed for estimating the structures: (1) a score-and-search
approach through the structure space, (2) a constraint-based approach that tests conditional
independence identified in the data, and (3) a hybrid approach that combines both the score-
and-search approach and the constraint-based approach. The score-and-search approach
(Broom and Subramanian, 2006; Buntine, 1994, 1996; Heckerman et al., 1995; Neapolitan,
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2004) searches for a DAG by maximizing a score function, which often consists of a model
fitting part and a penalty of model complexity (Daly et al., 2011). Heuristic or ad hoc search
algorithms are often employed to search for a high-scoring DAG without enumerating all
possible structures. The constraint-based approach uses statistical tests to estimate whether
certain conditional independence between the variables hold. One popular example is the
PC-algorithm designed by Spirtes et al. (2000). Ramsey (2006) developed a local adaptation
of the PC-algorithm, called Markov Blanket Fan Search, which uses conditional
independence tests over causally sufficient variables in high dimensional data. Kalisch and
Biihmann (2007) showed that the PC-algorithm has uniform consistency for sparse high
dimensional DAGs. Kalisch et al. (2012) implemented the PC-algorithm efficiently for high
dimensional sparse networks (Kalisch et al., 2010; Nagarajan et al., 2010; Stekhoven et al.,
2012). Recently, Colombo and Maathuis (2013) developed a modification of the PC-
algorithm, called the PC-stable algorithm, that removes part or all of the order dependence.
The hybrid approach is especially computationally efficient in high dimension since it
divides the solution search procedure into two-stages, where the first stage finds the
undirected graph or skeleton, and the second stage estimates the directionality. For example,
the max-min hill-climbing (MMHC) algorithm (Tsamardinos et al., 2006) estimates the
skeleton by the technique from a constraint-based approach, and then finds the directionality
by a score-and-search approach. Neto et al. (2008) built an undirected graph, then compared
the likelihood ratios corresponding to the two directions for each edge to estimate a DAG.
Pellet and Elisseeff (2008) applied feature selection algorithms (John et al., 1994; Guyon
and Elisseeff, 2003) to estimate a Markov blanket or skeleton, then decided directionality by
utilizing the v-structure patterns. Recently, Ha et al. (2015) proposed a two-stage approach,
called PenPC, which estimates an undirected graph by a penalized regression, and removes
false connections by applying a modified PC-stable algorithm, which finally leads to an
estimate of a complete partial DAG.

For the score-and-search approach, several methods have been proposed to estimate the
structure of graphical models through penalized likelihood, with most efforts focused on
undirected graphs with L;-penalty (Yuan and Lin, 2007; Friedman et al., 2008; Meinshausen
and Buhlmann, 2006). Recently, penalized likelihood approaches have been developed to
estimate DAGSs. Yuan et al. (2012) estimated multiple DAGs based on the Lg-penalized
likelihood with known variable orders and known variance of latent variables. Chickering
(2002b) proposed a greedy equivalence search (GES) algorithm, which incorporates
stepwise (forward and backward) search with equivalence space search under the Ly-penalty.
He argued that GES provides the optimal solution as it considers all possible combinations
of parents’ nodes given each child node. Schmidt et al. (2007) estimated an undirected graph
based on the Lq-penalized linear regression and applied a permutation technique to variable
orders to estimate a DAG. Since the entire permutation imposes a heavy computational
burden, they proposed an ad hoc approach that swaps adjacent ordered variables. In addition,
Raskutti and Uhler (2013) proposed the sparsest permutation algorithm based on finding the
permutation of the variables that yields the sparsest DAG.

In this paper, we propose the two-stage adaptive lasso regression approach as the score-and-
search approach to estimate DAGs in high dimension under unknown variable ordering.
Meinshausen and Buhlmann (2006) proved that variable selection by lasso regression leads
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to finding (probabilistic) neighbors, which indicate probabilistic dependency between two
variables given others. In addition, Zou (2006) proposed the adaptive lasso regression, which
gives asymptotic consistency in variable selection. Fu and Zhou (2013) proposed a profiled
likelihood with an adaptive lasso penalty to estimate DAGs under unknown variable order
based on experimental data with interventions, and used a blockwise coordinate descent
(CD) algorithm to find a local optimal solution. Aragam and Zhou (2015) improved the CD
algorithm under the observational data. Shojaie and Michailidis (2010) proposed a
likelihood with an adaptive lasso penalty to estimate DAGs under known variable order and
equal variance of latent variables. The known ordering of variables was exploited to
reformulate the likelihood as a function of the coefficient matrix of the graph. Here, we
propose a two stage adaptive lasso approach, where the first stage selects probabilistic
neighborhood, and the second stage estimates the DAG within the identified probabilistic
neighborhood. In Stage 2, we propose an efficient searching algorithm based on discrete
improving search with steepest descent, cycle elimination, and tabu list.

The structure of this paper is as follows: Section 2 discusses the formulation of the model
and the score function based on the adaptive Lasso framework, and Section 3 describes the
two stage metaheuristic algorithm. In Section 4, we present results of a simulation study,
and, in Section 5, we apply our method to two real applications. Finally, we conclude our
results in Section 6.

2 PROBLEM FORMULATION

In this section, we discuss the graphical representation of variables and an adaptive lasso
frame-work.

2.1 Graphical Representation

Each gene’s expression corresponds to a random variable, and a causal effect between two
genes corresponds to the causal relationship between the corresponding variables. Suppose
that we have p variables, X1, Xp, ..., Xp, and the number of observations is /. Denote the 77 x
p data matrix by . The variable and causal relation can be represented by a node and
directed edge in a graph G = (V/ E), where Vindicates the set of pnodes and £(C Vx V)
indicates edge sets. We assume that (/, /) is not in £if (4, j) belongs to £. We denote jas a
parent given an edge j— /, and the set of parent nodes for node /is denoted by pa;. We
define T as the network structure of the p x pmatrix whose (4 ) entry is 1 given the
presence of the edge j— /7 T is simply the transposition of an adjacency matrix in the
Graph Theory (West, 2001). We assume there is no cycle in the graph. The following lemma
establishes the relationship between T and the acyclic assumption.

Lemma 2.1— The network structure T is acyclic if and only if

min(Card(T),p)

where Card(T) is the number of nonzero entries, which indicates a cardinality of T.
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The proof is trivial from the property of a directed cycle in terms of the adjacency matrix
(West, 2001) or from the property of a nonrecurrent state by treating T as a transition matrix
in a discrete Markov chain (Ross, 1996).

