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In this paper, we are concerned with a class of Schrödinger-Poisson systems with the
asymptotically linear or asymptotically 3-linear nonlinearity. Under some suitable
assumptions on V , K , a, and f , we prove the existence, nonexistence, and asymptotic
behavior of solutions via variational methods. In particular, the potential V is allowed
to be sign-changing for the asymptotically linear case. C 2016 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4941036]

I. INTRODUCTION AND MAIN RESULTS

This paper deals with the existence, nonexistence, and asymptotic behavior of solutions to the
following nonlinear Schrödinger-Poisson system:

(SP)λ



−∆u + λV (x)u + K(x)φu = a(x) f (u), x ∈ R3,

−∆φ = K(x)u2, x ∈ R3,

where λ > 0 is a parameter, K(x) ∈ L2(R3) ∪ L∞(R3), a(x) is a positive bounded function, f (s) is
either asymptotically linear or asymptotically 3-linear in s at infinity, and the potential V satisfies
the following conditions:

(V1) V ∈ C(R3,R) and V is bounded from below;
(V2) there exists b > 0 such that the set

�
x ∈ R3 : V (x) < b

	
is nonempty and has finite measure;

(V3) Ω = int V−1(0) is nonempty and has smooth boundary andΩ = V−1(0).
The kind of hypotheses was first introduced by Bartsch and Wang6 in the study of a nonlinear

Schrödinger equation and has been attracting much attention, see, e.g., Refs. 4, 5, 30, and 36. The
conditions (V1)–(V3) imply that λV represents a potential well whose depth is controlled by λ. λV is
referred as the steep potential well if λ is sufficiently large and one expects to find solutions which
localize near its bottomΩ.

Such a system, also known as Schrödinger-Maxwell system, arises in many fields of physics.
For example, Schrödinger-Poisson system can describe the interaction of a charged particle with its
own electrostatic field in quantum mechanics. The unknowns u and φ represent the wave functions
associated with the particle and electric potential, and the function V and K are, respectively, an
external potential and nonnegative density charge. We refer to Benci and Fortunato7 and references
therein for more details. This model can also appear in semiconductor theory to describe solitary
waves.24,29
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In recent years, the following Schrödinger-Poisson system,




−∆u + V (x)u + K(x)φu = f (x,u), x ∈ R3,

−∆φ = K(x)u2, x ∈ R3,

has been widely studied under variant assumptions on V , K , and f via variational methods, and
existence, nonexistence and multiplicity results are obtained in many papers, see, e.g., Refs. 2, 3,
9–11, 18, 20, 21, 25, 28, and 40–43.

Recently, Wang and Zhou35 studied the following asymptotically linear Schrödinger-Poisson
system:




−∆u + V (x)u + λφu = f (x,u), x ∈ R3,

−∆φ = u2, x ∈ R3,
(1.1)

where λ > 0 is a parameter, and V . const. They proved that problem (1.1) has a positive solu-
tion for λ small and has no any nontrivial solution for λ large. Later, Zhu44 also studied system
(1.1) with V (x) ≡ β, and asymptotically linear nonlinearity f (x, s)s where f (x, s) tends to p(x)
and q(x) ∈ L∞(R3), respectively, as s → 0 and s → +∞. The author obtained the existence and
nonexistence results, depending on the parameters β and λ.

Very recently, Cerami and Vaira8 considered the following system:




−∆u + u + K(x)φu = a(x)|u|p−1u, x ∈ R3,

−∆φ = K(x)u2, x ∈ R3,
(1.2)

where 3 < p < 5, and K ∈ L2(R3). They proved that (1.2) possesses a positive ground state solution
by minimization on Nehari manifold when a : R3 → R and K : R3 → R are nonnegative functions
such that

lim
|x |→∞

a(x) = a∞, lim
|x |→∞

K(x) = 0.

Later, Sun et al.31 also studied system (1.2) with asymptotically linear nonlinearity a(x) f (u). They
obtained the existence of positive ground state solutions under suitable K ∈ L2(R3) and a(x) by the
mountain pass theorem.

Nearly, Jiang and Zhou19 first applied the steep potential well into Schrödinger-Poisson sys-
tem and proved the existence of solutions. Moreover, they also studied the asymptotic behavior of
solutions by combining domains approximation with priori estimates. Subsequently, Zhao et al.42

considered system (SP)λ with V satisfying (V1)–(V3) and a(x) f (u) = |u|p−2u, where p ∈ (3,6). By
using variational setting of Refs. 13 and 14, they obtained the existence and asymptotic behavior
of nontrivial solutions. In particular, the potential V is allowed to be sign-changing for the case
p ∈ (4,6). Later, Sun and Wu32 studied the following Kirchhoff type problem:




−
�
a + b


RN

|∇u|2�∆u + λV (x)u = f (x,u), x ∈ RN ,

u ∈ H1(RN),
where N ≥ 3, the parameters a,b, λ > 0, the potential V satisfies the conditions (V1)–(V3) and
V ≥ 0, and the nonlinearity f (x, s) is asymptotically k-linear (k = 1,3,4) with respect to s at
infinity. They proved the existence and nonexistence of nontrivial solutions by using variational
methods. Furthermore, they also explored the asymptotic behavior of solutions.

Moreover, the semiclassical limit of system (1.1) was also studied recently. More precisely, the
first equation of system (1.1) looks like −ϵ2∆u + V (x)u + K(x)φu = a(x)|u|p−1u, and the solutions
exhibit concentration phenomena as the parameter ϵ goes to zero. We refer to Refs. 1, 15–17, 27, 33,
34, and 37 and the references therein on this subject.

Motivated by the works described above, particularly, by the results in Ref. 42, the aim of this
paper is to consider system (SP)λ with steep potential well. To our best knowledge, this case has
not ever been studied for the asymptotically linear nonlinear term. We mainly study the existence
and nonexistence of solutions for system (SP)λ with the asymptotically linear nonlinearity via
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variational methods. Moreover, the existence and asymptotic behavior of ground state solutions are
also discussed for system (SP)λ with the asymptotically 3-linear nonlinearity.

If f (s) is asymptotically linear in s at infinity, we assume that

(F1) f ∈ C(R3,R+), f (s) ≡ 0 for all s ≤ 0 and f (s)/s → 0 as s → 0;
(F2) there exists l ∈ (0,+∞) such that f (s)/s → l as s → +∞.
(A1) a(x) ∈ L∞(R3), a(x) ≥ a0 > 0 for all x ∈ R3, and there exists R0 > 0 such that

sup { f (s)/s : s > 0} < inf {V (x)/a(x) : |x | ≥ R0 and V (x) ≥ b} ; (1.3)

(A2) a(x) ∈ L∞(R3), a(x) ≥ a0 > 0 for all x ∈ R3.

Remark 1.1. In Ref. 23, the authors first assumed

sup { f (s)/s : s > 0} < inf {V (x)/a(x) : |x | ≥ R0} . (1.4)

This condition plays an important role in verifying the Cerami condition ((C) condition for short).
In view of (1.4), it is easy to see that the positivity of right-hand side is necessary. Nevertheless, from
(V1) and (V2), we deduce that lim inf |x |→∞V (x) = 0 is allowed. So, we cannot make use of condition
(1.4) as Ref. 23. Fortunately, by (V2), we find condition (1.3) to overcome this difficulty. Moreover, it
is quite obvious that condition (1.3) is weaker than condition (1.4).