2.2 Linear Structural Equation Model

We can represent causal relationship in a graph in the following linear regression form
(Pearl, 2000):

Xi=)_ a;X;+7Z;,
JEPa; 2)

where aj;is a coefficient indicating a directional effect from a parent jto a child / and Z;is a
latent variable, which is not observed and indicates an unexplained variation. We assume

that Zs follow independent normal distributions with mean 0 and variance 072 ajjindicates a
partial covariance between Xjand Xjgiven other parents of Xj. If the observations of Xs are
standardized, gj;indicates a partial correlation. The representation by the matrix notation is
as follows. Let X = [X3, X, ..., Xjl",and Z =[Z}, 2, ..., Z;] T~ MMO, D), where D is a

diagonal matrix with elements of Uil ) Ui v Uip. Then, we can represent the set of all
coefficients, ajs, shown in Equation (2) by the coefficient matrix A:

0 a ea a
X1X2 X1Xp—1 X1Xp
a 0 a a
Xo X7 XoXp_ 1 X9 Xp
a a e 0 a
Xp—1X1 Xp—1X2 Xp—1Xp
a a ceea 0
XpXy XpXo XpXp—1

Thus, Equation (2) can be rewritten in the form of X = AX + Z, where aj;is the (4, ) entry of
A. Then, the compact form becomes X = AZ, where A = (/- A)~1. Correspondingly, X

follows a multivariate normal distribution with £[X] = Apz and VafX] = ADA . Therefore,
we can estimate a DAG G by estimating the matrix A, while the variance matrix of the latent

variables D is the nuisance parameter. For notational convenience, we define TA as T{?zl if
Ajj#0. TA is therefore used to reflect the acyclic restriction by Lemma 2.1 for estimating A.
To regularize the scale of the coefficients, we standardize the data by centering and scaling

n b
such that for the 7, variable, x;= 0 and Zk_:l(wik - fi)z/nzl. Unless otherwise Specified,
the data are assumed to be standardized.

2.3 Score Function Formulation

The log likelihood presented by matrix A in Equation (3) is

—%lognf(x(i)) x —log |(I— A)"D~ (I-A)+tr [D7'(IT-A)S(T-A)"], o

J Am Stat Assoc. Author manuscript; available in PMC 2017 October 18.



1duosnue Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Han et al.

Page 6

where X is the 7z observation of X, I is a px pidentity matrix, and S is a sample

covariance matrix defined by S:Z::l (X — X)Xy — X)) /n with 7:2:;1X(i)/n.
Due to the acyclic assumption, log || — A| = 0. We assume that a graph is sparse with respect
to the number of edges. To impose the sparsity constraint, we adopt a penalty function for
the likelihood in Equation (3). The penalized log likelihood after simplification can be
written as follows:

Zp: {log <a§k)+0% [(-A)sa-a)"] |+23(A).

=1 Zy,

In this paper, we consider an adaptive lasso with J(A) = 3 ; =1:p, Wl Ajl- With Ui replaced
by the residual sum of the square [(1 — A)S(I — A) T]k,k, the penalized likelihood function of
A becomes a profiled likelihood such as

p
>log [(T— A)S@T-A)"] P,
k=1 4

The first order Taylor expansion of Equation (4) becomes

(- a)sa- A)T]k NI(A),
i=1 ’

®)

which is equivalent to the penalized likelihood under the equal variance assumption of latent
variables in Shojaie and Michailidis (2010). The final form of Equation (5) is

P 1 p
S(A) = 37 |~k = xarla+AD wislarg| | -
k=1 j=1 (6)

where TA satisfies Equation (1). In the score function, x is an /7x p data matrix, and x  is a
data vector at ky, variable. a, is a coefficient vector, [ax, ak, .-+, ax(p-1), akp]T, which is a
column vector representing a Az, row in matrix A.

The score function (6) has several convenient properties. For one, the approximated score
function (6) is convex under the lasso penalty, although the acyclic restriction is nonconvex.
Furthermore, the score function (6) is a row separable Lasso function if we ignore the
acyclic constraint. These features allow one to use more efficient algorithms to optimize
score function (6).

1

To decide the weight, w;;, Zou (2006) proposed Wij= | A for some power y > 0, where A
is a certain initial estimate. Zou (2006) showed that the adaptive lasso satisfies the
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consistency in model selection if A,-j is a v/72-consistent estimate of Ajjand suggested using

the ordinary least squares (OLS) estimate for A Fu and Zhou (2013) proposed the ordinary
1 1

least squares (OLS) estimate with an upper bound, which is (m W)with N=10%

However, if there are correlations among variables, the estimates from OLS are unstable. For

alternative approaches, Shojaie and Michailidis (2010) proposed the initial weights by using

Wiy Zmax( 1, ﬁ ) .
2]

()

where A,-j is estimated from the regular lasso regression with initial penalty parameter Ag >
0. Shojaie and Michailidis (2010) showed that the approach with A jestimated from the
regular lasso regression shows better performance than that based on the ordinary least
squares. A can be chosen to be the same as A, but it is recommended to use a smaller value
of A to avoid an over-sparse solution (Shojaie and Michailidis, 2010).

To assign an upperbound to wj;in formula (7), we propose

w;ij=max <1 min( ! ! ))
ij = g A (N7 ) ®

where A,-/- is estimated from the regular lasso regression with initial penalty parameter Ag >
0. The formula (8) provides the lower and upper bound of 1 and A, respectively. In our
simulation study, we use /= 10% as Fu and Zhou (2013) did. We construct the initial
estimates A,-/-from the regular lasso estimates by minimizing function (8) with a certain A,
v, and wj;= 1. Based on the simulation study, we suggested Ag=0.1 and y = 0.15 (Section 4
of Supplementary Materials).

3 TWO STAGE SOLUTION SEARCH ALGORITHM

In this section, we discuss a solution search algorithm to minimize the proposed score
function in Equation (6). Due to the combinatorial complexity from the acyclic constraint,
the optimization problem of function (6) cannot be directly transformed into an equivalent
penalized regression problem, which complicates the minimization problem. Therefore, we
propose a two stage solution search algorithm, called Neighborhood Selection, followed by
Discrete Improving Search with tabu list (NS-DIST), that provides a high quality solution
with a reasonable computational time.

3.1 Stage 1: Neighborhood Selection (NS)

In Stage 1, we estimate the conditional independence graph by the probabilistic
neighborhood selection approach proposed by Meinshausen and Buhlmann (2006). In our
work, this is to minimize score function
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> hﬂxk - Xﬂk“§+)‘iwkj|ﬁ/cj |-| ;
k=1 [n =1 J

©)

where B is a coefficient vector, [B1, Bz, ---» Bap-1) Bgl T which is a column vector
representing a kg, row in the undirected neighborhood matrix B. B can be estimated for each
kg, row separately based on the score function (9). Meinshausen and Buhlmann (2006)
showed that B through optimizing function (9) provides a consistent estimate of the
conditional independence graph in high dimension. Equation (9) can be solved by the
efficient pathwise coordinate optimization algorithm detailed in Friedman et al. (2007). We
use g/mnet() in R package.