Before stating our main results, we need to introduce some notations.

Notation 1.1. The letters C, Ci denote different positive constants whose exact value is ines-
sential. The usual norm in Lebesgue space Ls(R3) with 1 ≤ s ≤ +∞ is denoted by |·|s. H1(R3)
and D1,2(R3) denote the usual Sobolev space, and S is the best Sobolev constant for the Sobolev
embedding of D1,2(R3) ↩→ L6(R3). For any r > 0 and y ∈ R3, Br(y) denotes the ball of radius r
centered at y , and |Br(y)| denotes its Lebesgue measure.

Our main results are as follows.

Theorem 1.1. Suppose that V (x) < 0 for some x, (V1), (V2), (F1), (F2) and (A1) are satisfied.
If K(x) > 0 for x ∈ R3 and K ∈ L2(R3) (or K(x) ≥ k0 > 0 for x ∈ R3 and K ∈ L∞(R3)), then there
exist λm

m→ ∞ and k∗λm
> 0 such that system (SP)λ has a nontrivial solution for each λ = λm and

|K |2 < k∗λm

(
or |K |∞ < k∗λm

)
.

If V ≥ 0, we need to consider the following minimization problem:

µ∗ = inf

Ω

|∇u|2dx : u ∈ H1
0(Ω),


Ω

a(x)u2dx = 1

. (1.5)

Using (A2), we see that µ∗ ∈ (0,+∞) and it can be achieved. Then, we have the following results.

Theorem 1.2. Suppose that V ≥ 0, (V1)−(V3), (F1), (F2), and (A1) are satisfied. Let l > µ∗,
where µ∗ is given in (1.5). If K(x) > 0 for x ∈ R3 and K ∈ L2(R3) (or K(x) ≥ k0 > 0 for x ∈ R3 and
K ∈ L∞(R3)),then there exists k∗ > 0 such that system (SP)λ has a positive ground state solution
(or positive solution) for all λ ≥ 1 and |K |2 < k∗ (or |K |∞ < k∗).

Example 1.1. It is not difficult to find some functions a and f such that the conditions (F1), (F2),
and (A1) are satisfied. For example, for any fixed l > 0, set

f (s) =



ls2

1 + s
, if s > 0,

0, if s ≤ 0.

It is easy to see that the function f satisfies the conditions (F1) and (F2). Moreover, we yield that
sup { f (s)/s : s > 0} = l. Let a(x) ≡ 1 for all x ∈ R3. Taking l ∈ (0,b), we obtain that (1.3) holds.
As a consequence, the condition (A1) holds. By (1.5), we see that µ∗ = λ1(Ω), where λ1(Ω) is the
first eigenvalue of −∆ in H1

0(Ω). Therefore, if we choose l ∈ (λ1(Ω),b), then the conditions (F1),
(F2), and (A1) are satisfied and l > µ∗.
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Theorem 1.3. Suppose that V ≥ 0, (V1), (V2), (F1), (F2), and (A2) are satisfied. If K(x) ≥
k0 > 0 for x ∈ R3 and K ∈ L∞(R3), then there exists k∗ > 0 such that system (SP)λ has no
nontrivial solution for all λ ≥ 1 and k0 ≥ k∗.

Remark 1.2. Note that Theorem 1.3 remains true if we replace the condition (A2) by

(A3) a(x) ∈ L∞(R3), a(x) ≥ (.)0 for all x ∈ R3.

If f (s) is asymptotically 3-linear in s at infinity, we assume that

(F3) there exists l ∈ (0,+∞) such that f (s)/s3 → l as s → +∞;
(F4) f (s)s − 4F(s) ≥ 0 for all s > 0, where F(s) =  s

0 f (t)dt.

In the following, we give some examples, in which our conditions (F1), (F3), and (F4) are
satisfied.

Example 1.2. Let f (s) = (s+)3, we see that the conditions (F1), (F3), and (F4) are satisfied.
Another simple is that f (s) = (s+)3 − (s+)p−1 with 2 ≤ p < 4.

Theorem 1.4. Suppose that V ≥ 0, (V1)–(V3), (F1), (F3), (F4), and (A2) are satisfied. If
K(x) ≥ 0 for x ∈ R3, K ∈ L2(R3) ∩ L∞loc(R3) �or K ∈ L∞(R3)�, then there exist Λ > 0 such that sys-
tem (SP)λ has a positive ground state solution for all λ ≥ Λ.

Remark 1.3. Compared with Theorem 1.2 of Ref. 42, we find a positive ground state solution in
Theorem 1.4, while in Ref. 42 the authors obtained a nontrivial solution.

On the asymptotic behavior of positive ground state solutions, we have the following result.

Theorem 1.5. Let (uλ, φuλ
) be the positive ground state solutions obtained in Theorem 1.4.

Then uλ → u0 in H1(R3), φuλ
→ φu0 in D1,2(R3) as λ → ∞, where φu0(x) =


Ω

K (y)u2(y)
4π |x−y | dy and

u0 ∈ H1
0(Ω) is a positive solution of

(SP)∞



−∆u + K(x)
(
Ω

K(y)u2(y)
4π |x − y | dy

)
u = a(x) f (u), x ∈ Ω,

u = 0, x ∈ ∂Ω.

The proof is based on variational methods. By comparing with the previous works, the main
difficulty in proving our theorems is the lack of compactness. The competing effect of the nonlocal
term with the nonlinearity f and the lack of compactness of the Sobolev embedding of H1(R3) into
Lp(R3), p ∈ (2,6) prevent us from using the variational methods in a standard way. Since we do not
assume the condition that the potential V is radially symmetric, or the hypothesis used in Refs. 3
and 43 (that is, V (∞) = lim|y |→+∞V (y) ≥ V (x) for a.e. x ∈ R3, and the strict inequality holds on a
positive measure set), we cannot make use of the usual way to recover compactness, for instance,
restricting in the subspace of H1(R3) consisting of radially symmetric functions or using concen-
tration compactness methods. In order to recover the compactness, we establish two compactness
results. More precisely, when we prove Theorems 1.1 and 1.2, we borrow some ideas used in
Refs. 12 and 35 and establish the first compactness result:


|x |≥R(|∇un |2 + λV+(x)u2

n)dx ≤ ϵ ; when
we prove Theorem 1.4, we borrow some ideas used in Refs. 4 and 13 and establish the parameter
dependent compactness conditions which is the second compactness result. On the other hand, if
f (s) is asymptotically linear with respect to s at infinity, it is known that (AR) condition on f is
no longer available. It gives rise to some difficulties for verifying the linking geometry, mountain
pass geometry, and boundedness of a (C) sequence. Inspired by Refs. 28 and 31, we overcome these
difficulties by a very simple and clear way.

This paper is organized as follows. In Section II, we give the variational framework for system
(SP)λ and establish the compactness conditions. Sections III and IV are devoted to the proof of our
main results.
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II. VARIATIONAL SETTING AND COMPACTNESS CONDITION

In this section, we give the variational setting for system (SP)λ and establish the compactness
conditions.

Let V (x) = V+(x) − V−(x), where V±(x) = max{±V (x),0}. Let

E =


u ∈ H1(R3) :

R3

V+(x)u2 < ∞


be equipped with the inner product and norm

⟨u, v⟩ =

R3

�
∇u∇v + V+(x)uv� , ∥u∥ = ⟨u,u⟩1/2.

For λ > 0, we shall also need the following inner product and norm

⟨u, v⟩λ =

R3

�
∇u∇v + λV+(x)uv�, ∥u∥λ = ⟨u,u⟩1/2

λ .

It is clear that ∥u∥ ≤ ∥u∥λ for λ ≥ 1. Set Eλ = (E, ∥ · ∥λ). It follows from the conditions (V1), (V2)
and the Hölder and Sobolev inequalities that

R3

�|∇u|2 + u2� dx =

R3
|∇u|2dx +


{V<b}

u2dx +

{V ≥b}

u2dx

≤

R3
|∇u|2dx + |{V < b}| 2

3

(
{V<b}

|u|6dx
) 1

3

+ b−1

{V ≥b}

V (x)u2dx

≤
(
1 + |{V < b}| 2

3 S−1
) 
R3
|∇u|2dx + b−1


R3

V+(x)u2dx

≤ max

1 + |{V < b}| 2

3 S−1,b−1
 
R3

�|∇u|2 + V+(x)u2� dx,

which implies that the embedding E ↩→ H1(R3) is continuous. Thus for each s ∈ [2,6], there exists
ds > 0 (independent of λ ≥ 1) such that

|u|s ≤ ds∥u∥ ≤ ds∥u∥λ, for u ∈ E. (2.1)

Let

F =
�
u ∈ E : supp u ⊂ V−1 ([0,∞))	

and denote the orthogonal complement of F in Eλ by F⊥λ . If V ≥ 0, then E = F, otherwise
F⊥λ , {0}. Let Aλ = −∆ + λV , then Aλ is formally self-adjoint in L2(R3) and the associated bilinear
form

Bλ(u, v) =

R3
(∇u∇v + λV (x)uv) dx

is continuous in Eλ. For fixed λ > 0, consider the eigenvalue problem

− ∆u + λV+(x)u = µλV−(x)u, u ∈ F⊥λ . (2.2)

Since supp V− is of finite measure, we deduce that the functional T (u) = 
R3 V−(x)u2dx for u ∈ F⊥λ

is weakly continuous. Therefore, as a result of Theorems 4.45 and 4.46 of Ref. 38, we have the
following proposition, which is the spectral theorem for compact self-adjoint operations together
with the Courant-Fischer minimax characterization of eigenvalues.

Proposition 2.1. Suppose that V (x) < 0 for some x, (V1) and (V2) hold, then for any fixed λ > 0,
problem (2.2) has a sequence of positive eigenvalues {µ j(λ)}∞j=1, which may be characterized by

µ j(λ) = inf
dim X ≥ j,X ⊂F⊥

λ

sup

λ−1∥u∥2

λ : u ∈ X,

R3

V−(x)u2dx = 1

, j = 1,2, . . . .

Moreover, µ1(λ) ≤ µ2(λ) ≤ · · · ≤ µ j(λ) j
−→ ∞, and the corresponding eigenfunctions {e j(λ)}∞j=1,

which may be chosen so that


ei(λ),e j(λ)�λ = δi j, are a basic for F⊥λ .
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For {µ j(λ)} defined above, we have also following properties, see Ref. 13, [Lemma 2.1] .

Proposition 2.2. Suppose that V (x) < 0 for some x, (V1) and (V2) hold, then for each fixed
j ∈ N, we have that

(i) µ j(λ) → 0 as λ → +∞;
(ii) µ j(λ) is a non-increasing continuous function of λ.

Remark 2.1. For µ1(λ) defined by Proposition 2.1, it follows from Proposition 2.2 that there
exists Λ0 > 0 large such that µ1(λ) ≤ 1 for all λ ≥ Λ0. Set

E−λ = span
�
e j(λ) : µ j(λ) ≤ 1

	
and E+λ = span

�
e j(λ) : µ j(λ) > 1

	
. (2.3)

Then Eλ = E−λ ⊕ E+λ ⊕ F is an orthogonal decomposition, the quadratic form Bλ is negative
semidefinite on E−λ, positive definite in E+λ ⊕ F and it is easy to see that Bλ(u, v) = 0 if u, v are in
different subspaces of the above decomposition of Eλ.

By (2.3), we know that dim E−λ ≥ 1 for any λ ≥ Λ0. In addition, we have that dim E−λ < ∞ for
any fixed λ > 0, since µ j(λ) → ∞ as j → ∞.

It is well known that problem (SP)λ can be reduced to a single equation with a nonlocal term.
Actually, for any u ∈ Eλ, the linear functional Tu : D1,2(R3) → R defined by

Tu(v) =

R3

K(x)u2vdx

is continuous in D1,2(R3). In fact, if K ∈ L2(R3), by the Hölder inequality and (2.1), we conclude
that there is a constant C > 0 (independent of λ ≥ 1) such that

|Tu(v)| ≤ |K |2|u|26|v |6 ≤ C |K |2∥u∥2
λ∥v∥D, (2.4)

while for K ∈ L∞(R3), we have

|Tu(v)| ≤ |K |∞|u|212/5|v |6 ≤ C |K |∞∥u∥2
λ∥v∥D. (2.5)

Then by the Riesz representation theorem, there exists a unique φu ∈ D1,2(R3) such that

−∆φu = K(x)u2.

Moreover, we can write an integral expression for φu in the form

φu(x) =

R3

K(y)u2(y)
4π |x − y | dy.

By (2.4), it is easy to see that if K ∈ L2(R3),

∥φu∥2
D =


R3

K(x)φuu2dx ≤ C |K |22∥u∥4
λ. (2.6)

Similarly, if K ∈ L∞(R3), (2.5) implies that

∥φu∥2
D =


R3

K(x)φuu2dx ≤ C |K |2∞∥u∥4
λ. (2.7)

Then, to seek a weak solution (u, φ) ∈ Eλ × D1,2(R3) for problem (SP)λ, it is sufficient to find a
weak solution of the first equation of (SP)λ with φ = φu. For this purpose, we define the functional
Iλ : Eλ → R by

Iλ(u) = 1
2


R3

�|∇u|2 + λV (x)u2� dx +
1
4


R3

K(x)φuu2dx −

R3

a(x)F(u)dx,

where F(t) =  t

0 f (τ)dτ. It can be proved that Iλ ∈ C1 (Eλ,R) with



I ′λ(u), v

�
=


R3
(∇u∇v + λV (x)uv + K(x)φuuv − a(x) f (u)v) dx, ∀v ∈ Eλ.
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We refer the readers to D’Aprile and Mugnai10 for the detail.
Now, we are ready to give some properties of φu, see, e.g., Ref. 42, [Lemma 2.1]

Lemma 2.3. (i) Let K ∈ L∞(R3). If un ⇀ u in H1(R3), then

φun ⇀ φu in D1,2(R3).
(ii) Let K ∈ L2(R3). If un ⇀ u in H1(R3), then up to a subsequence,

φun → φu in D1,2(R3).
In the sequel, we investigate the compactness conditions for the functional Iλ. Recall that a

C1 functional Φ satisfies Cerami condition at level c ((C)c condition for short) if any sequence
{un} ⊂ E such that Φ(un) → c and (1 + ∥un∥)Φ′(un) → 0 has a convergent subsequence, and such
sequence is called a (C)c sequence. We begin with following Lemmas 2.4, 2.5, and 2.6, which
ensure the boundedness of a (C)c sequence.