It is known that if the generative distribution is faithful with respect to a DAG, the skeleton
of the DAG is a subset of the corresponding conditional independence graph. We define Ne
as Ne,]-: 1if é,-ji 0, and Ne estimated from Stage 1 is important to set up an parameter
search space for stage 2. For sparse high dimensional graphs, Stage 1 greatly reduces the
overall computational time, as the search space of Stage 2 is restricted within Ne.

3.2 Stage 2: DAG Estimation within the estimated Neighborhood

3.2.1 Single-Edge Update and DELTA Matrix—Before detailing the DAG estimation
algorithm, we must first discuss minimizing the score function (6) given the parent matrix
Pa = [Payj). Payis the ky row of Pa, and it denotes the set of parents of node Xj. For all
and j; ax;= 0 if Payj= 0; otherwise axjcan be any value and needs to be estimated.

Given Pa, the objective function in (6) is separable (Shojaie and Michailidis, 2010), and
there-fore it suffices to solve the optimization problem over each row of matrix A. Thus, the
objective function (6) given Pa can be represented by

S(A[Pa)=3"" Si(az[Pa)=>" Si(a|Pay), and

1
Sk(ak|Pak):E”Xk: —xaplstA Y wpglakl,
{ilPar, =1} (10)

on the condition that a4;= 0 if Pay;= 0; otherwise ax;can be any value for all kand /. The
score function value Sy(agPay) and parameter value ax;can be accurately calculated by the
quadratic programming approach detailed in Supplementary Materials (Section 1). We use
optim() in R package.

For convenience, we define the minimized value of the objective function, min SgagPa), in
(10) at Pag as a function of Pay, Vi(Pay) = ming ypa, S{@xPax). Therefore, min SA[Pa) is
a function of Pa, defined as

V(Pa)zg}i)r; S(A|Pa),
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and V/(Pa) can be estimated by V(Pa):ZLIVk(Pak).

Define 1 ;as the diagonal matrix with the value one only in (/ /) entry. Therefore, Pa + 1
indicates adding one edge 7 <— jin the current structure; in other words, adding one potential
parent X;for node Xj We denote £j;as the increment (negative value) of the minimized
score function value by adding edge 7 <— jfrom matrix Pa, so

Eij:V(Pa+Iij) — V(Pa) (11)

for edge /< jwith Pa;= 0. Because V'is separable, £j;can be simply estimated by £;;=
Vi(Pa;+ 1) = V{Pa)). Similarly, we use

Lij=V(Pa) — V(Pa —1Lj) (12)

for edge /< jwith Pa;= 1 to denote the decrement (positive value) in the minimized score
function value by removing edge /< jfrom matrix Pa. L;can then be estimated by L ;=
V,(Pa,) - (Pa,-— |,'/).

Matrix E = [£;] and L = [L] are defined as the DELTA matrices. Therefore, the DELTA
matrix E is used to denote the increment of the optimized score function value by adding
each edge discretely from the current matrix Pa, while the DELTA matrix L is to denote the
decrement of the optimized score function value by removing each edge discretely from the
current matrix Pa.

In summary, we have presented in this subsection the essential element of the proposed
algorithm. Given each Pa matrix, one can calculate the optimized objective function value
min S(A|Pa) with respect to matrix A, and thus estimate the increment or decrement of the
optimized score function value by adding or removing one edge from the Pa matrix, denoted
by the DELTA matrix. S(A|Pa) can be efficiently optimized over each row of matrix A.

3.2.2 Discrete Improving Search Algorithm with Tabu List (DIST Algorithm)—
The proposed DIST algorithm has two components: Discrete Improving Search (DIS) and
Tabu list. The DIS algorithm is a heuristic algorithm with the search path following the
steepest descent calculated based on the DELTA matrix. We take advantage of the properties
that the skeleton of a DAG is the subset of the probabilistic neighborhood matrix when
designing the DIS algorithm. In this way, the search space of selecting entering edges is
greatly reduced. We start from an empty DAG, and the search space is upper bounded by Ne
from Stage 1. The algorithm is illustrated as follows.

1. Start: we start from an empty DAG, therefore Pa® = 0.

2. Starting from t = 1, at each iteration we perform the following steps, called
discrete improving search, to update Pa’from Pa’™1:

J Am Stat Assoc. Author manuscript; available in PMC 2017 October 18.
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& Select an entering edge: calculate Ef;=V (Pa’"'+I;;) — V(Pa'') for
(4, j) satisfying the two criteria: (1) it is in the neighborhood matrix with

/\7.9,-,-# 0, and (2) it was not selected in any previous iterations Paﬁjfl:().
We select an entering edge X; <— Xjwith the most improvement of the

objective function value Efj among all the edges satisfying the two
criteria. Then, we temporarily update Pa?”? = Paf + 1 and
accordingly AP and TAT™.

b. Check cycle(s): based on AP , we check for the existence of any
cycle and find the path of the cycle by checking Equation (1). This can
be computationally simplified by forward and backward Breadth First
Search (BFS) algorithms (Najork and Wiener, 2001; Kurant et al., 2010;
West, 2001), detailed in Supplementary Materials (Section 2). If no
cycle exists, we update Paf= Pa?P, Al= AP and T¢= T and skip
Step (c). If at least one cycle exists, we proceed to Step (c).

c. Select leaving edge(s) if cycle(s) exists: for all edges (i, j)s on the cycle

path, calculate L=V (Pa"") — V(Pa'"" — I), and select a leaving
edge X; <— Xjamong all edges on the cycle path with the least

decrement of the objective function value Lf{j. To express this by

mathematical notation, the leaving edge X; <— Xjis selected with

Ej; <Lt _oand Lh < Lyt for any (1, j) € Cwhere C is a set of edges in
the cycle path. Note that more than one cycle might exist for any added
single edge, so Steps (b) and (c) need to be applied repeatedly until no

cycle exists. Let the set of leaving edges be (i, 7). To confirm that the

improvement of the objective function by adding edge X; < Xjis

higher than the sum of the decrements by all the leaving edges, we need

to confirm if £i; <ZhL7h‘;h}. If so, we confirm the entering edge (, /)
and all the selected leaving edges (i, Ji)s, and then update Pa’= Pa‘1

+1ji= 3 p I, and accordingly Afand T If Ejj >y Ly o, the
entering edge (/, /) can not be added; therefore, update Pa’= Pa’ and
accordingly Afand T

3. Repeat Step 2 until there is no edge for the improvement in the score function
value, which means that no more edges can be entered or removed.

The DIS algorithm typically converges within a reasonable number of iterations. However,
most local search algorithms, including the proposed DIS algorithm, check their neighboring
solutions around a current solution to improve the score function value. These algorithms
can be stuck in suboptimal solutions or saddle points, and the leaving edges often become
reselected as an entering edge in the immediately succeeding iterations. To improve the
efficiency of the algorithm, we incorporate it into the well-known metaheuristic search
method, tabu search (Glover, 1989, 1990). A tabu search algorithm is designed to improve
the performance of a local searching algorithm by using a memory queue (tabu list) where
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the solutions previously selected within a short-term period are stored, then it prevents the
algorithm from selecting the previous solution repeatedly (Glover, 1989, 1990). However,
the original tabu search algorithm is applied after a greedy search algorithm finds a solution,
as an additional algorithm. Thus, it is not clear how many additional iterations the tabu
search algorithm needs to run, and how long the tabu list should be.