Lemma 2.4. Suppose that (V1), (V2), (F1), (F2), and (A1) hold. If K(x) > 0 for x ∈ R3 and
K ∈ L2(R3), then every (C)c sequence of Iλ is bounded in Eλ for each c ∈ R and λ ≥ 1.

Proof. Let {un} ⊂ Eλ be a (C)c sequence of Iλ, that is

Iλ(un) → c, (1 + ∥un∥)∥I ′λ(un)∥E∗
λ
→ 0, (2.8)

where E∗λ denotes the dual space of Eλ. Arguing by contradiction, let ∥un∥λ → +∞ as n → ∞. Set
ωn := un/∥un∥λ. Clearly, {ωn} is bounded in Eλ and there exists ω ∈ H1(R3) such that, up to a
subsequence,




ωn ⇀ ω in Eλ,

ωn → ω in Ls
loc(R3), for all s ∈ [1,6),

ωn → ω a.e. in R3.

(2.9)

Case 1: ω ≡ 0 in Eλ. On one hand, since ∥un∥λ → +∞ as n → ∞, it follows from (2.8) that

⟨I ′λ(un),un⟩
∥un∥2

λ

= o(1),

that is,

o(1)= ∥ωn∥2
λ −


R3
λV−(x)ω2

ndx +

R3

K(x)φωnu2
ndx −


R3

a(x) f (un)
un

ω2
ndx

≥ 1 −

R3

a(x) f (un)
un

ω2
ndx + o(1),

where, and in what follows, o(1) denotes a quantity which goes the zero as n → ∞. Hence, we yield
that

lim sup
n→∞


R3

a(x) f (un)
un

ω2
ndx ≥ 1. (2.10)

On the other hand, from (A1) we see that there exists θ ∈ (0,1) such that

sup { f (s)/s : s > 0} ≤ θ inf {V (x)/a(x) : |x | > R0 and V (x) ≥ b} . (2.11)

It then follows from (V2) that there exists R1 > R0 such that for any n ∈ N,
Bc
R1

(0)∩{V<b}
a(x) f (un)

un
ω2

ndx < 1 − θ. (2.12)

Thus, by (2.11) and (2.12), we yield that for any n ∈ N,
|x |≥R1

a(x) f (un)
un

ω2
ndx < θ


Bc
R1

(0)∩{V ≥b}
λV+(x)ω2

ndx + (1 − θ) ≤ 1. (2.13)
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By (2.9), we see that ωn → 0 in L2 �BR1(0)
�
. Then, it follows from (F1), (F2) and (A1) that

|x |≤R1

a(x) f (un)
un

ω2
ndx ≤ C1|a|∞


|x |≤R1

ω2
ndx

n→ 0. (2.14)

Combining (2.13) with (2.14), we deduce that

lim sup
n→∞


R3

a(x) f (un)
un

ω2
ndx < 1,

which contradicts (2.10). So, ω . 0.
Case 2: ω . 0 in Eλ. Since ∥un∥λ → +∞ as n → ∞, it follows from (2.8) that

⟨I ′λ(un),un⟩
∥un∥4

λ

= o(1),

that is,

o(1) = 1
∥un∥2

λ

+


R3

K(x)φωnω
2
ndx −


R3

f (x,un)
un

ω2
ndx

∥un∥2
λ

+ o(1).

This together with (F1) and (F2), we obtain
R3

K(x)φωnω
2
ndx = o(1). (2.15)

By Lemma 2.3, we have 
R3

K(x)φωnω
2
ndx =


R3

K(x)φωω2dx + o(1). (2.16)

Hence, (2.15) and (2.16) imply that 
R3

K(x)φωω2dx = o(1).

Therefore, ω ≡ 0, since K(x) > 0 for x ∈ R3. This is a contradiction.
So, {un} is bounded in Eλ. This completes the proof of the lemma. �

Lemma 2.5. Suppose that (V1), (V2), (F1), (F2), and (A1) hold. If K(x) ≥ k0 > 0 for x ∈ R3 and
K ∈ L∞(R3), then every (C)c sequence of Iλ is bounded in Eλ for each c ∈ R and λ ≥ 1.

Proof. For any fixed R > 0, let ξR : R3 → R be a smooth function such that 0 ≤ ξR ≤ 1 and

ξR(x) =



0, 0 ≤ |x | ≤ R,
1, |x | ≥ 2R,

Moreover, there exists a constant C0 > 0 (independent of R) such that

|∇ξR(x)| ≤ C0

R
, for all x ∈ R3. (2.17)

Then for some constant C1 > 0 (independent of R), we have

∥ξRu∥λ ≤ C1∥u∥λ, for all u ∈ Eλ and R ≥ 1. (2.18)

Let {un} ⊂ Eλ be a (C)c sequence of Iλ. By (2.8) and (2.18), we obtain


I ′λ(un), ξRun

�
= o(1), (2.19)

i.e., 
R3

�|∇un|2 + λV (x)u2
n

�
ξRdx +


R3

un∇un∇ξRdx +

R3

K(x)φunu2
nξRdx

=


R3

a(x) f (un)unξRdx + o(1). (2.20)
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From (2.11), we deduce that for all n ∈ N and R ≥ R0,
R3

a(x) f (un)unξRdx ≤ θ


{V ≥b}

λV+(x)u2
nξRdx + C1


{V<b}

u2
nξRdx.

Moreover, by (2.17) one has that for all n ∈ N and R ≥ R0,
R3
|un∇un∇ξR| dx ≤ C0

R

(
R3
|∇un |2dx +


R3
|un |2dx

)
≤ C2

R
∥un∥2

λ.

Then, (2.20) becomes that for all R ≥ R0,
R3

�|∇un |2 +(1 − θ)λV+(x)u2
n

�
ξRdx ≤ C2

R
∥un∥2

λ + Cλ


{V<b}

u2
nξRdx + o(1)

≤
(

C2

R
+ Cλ

�
Bc
R(0) ∩ {V < b}�2/3

)
∥un∥2

λ + o(1). (2.21)

Similar to (2.19), we see that


I ′λ(un),un

�
= o(1), i.e.,

R3

�|∇un |2 + λV (x)u2
n + K(x)φunu2

n − a(x) f (un)un

�
dx = o(1). (2.22)

Since −∆φun = K(x)u2
n, multiplying this equation by |un |, integrating by parts and using the

Young’s inequality, we have

k0


R3
|un |3dx ≤


R3

K(x)|un |3dx =

R3
∇φun∇undx

≤ 1
2


R3

�|∇un |2 + K(x)φunu2
n

�
dx. (2.23)

It then follows from (2.22) and (2.23) that
1
2


R3

�|∇un |2 + λV+(x)u2
n

�
dx +


R3

hλ(un)dx ≤ o(1),
i.e.,

1
2
∥un∥2

λ ≤ o(1) −

R3

hλ(un)dx, (2.24)

where hλ(un) = k0|un |3 − δλu2
n. By (2.21), for some constant C3 > 0 (independent of R), we have

|x |≥R
λV+(x)u2

ndx ≤
(

C3

R
+ Cλ

�
Bc
R(0) ∩ {V < b}�2/3

)
∥un∥2

λ + o(1). (2.25)

Let βλ = inf
t ∈R

hλ(t). Then βλ ∈ (−∞,0) and (2.25) yields
R3

hλ(un)dx ≥

|x |≤R

βλdx − δλ


|x |≥R

u2
ndx

≥ βλ |BR(0)| − δλb−1

|x |≥R

λV+(x)u2
ndx − Cλ

�
Bc
R(0) ∩ {V (x) < b}�2/3∥un∥2

λ

≥ βλ |BR(0)| − Cλ

(
1
R
+
�
Bc
R(0) ∩ {V (x) < b}�2/3

)
∥un∥2

λ + o(1). (2.26)

Using (2.24) and (2.26), we see that

1
2
∥un∥2

λ ≤ |βλ | |BR(0)| + Cλ

(
1
R
+
�
Bc
R(0) ∩ {V (x) < b}�2/3

)
∥un∥2

λ + o(1). (2.27)

Note that the constant Cλ is independent of R, we can choose R ≥ R0 large enough such that
Cλ

(
1
R
+
�
Bc
R(0) ∩ {V (x) < b}�2/3)

< 1
2 . Then, (2.27) implies that {un} is bounded in Eλ. This com-

pletes the proof of the lemma. �
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Lemma 2.6. Suppose that V ≥ 0, (V1), (V2), (F4) and (A2) hold. If K(x) ≥ 0 for x ∈ R3 and
K ∈ L2(R3) ∪ L∞(R3), then every (C)c sequence of Iλ is bounded in Eλ for each c > 0 and λ > 0.

Proof. For n large enough, by (A2) and (F4), we have

c + 1 ≥ Iλ(un) − 1
4


I ′λ(un),un

�

=
1
4
∥u∥2

λ +
1
4


R3

a(x) [ f (un)un − 4F(un)] dx

≥ 1
4
∥u∥2

λ.

Therefore, {un} is bounded in Eλ. This completes the proof of the lemma. �

Now, we are ready to give our first compactness result, which is very useful in the proof of
Theorems 1.1 and 1.2.

Lemma 2.7. Suppose that (V1), (V2), (F1), (F2), and (A1) hold. If K(x) > 0 for x ∈ R3 and
K ∈ L2(R3) (K(x) ≥ k0 > 0 for x ∈ R3 and K ∈ L∞(R3)), then Iλ satisfies (C)c condition for all
c ∈ R and λ ≥ 1.

Proof. By Lemma 2.4 (or Lemma 2.5), we see that the (C)c sequence {un} given by (2.8) is
bounded in Eλ. It then follows from (2.21) that for any ϵ > 0, there exist R(ϵ) > R0 and n(ϵ) > 0
such that 

|x |≥R

�|∇un |2 + λV+(x)u2
n

�
dx ≤ ϵ, (2.28)

for all R ≥ R(ϵ) and n ≥ n(ϵ). Since {un} is bounded in Eλ, passing to a subsequence if necessary,
we may assume that for some u ∈ Eλ,




un ⇀ u in Eλ,

un → u in Ls
loc(R3), for all s ∈ [1,6). (2.29)

Therefore, in order to prove this lemma, it is sufficient to show that ∥un∥λ → ∥u∥λ as n → ∞. It
follows from



I ′λ(un),u� = o(1) and



I ′λ(un),un

�
= o(1) that

∥u∥2
λ −


R3
λV−(x)unudx +


R3

K(x)φununudx −

R3

a(x) f (un)udx = o(1) (2.30)

and

∥un∥2
λ −


R3
λV−(x)u2

ndx +

R3

K(x)φunu2
ndx −


R3

a(x) f (un)undx = o(1). (2.31)

We claim that 
R3
λV−(x)un(un − u)dx = o(1),


R3

a(x) f (un)(un − u)dx = o(1),

R3

K(x)φunun(un − u)dx = o(1).




(2.32)

In fact, since ∥un∥λ is bounded in Eλ, by the Hölder inequality and (2.29), we deduce that

�����


R3
λV−(x)un(un − u)dx

�����
≤ λ |V−|∞


{V<b}

|un ||un − u|dx
n−→ 0.
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Since ∥un∥λ is bounded in Eλ, by (A1), the Hölder inequality and noting (2.28) and (2.29), we have
�����


R3

a(x) f (un)(un − u)dx
�����
≤
�����


|x |≤R

a(x) f (un)(un − u)dx
�����
+
�����


|x |≥R

a(x) f (un)(un − u)dx
�����

≤ C |un − u|L2(BR(0)) + C

{V<b}

|un − u|2 + C

|x |≥R

λV+(x)u2
ndx

→ 0, by letting n → ∞ and then R → ∞.

On the other hand, if K ∈ L∞(R3), by the Hölder inequality, and noting (2.28) and (2.29), we yield
�����


R3

K(x)φunun(un − u)dx
�����
≤
�����


|x |≤R

K(x)φunun(un − u)dx
�����
+
�����


|x |≥R

K(x)φunun(un − u)dx
�����

≤ |K |∞|φun |L6(BR(0))|un |L3(BR(0))|un − u|L2(BR(0))

+ |K |∞|φun |L6(|x |≥R)|un |L2(|x |≥R)|un − u|L3(|x |≥R)

≤ C |un − u|L2(BR(0)) + C |un |L2(|x |≥R)

→ 0, by letting n → ∞ and then R → ∞,

while for K ∈ L2(R3), we obtain
�����


R3

K(x)φunun(un − u)dx
�����
≤ |un |6|φun |6

(
R3
|K(x)(un − u)|3/2dx

)2/3

≤ C
(
R3
|K(x)(un − u)|3/2dx

)2/3
n−→ 0, (2.33)

since |un − u|3/2 n
⇀ 0 in L4(R3) and K(x)3/2 ∈ L4/3(R3). So, (2.32) is proved. By (2.32), it is easy to

see that (2.30) and (2.31) imply that ∥un∥λ n−→ ∥u∥λ. Thus, un → u in Eλ. This completes the proof
of the lemma. �

We remark that (1.3) is important in the proof of Lemma 2.7. Since the condition (A2) does not
contain (1.3), we have to find another compactness result to prove the Theorem 1.4. In fact, we have
the following parameter dependent compactness result.

Lemma 2.8. Suppose that V ≥ 0, (V1), (V2), (F1), (F3), (F4), and (A2) hold. If K(x) ≥ 0 for
x ∈ R3, K ∈ L2(R3) ∪ L∞(R3), then for any M > 0, there exists Λ = Λ(M) > 0 such that Iλ satisfies
(C)c condition for all c ∈ (0,M) and λ ≥ Λ.

Proof. We give the proof for the case K ∈ L2(R3), and the proof is similar for the case
K ∈ L∞(R3). Let {un} be a (C)c sequence with c ∈ (0,M). By Lemma 2.6, we know that {un} is
bounded in Eλ. Therefore, up to a subsequence, we may assume that for some u ∈ Eλ,




un ⇀ u in Eλ,

un → u in Ls
loc(R3) for all s ∈ [1,6).