Here, we combine the DIS search algorithm with the tabu list, which is a modified version of
the original tabu search technique, called the DIST algorithm. We build a global tabu list and
store all leaving edges and all scanned edges in the list. After all edges are scanned and no
edge remains to be searched, we temporarily stop running the algorithm. Then, we free the
edges in

Algorithm 1
DIST algorithm

input . x : the data matrix

A : a penalty parameter

W :a weight matrix by W= [w;]

Ne : an estimated neighborhood matrix from stage 1
output : A : a coefficient matrix
initialization  : Initialize A° and Pa® matrix by entering zeros in all entries.
Discrete Improving Search (DIS) Algorithm
repeat

Ej=V(Pa"'+I;;) - V(Pa'™") Pa'7'=0

Calculate for (4, pwith =~ i)~ and Ney=1

Pal7'=0 E},<E

P — _—t
Select the entering edge (7, j) with 2] in the condition that 17 for

_ ) Pa,—.z—l .
any (1, pwith 7 =0Oand Nez=1;
Update Pai™ = Pa*L + 1, and accordingly A, TA™,
if cycle(s) exists in TA"™ by Equation (1) or BFSthen

LL=V(Pa"™P) — V(Pa™ —

Calculate ~27
path and

tmp__
Pa;; fl;

Iij) for (4, j) on the cycle

_ _ Lt <L -
Select a set of leaving edges {(i, 7|7 = 1,2, ...}, where = 'hJh Thin

for any
(' 3n) € Ch
EL L -
if >Zh lh]h,t then
Update Pa’= Pa‘™t + 1,3 1 I; 5, and
| accordingly Afand T
end

else Pa’= Pa‘?;
end

else Update Pa’= Pa’"! + 1; and accordingly A
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Check a,,= 0 for any parent /if R;;= 1. Then, update Pa’by Pa;= 0.

until V(i j), with
Tabu-augmented DIS: Build a dynamic tabu Iist in each round of Step 1 to avoid

computational redundancy.

the tabu list, and repeat the search as the next round. If the score function value is not
improved in the subsequent rounds, we stop and obtain the final solution. The succinct
description of the DIST algorithm is shown in Algorithm 1.

After finishing the DIST algorithm, we obtain a DAG estimate. However, due to
observational equivalence, there exist other DAG estimates that are in the same equivalence
class. We can apply the algorithm discussed by Chickering (1995, 2002a), implemented in
essentialGraph() function of R package ggm, to extend the estimated DAGSs to a complete
partial DAG (cpDAG). The algorithm essentially identifies the reversible edges in the DAG
estimate to provide the same score function value, and it extends the DAGs to a complete
partial DAG.

3.3 The Tuning Parameters

Different methods have been proposed for selecting the tuning parameter in the full
conditional independence graphs or DAGs under known variable order. These include cross-
validation procedures (Rothman et al., 2008), BIC-based selection (Yuan and Lin, 2007),
and an a-based selection (Shojaie and Michailidis, 2010). Here we discuss the selection of

26, L«
Ao based on Meinshausen and Buhlmann (2006), who propose )‘a:—w—; {1 - (@)]
for controlling the error rate of the edge estimation and computational simplicity. Under
known variable order, the asymptotic consistency is demonstrated (Shojaie and Michailidis,

26 . Q
2010) for )‘k(a):ﬁ {1 —-® (m)] where ®~1() is the cumulative distribution
function of MO, 1). Under the unknown ordering, we adapt the above A, or A4 to reflect the
possible candidates of p— 1 parents given a child &, and we also adjust the effect of the
weights, which is

~

g

wj% {1 - (ﬁ)} T 13)

[\

An(a):

where wis a constant related to the weight values wj; We define the constant wby the
geometric average of the lower and upperbound of wj;.

To show the asymptotic property, from (8), we rewrite the weight w; by

1 1
|B”‘7’ (Ln)ﬁ)) (14)

wij=max(1, min(
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where L,=min(1/N, 1/n). (1/L;)Y can be interpreted as a threshold for the upper bound of
wj; and as n goes to infinity, the threshold vanishes. Based on the formula of wj;in 14,

1 1
1<wij<—(Ln)v, so wis (7, )(-9), where 0 < 8 < 1. Thus, the A (a) in (13) can be rewritten

by

An(oz)—Qf/;%($ {1*‘1’71 (ﬁﬂ (15)

which satisfies the following condition.

Let B;= max(B;, L) and p* be the true value. Then, v/n(3,; — 5%)=0,(1), since B jis a
lasso estimate, which is a root-n-consistent estimator to * (Zou, 2006), and L,= 1/nfor n>
~-6
N. In addition, (nAn(a))/ 71/201(%)/ — 0, and (M (@) AD2 = G (1-8) — oo,
where C; and G, are constants. Thus, A {(a) gives a consistent variable selection based on
Zou (2006). The consistent variable selection for each variable (each node) provides the
probabilistic neighborhood asymptotically, which is a conditional independence graph
(undirected graph) for sparse high dimensional graphs (Meinshausen and Buhlmann, 2006).

3.4 Advantages of the NS-DIST Method

The proposed NS-DIST method has several unique advantages.
. Statistical and computational efficiency

The two-stage NS-DIST method provides an intuitive interpretation of the DAG
estimation process, which first estimates an undirected graph or the
neighborhoods, then estimates directionality within the estimated undirected
graph. This is similar to a hybrid algorithm or Markov blanket. However, most
hybrid methods combine two distinct search methods, which increase the number
of parameters and model complexity. For example, the MMHC method uses a
constraint-based approach to find the undirected graph, then applies a search-
and-score approach to find the directionality. Our proposed method naturally
implements the optimization in two steps but retains the same score criteria. In
Stage 1, the method estimates the undirected graph by identifying a probabilistic
neighborhood of each node. This approach only requires solving adaptive lasso
regression for each node separately, which is a convex optimization problem.
Thus, the neighborhood-search algorithm takes little computational time and can
be implemented in parallel computing. In Stage 2, we utilize the estimated
undirected graph as an upper bound of the search space of the directed graph,
which greatly reduces the number of unknown parameters. This is especially
important in high dimensional settings where brute-force DAG estimation is very
challenging. In addition, the utility of the steepest descent search path and tabu
list allows us to achieve convergence within a reasonable number of iterations.
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Enabled by these computational efficiencies, the algorithm can estimate DAGs
with 3000 parameters in about 2 CPU hours.