First, it is easy to check that I ′λ(u) = 0. Moreover, by (A2) and (F4), we have

Iλ(u) = 1
4
∥u∥2

λ +
1
4


R3

a(x) [ f (u)u − 4F(u)] dx

≥ 1
4
∥u∥2

λ ≥ 0. (2.34)

Now, we show that un → u in Eλ. Let vn := un − u. By (V2) , we have

|vn |22 =

{V ≥b}

v2
ndx +


{V<b}

v2
ndx ≤ 1

λb
∥vn∥2

λ + o(1). (2.35)

It then follows from the Hölder and Sobolev inequalities that

|vn |p ≤ |vn|θ2 |vn |1−θ6 ≤ d |vn|θ2 |∇vn |1−θ2 ≤ d(λb)− θ
2 ∥vn∥λ + o(1), (2.36)
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where p ∈ (2,6), θ = 6−p
2p and the constant d is independent of λ. By Brezis-Lieb Lemma, we obtain

Iλ(vn) = Iλ(un) − Iλ(u) + o(1) and I ′λ(vn) = I ′λ(un) + o(1). (2.37)

Consequently, this together with (2.34), we obtain
1
4
∥vn∥2

λ ≤ Iλ(vn) − 1
4


I ′λ(vn), vn

�

= c − Iλ(u) + o(1)
≤ M + o(1). (2.38)

From (2.1) and (2.38), we yield

|vn|2p ≤ d2
p∥vn∥2

λ ≤ 4d2
pM + o(1), (2.39)

where the constant dp > 0 is independent of λ ≥ 1. Since


I ′λ(vn), vn

�
= o(1) and

R3
a(x) f (vn)vndx ≤ ϵ ∥vn∥2

λ + Cϵ |vn |44,
it follows from (2.36) and (2.39) that

o(1)= ∥vn∥2
λ +


R3

K(x)φvnv
2
ndx −


R3

a(x) f (vn)vn
≥ 1

2
∥vn∥2

λ − C |vn |24|vn |24
≥

(
1
2
− 4Cd2

4Md2(λb)−θ
)
∥vn∥2

λ + o(1).

Thus, there exists Λ = Λ(M) > 0 such that vn → 0 in Eλ as n → ∞, for λ ≥ Λ. This completes the
proof of the lemma. �

III. PROOF OF THEOREMS 1.1-1.4

In this section, we study the existence of solutions for system (SP)λ and give the proof of
Theorems 1.1–1.4. If V is sign-changing, we show that the functional Iλ have the linking geometry
to apply the following linking theorem.26

Proposition 3.1. Let E = E1 ⊕ E2 be a Banach space with dim E2 < ∞, Φ ∈ C1(E,R). If there
exist R > ρ > 0, κ > 0 and e0 ∈ E1 such that

κ = infΦ(E1 ∩ Sρ) > supΦ(∂Q),
where Sρ = {u ∈ E : ∥u∥ = ρ}, Q = {u = v + te0 : v ∈ E2, t ≥ 0, ∥u∥ ≤ R}. Then Φ has a (C)c
sequence with c ∈ [κ,supΦ(Q)].

In the sequel, we use Proposition 3.1 with E1 = E+λ ⊕ F and E2 = E−λ. By Remark 2.1, there
exists Λ0 > 0 such that E−λ , ∅ and is finite dimensional for λ ≥ Λ0. Now we are ready to show the
linking structure of the functional Iλ.

Lemma 3.2. Suppose that (V1), (V2), (F1), (F2), and (A2) are satisfied. If K(x) ≥ 0 for x ∈ R3

and K ∈ L2(R3) ∪ L∞(R3), then for each λ > Λ0, there exist ρλ > 0 and κλ > 0 such that

Iλ(u) ≥ κλ, ∀u ∈ E+λ ⊕ F with ∥u∥λ = ρλ.

Moreover, if V ≥ 0, we can choose ρ and κ independent of λ ≥ 1.

Proof. From (F1) and (F2), we deduce that for any ϵ > 0, there exists Cϵ > 0 such that

|F(s)| ≤ ϵ |s|2 + Cϵ |s|2∗. (3.1)

Observe that, from the definition of E+λ, there exists δλ > 0 such that

Bλ(u,u) ≥ δλ∥u∥2
λ, for u ∈ E+λ
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and

Bλ(u,u) = ∥u∥2
λ, for u ∈ F.

Thus, for u = v + w ∈ E+λ ⊕ F, since (v,w)λ = 0, it follows from (3.1) and (2.1) that

Iλ(u)= 1
2

Bλ(v, v) + 1
2

Bλ(w,w) + 1
4


R3

K(x)φuu2dx −

R3

a(x)F(u)dx

≥ 1
2

min{δλ,1}∥u∥2
λ −


R3

a(x)F(u)dx

≥ 1
2

min{δλ,1}∥u∥2
λ − ϵ |a|∞d2

2∥u∥2
λ − Cϵ |a|∞d2

6∥u∥2∗
λ .

Taking ϵ > 0 small enough, we have the desired conclusion. If V ≥ 0, since Bλ(u,u) = ∥u∥2
λ, we can

choose ρ > 0 and κ > 0 independent of λ ≥ 1. The proof is complete. �

Lemma 3.3. Suppose that V (x) < 0 for some x, (V1), (V2), (F1), (F2), and (A2) are satisfied. If
K(x) ≥ 0 for x ∈ R3 and K ∈ L2(R3) ∪ L∞(R3), then for each m ∈ N, there exist λm > m, k∗λm

> 0,

wm ∈ E+λm
⊕ F and Rλm > ρλm such that for |K |2 < k∗λm

(
or |K |∞ < k∗λm

)
sup
u∈∂Q

Iλm(u) < κλm,

where Q =
�
u = v + twm : v ∈ E−λm

, t ≥ 0, ∥u∥λm ≤ Rλm

	
.

Proof. We give the proof for K ∈ L2(R3), the proof for K ∈ L∞(R3) is similar.

(i) For each m ∈ N, we may find jm ∈ N such that µ jm(m) > 1, since µ j(m) j
−→ ∞. Set

Ω0 =
�
x ∈ R3 : V (x) < 0

	
.

Since V (x) < 0 for some x, we see thatΩ0 , ∅. We claim that there exists λm > m such that

1 < µ jm(λm) < 1 +
1
2

a0l
�
λm|V−|∞�−1

, (3.2)

where l > 0 is given by (F2). Indeed, for the above fixed jm, by Proposition 2.2, there exists Λm > m
such that µ jm(Λm) = 1. Then by the continuity we see that there exists λm ∈ (m,Λm) such that
µ jm(λm) = 1 + δm, where 0 < δm < min

�
µ jm(m) − 1, a0l

2Λm |V−|∞
	
. So, (3.2) holds. Let e jm(λm) be an

eigenfunction of µ jm(λm) and we denote e jm(λm) by wm for simplicity. Since µ jm(λm) > 1, we
have wm ∈ E+λm

. Let

G(x,u) = a(x)F(u) − l
2

a(x)u2 and |u|22,a =

R3

a(x)u2dx.

Moreover, we set

Jλ(u) = 1
2

Bλ(u,u) −

R3

a(x)F(u)dx, for u ∈ Eλ.

Then for u ∈ E−λm
⊕ Rwm, we have

Jλm(u) = 1
2


R3

�|∇u|2 + (λmV (x) − la(x)) u2� dx −

R3

G(x,u)dx.

From (F1) and (F2), we conclude that for v ∈ E−λm
⊕ Rwm with |v |2,a = 1, there holds

lim
t→+∞

1
t2


R3

G(x, tv)dx = 0.

Thus for any ϵ > 0, there exists R(ϵ) > 0 such that
�����


R3

G(x,u)dx
�����
≤ ϵ


R3

a(x)u2dx,
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for all u ∈ E−λm
⊕ Rwm with |u|2,a ≥ R(ϵ). Hence, for l > 0 given by (F2), there exists R(l) > 0 such

that for all u ∈ E−λm
⊕ Rwm with |u|2,a ≥ R(l), there holds

Jλm(u) ≤ 1
2

�
µ jm(λm) − 1

� 
R3
λmV−(x)u2dx − l


R3

a(x)u2dx

+
�����


R3

G(x,u)dx
�����

≤ 1
2

�
µ jm(λm) − 1

� 
R3
λmV−(x)u2dx − l

2


R3

a(x)u2dx

− l

8


R3

a(x)u2dx

≤ 1
2


λm|V−|∞ �µ jm(λm) − 1

�
− l

2
a0

 
Ω0

u2dx − l
8


R3

a(x)u2dx

≤ − l
8


R3

a(x)u2dx by (3.2). (3.3)

Since E−λm
⊕ Rwm is finite dimensional, we have |u|2,a ≥ Cλm∥u∥λm for all u ∈ E−λm

⊕ Rwm. Then,
by (3.3), we see that there exists Rλm > ρλm such that

Jλm(u) < 0, for all u ∈ E−λm
⊕ Rwm with ∥u∥λm = Rλm.

Combining this with (2.6), we yield that for all u ∈ E−λm
⊕ Rwm with ∥u∥λm = Rλm,

Iλm(u) = Jλm(u) + 1
4


R3

K(x)φuu2dx ≤ C |K |22∥u∥4
λm
= C |K |22R4

λm
.

Consequently, choosing k∗λm
= κ1/2

λm
/
(
C1/2R2

λm

)
, then for |K |2 < k∗λm

, we deduce that Iλm(u) < κλm

for all u ∈ E−λm
⊕ Rwm with ∥u∥λm = Rλm.

(ii) It follows from the definition of E−λm
that, for u ∈ E−λm

⊕ Rwm with ∥u∥λm ≤ Rλm,

Iλm(u) ≤ 1
4


R3

K(x)φuu2dx ≤ C |K |22∥u∥4
λm
≤ C |K |22R4

λm
.

Therefore, for |K |2 < k∗λm
, we conclude that Iλm(u) < κλm for all u ∈ E−λm

with ∥u∥λm ≤ Rλm. The
proof is complete. �

Lemma 3.4. Suppose that V ≥ 0, (V1), (V2), (F1), (F2) (or (F3)), and (A2) hold. If K(x) ≥ 0 for
x ∈ R3 and K ∈ L2(R3) ∪ L∞(R3), then any nontrivial solution of (SP)λ is a positive solution.

Proof. Suppose u is a nontrivial solution of problem (SP)λ, then
R3
(∇u∇v + λV (x)uv + K(x)φuuv) dx =


R3

a(x) f (u)vdx, ∀v ∈ Eλ.

Taking v = u− = −min{0,u}, and by (F1) we obtain
R3

��|∇u−|2 + λV (x)|u−|2� + K(x)φu |u−|2� dx = 0.

So, we see that ∥u−∥λ = 0 and u ≡ u+ ≥ 0. By the strong maximum principle, we have u > 0. The
proof is complete. �

Proof of Theorem 1.1. It is a direct consequence of Proposition 3.1 and Lemmas 3.2, 3.3, 2.4,
2.5, and 2.7. The proof is complete. �

Proof of Theorem 1.2. Since we suppose V ≥ 0, the function Iλ has mountain pass geometry
and the existence of nontrivial solutions can be obtained by the mountain pass theorem.39 In fact, by
Lemma 3.2 with E−λ = {0}, 0 ∈ Eλ is the local minimum for Iλ, and ρ, κ are independent of λ. Since
l > µ∗, we can choose a nonnegative function ϕ ∈ H1

0(Ω) with
Ω

a(x)ϕ2dx = 1 and

Ω

|∇ϕ|2dx < l .

It then follows from (F2) and Fatou’s lemma that

lim
t→+∞

Jλ(tϕ)
t2 =

1
2


Ω

|∇ϕ|2dx − lim
t→+∞

1
t2


Ω

a(x)F(tϕ)dx ≤ 1
2

(
Ω

|∇ϕ|2dx − l
)
< 0.
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So, Jλ(tϕ) → −∞ as t → +∞, then there exists e ∈ H1
0(Ω) with ∥e∥ > ρ such that Jλ(e) ≤ −1. Thus,

by (2.7), we have

Iλ(e)= Jλ(e) + 1
4


R3

K(x)φee2dx

≤ −1 + C |K |2∞∥e∥4.

Consequently, taking k∗ = C−1/2∥e∥−1, we deduce that Iλ(e) < 0 for |K |∞ < k∗. So, the conclusion
of the case K ∈ L∞(R3) follows from the mountain pass theorem and Lemmas 2.5, 2.7, and 3.4.

While for the case K ∈ L2(R3), we see that the functional Iλ has a nontrivial critical point by the
mountain pass theorem, lemmas 2.4 and 2.7 in a similar way to the case K ∈ L∞(R3). Set

Nλ =
�
u ∈ Eλ \ {0} : I ′λ(u) = 0

	
.

Thus,Nλ is nonempty. For any u ∈ Nλ, we have

0 =


I ′λ(u),u

�
= ∥u∥2

λ +


R3

K(x)φuu2dx −

R3

a(x) f (u)udx

≥ (1 − C1ϵ)∥u∥2
λ − C2Cϵ∥u∥6

λ. (3.4)

Since u , 0 whenever u ∈ Nλ, (3.4) implies that the limit point of any sequence on Nλ is different
from zero.

We claim that Iλ is bounded from below onNλ, i.e., there exists m̂λ > 0 such that

Iλ(u) ≥ −m̂λ, for all u ∈ Nλ.

Otherwise, there exists {un} ⊂ Nλ such that

Iλ(un) < −n, for any n ∈ N. (3.5)

It is easy to see that

Iλ(un) ≥ C3

4
∥un∥2

λ − C4∥un∥6
λ.

This and (3.5) imply that ∥un∥λ → +∞ as n → ∞. Let ωn = un/∥un∥λ, then there exists ω ∈ Eλ

such that, up to a sequence, (2.9) holds. Note that I ′λ(un) = 0 by un ∈ Nλ, as in the proof of Lemma
2.4, we see that ∥un∥ → +∞ as n → ∞ is impossible. Then, Iλ is bounded from below on Nλ. So,
we may define

ĉλ = inf {Iλ(u) : u ∈ Nλ} .
and ĉλ ≥ −m̂λ. Let {ûn} ⊂ Nλ be such that Iλ(ûn) → ĉλ, as n → ∞. Following almost the same
procedures as the proof of Lemmas 2.4 and 2.7, we can show that {ûn} is bounded in Eλ and it
has a convergent subsequence, strongly converging to û ∈ Eλ \ {0}. Thus Iλ(û) = ĉλ and I ′λ(û) = 0.
It then follows from Lemma 3.4 that û is a positive ground state of problem (SP)λ. The proof is
complete. �

Proof of Theorem 1.3. Suppose that (u, φu) ∈ Eλ × D1,2(R3) is a solution of (SP)λ. Then,
multiplying the first equation in (SP)λ by u and integrating by parts, we obtain

R3

�|∇u|2 + λV (x)u2 + K(x)φuu2 − a(x) f (u)u� dx = 0. (3.6)

As in (2.23), we have

k0


R3
|u|3dx ≤


R3

K(x)|u|3dx =

R3
∇φu∇udx

≤ 1
2


R3

�|∇u|2 + K(x)φuu2� dx. (3.7)

From (F1) and (F2), we see that for any ϵ > 0, there exists Cϵ > 0 such that

f (u)u ≤ ϵu2 + Cϵ |u|3. (3.8)
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Then, by the Hölder inequality, we have that for all λ ≥ 1,
R3

a(x) f (u)udx ≤ ϵ |a|∞
(

{V<b}
u2dx +


{V ≥b}

u2dx
)
+ Cϵ |a|∞


R3

u3dx

≤ ϵ |a|∞max


S−1 |{V < b}| 2
3 ,b−1


∥u∥2

λ + Cϵ |a|∞

R3

u3dx. (3.9)

Let ϵ > 0 small enough such that

ϵ |a|∞max


S−1 |{V < b}| 2
3 ,b−1


≤ 1

2
.