Consistency in variable selection

The neighborhood estimates from adaptive lasso in Stage 1 enjoy consistency for
variable selection as established by Meinshausen and Buhlmann (2006) and Zou
(2006), which means that the undirected graph estimated in Stage 1 converges to
the true undirected graph. Furthermore, Chickering (2002b) demonstrated that if
the generative distribution is faithful with respect to a DAG defined over the
observable variables, a greedy search algorithm with an asymptotically
consistent scoring criterion satisfies local consistency in DAG estimation in the
limit of large sample sizes. The adaptive lasso is a consistent scoring criterion, so
under conditions in Chickering (2002b), the NS-DIST method satisfies the local
consistency.

Robustness

The proposed method uses an adaptive lasso regression as the score function. It
has been discussed that adaptive lasso as a regularization approach gives more
stable coefficient estimates in multicollinearity scenarios than those from OLS or
ordinary lasso (Tibshirani, 1996; Zou, 2006; Hebiri and Lederer, 2013), as
sparsity is imposed at different levels on each neighborhood. In contrast, for
methods like PC-stable and MMHC, sparsity is utilized for the partial
correlations as a whole view. As demonstrated in the simulation experiments, the
adaptive lasso score function is more efficient and exible, especially for networks
with hub structures.

Flexibility

A prior knowledge of network structures is often available or partially available.
Thanks to the linear structural equation framework, prior knowledge can be
incorporated quite exibly in our model. For example, we may assign some
parameters of A;;as known in terms of edges or directionality; or different
weights wj;according to their importance. Second, this method allows one to
estimate the DAG structure around any variable of interest, so we do not have to
estimate the global DAG structures for all the variables. This flexibility provides
convenience in very high dimensional scenarios. Such an application will be
demonstrated in Section 5.

4 SIMULATION STUDY

To assess the performance of the proposed method, we performed a series of simulation
studies. We considered various simulation scenarios in terms of network topological
structure, dimension-to-sample size ratio (p/n), signal-to-noise ratio, and normality. Edges
are created according to either a random topological structure or a hub topological structure
(Margolin et al., 2006). In a random network, edges are randomly created so that each node
is equally likely to be connected to any other node. In a hub network, edges are created from
a small number of hub nodes to their child nodes. The hub network structure mimics many
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real biological networks in that only a small number of nodes are regulators and each has
many targets to regulate (Margolin et al., 2006; Newman, 2003). To create a hub network,
we first pick a certain proportion P of nodes to be hub nodes (parents’ nodes), then simulate
edges from the selected hub node to multiple child nodes. Unless Specified particularly, we
set P, = 10%. We use the sample size n=500 for all scenarios. We consider p =50, 100, or
200 as a small p/n ratio, and also consider high dimensions such as p=1000, or even p=2000
or 3000 as large p/n ratios. The average density parameter d'refers to the average number of
edges per node, such that the total number of edges in a simulated network is M= ap. We
use d=1 (indicating sparse network) or 2 (indicating dense network), and control the number
of parents for any child to be between d-1 and d+1. For both random-structure and hub-
structure networks, we consider a;=0.5 or 0.7 in A for low or high signal-to-noise ratio,
respectively. The latent variables Z;s are independently generated from a normal distribution
with unequal standard deviations independently drawn from Uniform(0, 1). We also consider
non-normal asymmetric distribution such as gamma distribution to investigate the
performances of the methods under the violation of normality. The 77 observations
corresponding to X3, X, X3, ..., Xjpare then generated according to the linear structural
equation (2).

We compared the NS-DIST method with the following five recent DAG estimation methods:
the PC-stable method provided by Colombo and Maathuis (2013), the MMHC method
provided by Tsamardinos et al. (2006), the GES method provided by Chickering (2002b),
the CD algorithm provided by Fu and Zhou (2013), and a permutation approach with the
Lasso framework provided by Shojaie and Michailidis (2010). As proposed by Fu and Zhou
(2013), we use y = 0.15 for the CD method. We use Ag = 0.1 and y = 0.15, the parameter
controlling the weight in adaptive Lasso score functions for the NS-DIST, and permutation
approach in formula (8). Discussion of how to obtain Ag and y for the NS-DIST method is
in Section 4 of the Supplementary Materials. We employed R packages pcalg for the PC-
stable method and the GES method, g/mnet for the permutation approach, and bnfearn for
the MMHC method. We simulated 20 data sets under each combination of the parameters.

To examine the true and false positive rates (TPR and FPR), we adopt receiver operating

characteristic (ROC) curves. TPR is calculated by % where TP is the number of true
positives or the number of true edges detected and TE is the number of true edges. FPR is
calculated by (), —1)/2 — T ), where FP is the number of false positives or the number
of edges claimed by mistake. ROC curves were estimated across a range of A values for the
NS-DIST method, the CD method, the GES method, and the permutation approach. For the
PC-stable and MMHC methods, ROC curves were estimated over a range of a values. In
addition, for directionality inference, we reported directional TPR (dTPR), defined as the
number of detected true edges with their directions correctly estimated. As an illustration, if
a graph contains a true directed edge X — Y; we count the detection of such a directed edge
as a directional true positive (dTP). In the case where the connection between X and Y is
detected with the reverse direction (X < Y), we count such an estimate as a directional
false negative (dFN). If an estimated DAG contains only the connection without a Specified
direction X - Y; we evaluate it as 1/2 dTP and 1/2 dFN. In addition, similar to the definition
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of the false discovery rate (FDR), directional FDR (dFDR) is defined as 1-dTP/(TP+ FP).
We reported ROC curves with dTPRs plotted against FPRs for each method to examine
directionality inference.

4.1 Comparison with other methods

To investigate the performance of the NS-DIST method, we compare it with other methods
under low dimensional (p<n) and high-dimensional (p>n) settings. The ROC curves for p=
200 and =500 are shown in Figure 1, and those for p=50 and 100 show similar patterns
(Section 6 of Supplementary Materials). The additional comparison plot based on network
structure is in Section 7 of Supplementary Materials. The NS-DIST method (black solid
lines) shows satisfactory performance in most cases and robustness with respect to network
structures and densities. More Specifically, the NS-DIST method performs slightly better
than the PC-stable (gray solid lines) and MMHC (gray long-dashed lines) methods under
random structures in the range of small FPRs, but under the random and sparse (d=1)
structure, the NS-DIST method is slightly out-performed by the two methods when FPR
increases. The performance of the NS-DIST method remains robust under random and hub
structures, while the performances of the PC-stable and MMHC methods decrease as more
edges are concentrated from a smaller number of hub nodes (network range from random,
20% hub nodes to 10% hub nodes). Both methods use conditional independence tests based
on partial correlations to identify edges. Perhaps problematically, the partial linear
correlations tend to be unstable with presence of multicollinearity around the hub nodes, and
the universal sparsity control parameter might generate overly sparse estimates around the
hub nodes. On the other hand, the NS-DIST method may avoid those issues by employing an
adaptive lasso score function. It has been discussed that adaptive lasso as a regularization
approach gives more stable coefficient estimates in multicollinearity scenarios than those
from OLS or ordinary lasso (Tibshirani, 1996; Zou, 2006; Hebiri and Lederer, 2013), as
sparsity is imposed at different levels on each neighborhood.

Next, we compare the GES method (black dot-dashed lines) with the NS-DIST method. For
the detection of edges, the NS-DIST method shows higher TPR or TPRs than the GES
method given small FPRs, but as the FPR increases, the TPRs of the GES method become
identical to those of the NS-DIST method. Under random and sparse network structures, the
dTPRs of the GES become slightly better than those of the NS-DIST method as the FPR
increases. The GES method uses the Ly penalty, which leads to the hard-thresholding rule,
whereas the adaptive lasso penalty yields the soft-thresholding rule. The variable selection
solution using the Ly penalty tends to be unstable compared to the continuous lasso
shrinkage (Liu and Wu, 2007). Therefore in the ROC curves, the differences are most
obvious with large penalty parameters, and reduce when the penalty parameters decrease.

Further, we compare the NS-DIST method with the CD method. Generally, the NS-DIST
method shows higher TPRs than the CD method in small FPRs, which are obtained with
larger penalty parameters. However, as the penalty parameter decreases, the gap between
TPR (or dTPR) of the CD method and the NS-DIST method is reduced. Such performance
patterns are observed in most scenarios. The CD algorithm is essentially a one-stage
optimization algorithm using a penalized profile likelihood function with an adaptive Lasso
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penalty term as its score function. This score function is still non-convex due to the log term;
while our score function is a convex function without consideration of the acyclic restriction.
The optimization of the non-convex score function is harder to implement, and a global
optimization solution might be hard to achieve. Furthermore, the better performance of our
method over the CD algorithm might come from the employment of the consistent
neighborhood estimates from Stage 1.

We also compare the five methods under a smaller signal-to-noise ratio when a;=0.5, and the
simulation results are in Section 8 of Supplementary Materials. All methods show less
power than what we observe when a;~0.7. Although the comparison patterns among the
methods are similar to Figure 1, the differences among the methods are smaller.

The ROC curves in high dimensional setting for p= 1000 and /7= 500 are shown in Figure
2. The comparison patterns between the NS-DIST method and others when p=1000 are
similar to those observed when p=200. The NS-DIST method shows satisfactory
performance in most scenarios. However, the decrease in performance of the MMHC and
PC-stable methods from random structure to hub structure is more severe in high
dimensional settings. The gap between the NS-DIST algorithm and the GES algorithm in
small ranges of FPRs also increased in dense networks compared to those observed when p
= 200.

We then investigated the appropriate choice of A for the NS-DIST method by examining
FDR (dFDR) as well as MCC (dMCC) under a range of A values as shown in Section 11 of
Supplementary Materials. Noticeably, in most scenarios, the NS-DIST method produces
reasonable performance with A(a = 0.1, § = 0.35). Therefore, we chose A(a =0.1, 6§ =
0.35) to examine the performance of the NS-DIST method in higher dimensions when
p=2000 and 3000. In these scenarios, ROC curves are too time-consuming to be derived. To
benchmark the performance of the NS-DIST algorithm, we compared it to the MMHC
method - another two-stage based method. We select a=0.01 for the MMHC method to
compare the performance of the NS-DIST method. The simulation results are noted in Table
1. The NS-DIST method shows significantly better performance in all metrics than the
MMHC method. The dFDR are well controlled under 5% in all simulated scenarios. Even
when p=3000, the computational time is about 2 CPU hours on average.

4.2 Computational Efficiency

Figure 3 shows computational time when p=400 or p=1000. The computational time is
plotted over complexity of the estimated DAGs (presented as the number of estimated edges
over p). As the plots show, the computational time of the NS-DIST method (black solid
lines) is less than all other methods and is well-controlled when p or the estimated DAG
complexity increases. This demonstrates that the two-stage strategy effectively reduces
computational time. The computational time of the MMHC method (grey long-dashed lines)
is close to that of the NS-DIST method, but grows significantly to estimate more complex
DAGs. The computational time of the GES method is reasonable for all DAG complexities
for lower-dimensional settings when p=400, but when p=1000, it increases exponentially as
the complexity increases. A detailed analysis of computational complexity of the NS-DIST
method is described in Section 10 of Supplementary Materials.
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4.3 Additional Simulation Scenarios

To further investigate the performance of the NS-DIST method, we compared it with the
adapted framework proposed by Shojaie and Michailidis (2010). Shojaie and Michailidis
(2010) estimated DAGs assuming a known ordering input with the same score function as
the proposed NS-DIST algorithm. For comparison purposes, we used two types of ordering
inputs, true order and randomly permuted ordering. The estimate under the true ordering can
be viewed as a theoretical upper bound of the NS-DIST method, while that under
permutation ordering can be seen as a lower bound of the NS-DIST method. The simulation
results are in Section 5 of Supplementary Materials. The dTPRs of the the NS-DIST method
are within 80% of those from the true ordering approach for most cases, and significantly
better than the permutation approach. Although around 10% ~ 40% of correct edge estimates
were mis-detected with wrong directions for random and dense networks, the performance
of the NS-DIST method still proved better than that of the permutation method.

We also compared the performance of the methods when the latent variables have non-
normal skewed distribution, such as gamma distribution with various combinations of shape
and scale parameters. The ROC curves of the methods are also shown in Section 9 of
Supplementary Materials. The performances of all methods decrease under gamma
distribution compared to normal distributed latent variables. However, the comparison
patterns are similar to those under the normal distribution.

The NS-DIST method can be naturally adapted to accommodate the partially known
ordering between nodes by restricting the coefficient matrix A with the known restrictions of
directions or parameter values. Several algorithms have been proposed for the inference of
causal relationships among phenotypes using genetic data and genomic data (Neto et al.,
2008, 2010; Hageman et al., 2011). Here, we designed a simulation experiment to examine
the impact of partially known ordering on the performance of DAG estimates. For this
purpose, we simulated variables U, ..., Upindependently from the standard normal
distributions. .Xjwas simulated as before and was associated with one additional parent U..
The entry in A, ax;u; is generated from a uniform distribution {0, 1). Such a simulation
setup attempts to mimic the scenario where the DNA copy number directly affects the
MRNA gene expressions, with U, ..., U, corresponding to copy numbers of genes 1, ..., p,
and X, ..., Xpdenoting expression of these genes. Note that while Xjcan be driven by U;
(to the degree indicated by ax;¢), it can also be regulated by other Xs. We applied the NS-
DIST method to analyze the simulated coherent data x sx2p With partially-known ordering.
Specifically, we assumed that directions from U;to Xjare known as a prior information, but
the directions within Xs are unknown for /=1, ..., p. We then calculated an ROC curve
based on estimated networks among Xs in order to make a fair comparison with the ROC
curves based on previous DAG estimates among Xs, without involving Uss and
corresponding known ordering. The ROC curves in Section 12 of Supplementary Materials
demonstrate that although the additional information between U;and X;does not help in
improving TPRs, such information slightly enhances the detection of directionality as
indicated by dTPRs.
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To investigate the optimization quality of the DIST algorithm, we further compared the DAG
estimates from the DIST algorithm with those from global optima obtained by using the
branch-and-bound technique under small dimension (d=10). The branch-and-bound
technique optimizes the same score function in Equation (6). The detail of the search
technique for global optimal solutions is described, and the comparison between the DIST
algorithm and the upper bound of the branch-and-bound technique is shown in
Supplementary Materials (Section 3). The difference in the optimized score function values
from the DIST algorithm are within 0.06%~0.12% of those from the branch-and-bound
technique. However, the running time of the branch-and-bound technique is much longer
than that of the DIST algorithm. For example, for simulations with p= 10, n= 200, and d=
2, the average running time of the branch-and-bound technique implemented by CPLEX and
C++is 918.65 CPU seconds, and the running time of the DIST algorithm implemented by R
is 1.03 CPU seconds. Therefore, these results suggest that the DIST algorithm can efficiently
optimize the objective function with reasonable accuracy.

5 APPLICATIONS AND CASE STUDIES

5.1 Case study 1: Transcription Factor (TF) Networks in Ovarian Adenocarcinomas Tumor

Samples

The Cancer Genome Atlas (TCGA) project has analyzed a wide range of genomic features
in 429 high-grade serous ovarian adenocarcinomas (OV). However, since OV is a complex
disease, there is a pressing need to study the networks between genes to better understand
tumor progression, rather than analyzing individual genes. The Cancer Genome Atlas
Research Network (2011) searched for altered pathways in the US National Cancer Institute
Pathway Interaction Database (~/D, http://pid.nci.nih.gov/, (Schaefer et al., 2009)), and
found that the FOXM! transcription factor and its proliferation-related target genes,
AURKB, CCNBI1, BIRC5, CDC25and PLKI, are significantly activated by transcriptional
regulation in OV samples. To potentially identify more TF pathways with activated
transcriptional regulations, we analyzed the mRNA expressions of the 15 TF-encoding genes
annotated in P/D, including JUN, JUND, JUNB, MYB, FOXA1, FOXAZ, FOXA3, FOXM]I,
EPASI, E2F1, E2F2, E2F3, E2F4, E2F5, and E2F6. To identify their potential regulated
targets, we extracted 147 genes that directly interact with the 15 TFs annotated in NetBox
(http://cbio.mskcc.org/tools/netbox/index.html), which includes information from P/D, the
Human Protein Reference Database (Keshava Prasad et al., 2009), Reactome (Joshi-Tope et
al., 2005; Matthews et al., 2009), and the MSKCC Cancer Cell Map (http://
www.mskce.org/). The level 3 normalized mMRNA expressions of the 162 genes were
obtained from OV tumor samples in the TCGA data portal (https://tcga-data.nci.nih.gov/
tcga/dataAccessMatrix.htm). For each log-transformed mRNA expression, we first
performed standardization by centralizing the mean to 0 and standard deviation to 1. We
then applied the proposed NS-DIST algorithm and the existing algorithms to estimate the
DAG structures among the 162 genes, with the ultimate goal of identifying the TFs as hub
nodes and correctly identifying their corresponding regulated targets. NefBox annotations
are used as the benchmark to decide the target genes of the TFs and the underlying network
structure.
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We first compared the methods based on their performance around the 15 hub TF nodes. For
this purpose, we define the TPs of the TFs (7P7z) as correctly estimated edges between TFs
and their reported target genes, and the FPs of the TFs (FP7x) as estimated edges between
TFs and genes that were not annotated as their target genes in NetBox. Figure 4 (a) shows
the ROC curves under a range of penalty parameters for each method. Importantly, one
observes that the NS-DIST algorithm can detect more numbers of true regulatory
connections than all other methods. We also compared all methods by investigating the TPs
and FPs of the overall network structure of the 162 genes (Figure 4 (b)). In this case, the NS-
DIST and CD estimates are very similar, and both are better than other algorithms.

In this example, we use the mRNA expressions of the 15 TF-encoding genes and the TF-
target-protein-encoding genes to represent the protein activities of the TFs and their
regulatory targets. One important assumption underlying this analysis is that the gene
expressions are reasonable approximations of their corresponding protein expressions. To
check this assumption, we correlated protein expression with encoding gene expression for
the 106 protein expressions available in TCGA OV samples. Among those, 98.1%, 81.1%
and 53.8% of the matched pairs showed Spearman correlations greater than 0, 0.2, and 0.5
respectively. With this data, we believe that the mMRNA expressions are reasonable
approximations of their corresponding protein expressions. Therefore, the NS-DIST
algorithm has great potential to identify TFs with activated transcriptional regulation of their
regulatory targets using mRNA data.

5.2 Case study 2: Drug Response Networks in Tumor Cell Lines

One unique advantage of the proposed NS-DIST method is its easy adaptation and
modification for the purpose of identifying the sub-network around the variable of interest,
with-out exhaustive estimation of the DAG of all variables. To illustrate this property, we
applied the NS-DIST method to the Cancer Cell Line Encyclopedia (CCLE) data
downloaded from http://www.broadinstitute.org, which contains a genomewide mRNA
profile of 18,989 genes from a wide spectrum of human cancer cell lines (sample size of
491). These data also include their responses to several cancer treatment compounds,
including the MDM_Z2 antagonist Nutlin (Barretina et al., 2012). Nutlin enables p53 to
mediate its downstream functions, including activation of gene transcription and induction of
cell cycle arrest and apoptosis (Vassilev et al., 2004). The ability to predict tumor
responsiveness to the MDM?2 antagonist through mRNA biomarkers is an unmet need that
could significantly improve clinical development. Therefore, the goal is to identify mMRNAs
predictive of the cell line responses to the MDM_Z2 antagonist and to detect the regulatory
relationships among the identified mRNA predictors.

Since the entire dimension (18,989) is very high, we cannot accurately estimate the entire
graph within reasonable computational time. Thus, by using the NS-DIST method, we tried
to estimate the sub-network around the target drug response. First, we found the neighbors
of MDM_Z, and recursively found neighbors of the previous ones until the total number of
included genes was less than 2000. For selecting the penalty parameter A, we use the
formula (13) with a = 0.1 and & = 0.35; to estimate weights, we use Ay = 0.1 and -y = 0.15,
which are used in the simulation studies. Note that the direction between baseline
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expressions and cell line responses to the MDM2 antagonist was presumed in the direction
from expressions to cell line responses.

Here, we applied the first step of the NS-DIST method to find the predictive mRNAs of the
MDM2-antagonist response (Y), then recursively applied it to find the neighbors of the
newly identified mRNAs. Subsequently, given the genes selected from the above procedure,
we applied the second step of the NS-DIST method to estimate network structure.
Specifically, we estimated the DAG among the selected genes within the neighborhood
structure, and we added the target response and its relationship to genes back to the
estimated DAG. Figure 5 (a) shows the genes up to 3 edges away from the MDMZ2-
antagonist response. In the plot, we colored the nodes depending on their functional
processes: apoptosis (red), cell cycle arrest (yellow), cell growth (orange), DNA repair
(blue), MDMZ2-related (cyan), MDMZ (green), and the drug response Y (black). As shown in
Figure 5 (a), many mRNAs impact MDM?Z2 antagonist response through various pathways. In
addition, many genes in the sub-network were on the causal pathways to Y, because some of
them were children of the same parent node (siblings of Y). We therefore refined the
network into an ancestry sub-network containing only mRNAs with direct and indirect edges
towards Y, and only show the two level neighbors around the drug response and MDM?Z2
(Figure 5 (b)). Seven out of 26 genes in the ancestry sub-network are in biologically
important pathways of the MDMZ-antagonist, which retained the enrichment of biologically
relevant genes from the MDM_Z2 sub-network. In order to quantify the statistical significance
of the pathway enrichment levels in the sub-network, we calculated the p-value from
Fisher’s exact test based on the contingency table. The number of MDMZ2-related important
genes is 53 out of 18,989 genes. The p-value for the sub-network in Figure 5 (b) is 5.5 x
10713, which is a significantly small value. This example shows that the NS-DIST method is
able to effectively estimate a sub-network in ultra high dimensional data.

6 DISCUSSION

In this paper, we have discussed estimation of DAGs using a penalized likelihood approach
with an adaptive Lasso penalty without knowing the ordering of the variables. The acyclicity
constraint on the structure of DAGSs poses a challenge to the optimization of the score
function. We propose a two-stage adaptive lasso approach, the NS-DIST method, which first
estimates an undirected graph by the neighborhood selection approach (Stage 1), and then
estimates the DAG within the selected neighborhood (Stage 2) via the DIST algorithm,
which is a meta-heuristic solution search method. The two stages use the same score
function, which is a penalized likelihood function with an adaptive Lasso penalty term. The
NS-DIST method is statistically and computationally efficient and has shown satisfactory
performance in simulation experiments and real data examples.

Compared to the two-stage approach, one could alternatively apply the DIST algorithm brute
force on the whole parameter space without the neighbored selection step. This single-stage
algorithm is very computationally consuming. As demonstrated in Section 13 of the
Supplementary Materials, we find that the single-stage algorithm achieved almost identical
or slightly higher TPRs than those from the two-stage algorithm, but with higher FPRs in
most scenarios. One reason might be that the unrestricted parameter space of the DIST
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algorithm in the single-stage approach is more prone to FPs, while for the two stage
algorithm, the search space of the NS-DIST method is restricted in the estimated
neighborhood with asymptotic consistency (Meinshausen and Buhlmann, 2006).

In high dimensional variable selection, other modified approaches, such as the smoothly
clipped absolute deviation penalty (SCAD, Fan and Li (2001)) and the minimax concave
penalty (MCP, Zhang (2010)), have been proposed. However, because the SCAD and MCP
are nonconvex in the domain of the coefficient aj; it is not feasible to find the global
optimum solution in terms of the score function, even without acyclic constraints. Thus,
when we use such penalties under our two-stage approach, Stage 1 can provide only one
local optimal solution. Kim et al. (2008) proved that one local optimal solution from SCAD
satisfies the consistency in variable selection under relaxed conditions, but it is still
questionable how to identify the consistent estimator among local optimal solutions (Wang
et al., 2013). Additionally, Zhang (2010) argued that MCP can find the consistent estimator
with its developed PLUS algorithm under certain regularity conditions. Still, further study is
needed to investigate the consistent probabilistic neighborhood and estimation of DAGs with
such penalty functions.

Chickering (2002a) discussed that searching among equivalence classes of network
structures (E-space) is more efficient than searching among individual DAG structures (B-
space). They demonstrated that a concern with using B-space is computationally
inefficiency, as searching traverses within an equivalence class (Chickering, 2002a). The L
penalized likelihood score functions are score equivalent. The proposed DIST algorithm is a
metaheuristic algorithm that searches among individual DAG structures. However, the loss
of efficiency is not severe because each step of the DIST algorithm follows the steepest
descent of the score function value. There-fore, it ensures an improvement of the score
function at each search step, without wasting time traversing among DAG structures within
an equivalence class. It would be interesting to adapt the set of operators, introduced by
Chickering (2002a), that can be applied to move among equivalence classes in the
framework of the DIST algorithm. This has the potential to further optimize computational
efficiency.

Although we have focused on Gaussian variables in this study, our approach may be
extended to other distributions, especially for count data generated by RNAseq platforms. It
would be interesting to adapt the L; penalty framework in generalized linear regressions to
estimate the structures of DAGs among nonnormal distributed data, though the optimization
would be more challenging, especially in the high dimensional context.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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ROC curves for p=200 and aj;= 0.7: The black solid line indicates the NS-DIST method,
the black long-dashed line indicates the CD method, and the black dot-dashed line indicates
the GES method. The gray solid line indicates the PC-stable method, and the gray long-
dashed line indicates the MMHC method. The sample size nis 500
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Figure 2.
ROC curves for p= 1000 and a;;= 0.7: The black solid line indicates the NS-DIST method,

the black long-dashed line indicates the CD method, and the black dot-dashed line indicates
the GES method. The gray solid line indicates the PC-stable method, and the gray long-
dashed line indicates the MMHC method. The sample size nis 500
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Computational time vs. complexity (the number of estimated edges divided by p) for d= 2,
random network, and &= 0.7: The black solid line indicates the NS-DIST method, the
dashed black line indicates the CD method, and the black dot-dashed line indicates the GES
method. The solid gray line indicates the PC-stable method, and the dashed gray line

indicates the MMHC method.
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Figure 4.
The result of network estimation from TCGA OV Tumors: Figure (a) shows ROC curves

based on 7Pyrand FPrraround the hub nodes, and Figure (b) shows ROC curves based on
TPand FP of the overall network. The black solid line indicates the NS-DIST method, the
dashed black line indicates the CD method, and the black dot-dashed line indicates the GES
method. The solid gray line indicates the PC-stable method, and the dashed gray line
indicates the MMHC method.
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(a) Undirected network around MDM?2 gene

(b) Gene network with ancestors of drug response Y

Figure 5.
CCLE data: The thickness of the edges indicates the absolute value of the estimated

coefficient. Colors of the nodes depend on their functional processes, which are apoptosis
(red), cell cycle arrest (yellow), cell growth (orange), DNA repair (blue), MDM~Z-related
(cyan), MDM_Z (green), and MDMZresponse, Y (black).
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