Then, (3.9) becomes that
R3

a(x) f (u)udx ≤ 1
2


R3
|∇u|2dx +

1
2


R3
λV (x)u2dx + C


R3

u3dx. (3.10)

Substituting (3.7) and (3.10) into (3.6), we have

0=

R3

�|∇u|2 + λV (x)u2 + K(x)φuu2 − a(x) f (u)u� dx

≥ (k0 − C)

R3
|u|3dx.

Therefore, if k0 > C, then u must be zero. The proof is complete. �

Proof of Theorem 1.4. It follows from the conditions (F1), (F3), and (F4) that there exist con-
stants C1 > 0 and C2 > 0 such that

F(s) ≥ C1s4 − C2s2, for all s > 0.

Similar to the proof of [Ref. 42, Theorem 1.2], there exists a (C)c sequence {un} ⊂ Eλ such that

Iλ(un) → cλ and I ′λ(un) → 0 in E∗λ, (3.11)

where

cλ = inf
γ∈Γ

max
t ∈[0,1]

Iλ (γ(t)) ,

with Γ =
�
γ ∈ C

�[0,1],E∗λ
�

: γ(0) = 0, Iλ(e) < 0
	
. By (V3), and noting that e ∈ H1

0(Ω), we can
easily see that there exists a constant C0 > 0, independent of λ, such that for all λ > 0,

cλ = inf
γ∈Γ

max
t ∈[0,1]

Iλ(γ(t)) ≤ max
t ∈[0,1]

Iλ(te) ≤ C0. (3.12)

It then follows from Lemmas 2.6 and 2.8 that un → u in Eλ for all λ ≥ Λ. Thus, u is a nontrivial
critical point of (SP)λ. Set

Nλ =
�
u ∈ Eλ \ {0} : I ′λ(u) = 0

	
.

So,Nλ is nonempty. For any u ∈ Nλ, we have

0 =


I ′λ(u),u

�
= ∥u∥2

λ +


R3

K(x)φuu2dx −

R3

a(x) f (u)udx

≥ (1 − C1ϵ)∥u∥2
λ − C2Cϵ∥u∥6

λ,

which implies that the limit point of any sequence onNλ is different from zero.
We claim that Iλ is bounded from below onNλ. It follows from u ∈ Nλ and (F4) that

Iλ(u)= 1
4
∥u∥2

λ −

R3

a(x)

F(u) − 1

4
f (u)u


dx

≥ 1
4
∥u∥2

λ > 0.

So, Iλ is bounded from below onNλ. Hence, we may define

c̃λ = inf {Iλ(u) : u ∈ Nλ} .
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It is easy to see that c̃λ > 0. Let {ũn} ⊂ Nλ be such that Iλ(ũn) → c̃λ, as n → ∞. Following almost
the same procedures as the proof of Lemmas 2.6 and 2.8, we can show that {ũn} is bounded in
Eλ and it has a convergent subsequence, strongly converging to ũ ∈ Eλ \ {0}. Thus Iλ(ũ) = c̃λ and
I ′λ(ũ) = 0. It then follows from Lemma 3.4 that ũ is a positive ground state solution of problem
(SP)λ. The proof is complete. �

IV. ASYMPTOTIC BEHAVIOR OF POSITIVE GROUND STATE SOLUTIONS

In this section, we investigate the asymptotic behavior of positive ground state solutions for
system (SP)λ and give the proof of Theorem 1.5.

Proof of Theorem 1.5. We follow the argument in Ref. 4 (or see Ref. 42). For any sequence
λn → ∞, let un := uλn be the positive ground state solution of system (SP)λn obtained in Theorem
1.4. By (A2) and (F4), we have

c̃λn =
1
4
∥un∥2

λn
+

1
4


R3

a(x) [ f (un)un − 4F(un)] dx

≥ 1
4
∥un∥2

λn
. (4.1)

Combining (4.1) with (3.12), one has

sup
n≥1

∥un∥2
λn
≤ 4C0, (4.2)

where the constant C0 is independent of λn. Consequently, up to a subsequence, we may assume that
for some nonnegative u0 ∈ E,




un ⇀ u0 in E,

un → u0 in Ls
loc(R3) for all s ∈ [1,6),

un → u0 a.e. in R3.

(4.3)

By Fatou’s lemma and (4.2), we obtain
R3

V (x)u2
0dx ≤ lim inf

n→∞


R3

V (x)u2
ndx ≤ lim inf

n→∞

∥un∥2
λn

λn
= 0,

thus u0 = 0 a.e. in R3 \ V−1(0), and u0 ∈ H1
0(Ω) by the condition (V3). Now for any ϕ ∈ C∞0 (Ω), since


I ′λn
(un), ϕ� = 0, it is easy to check that

R3
∇u0∇ϕdx +


R3

K(x)φu0u0ϕdx =

R3

a(x) f (u0)ϕdx,

that is, u0 is a weak nonnegative solution of (SP)∞ by the density of C∞0 (Ω) in H1
0(Ω).

Next, we show that un → u0 in Ls(R3) for 2 < s < 6. Otherwise, by Lions vanishing lemma22

there exist δ > 0, r > 0 and yn ∈ R3 such that
Br (yn)

|un − u0|2dx ≥ δ.

Moreover, |yn | n−→ ∞, so |Br(yn) ∩ {V < b}| n−→ 0. Then, by the Hölder inequality we have
Br (yn)∩{V<b}

|un − u0|2dx
n−→ 0.

Consequently,

∥un∥2
λn
≥ λnb


Br (yn)∩{V ≥b}

u2
ndx = λnb


Br (yn)∩{V ≥b}

|un − u0|2dx

= λnb
(

Br (yn)
|un − u0|2dx −


Br (yn)∩{V<b}

|un − u0|2dx
)
→ ∞,

as n → ∞, which contradicts (4.2).
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To complete the proof, it suffices to show that un → u0 in E. It follows from


I ′λn

(un),un

�
=


I ′λn
(un),u0

�
= 0 that

∥un∥2
λn
+


R3

K(x)φunu2
ndx =


R3

a(x) f (un)undx, (4.4)



un,u0

�
λn
+


R3

K(x)φununu0dx =

R3

a(x) f (un)u0dx. (4.5)

We claim that 
R3
(a(x) f (un)un − a(x) f (un)u0) dx

n−→ 0 (4.6)

and 
R3

�
K(x)φunu2

n − K(x)φununu0
�

dx
n−→ 0. (4.7)

Indeed, by a standard procedure, we can show that (4.6) holds. On the other hand, if K ∈ L∞(R3),
from the Hölder inequality and un → u0 in L3(R3) we conclude that

R3

�
K(x)φunu2

n − K(x)φununu0
�

dx ≤ |K |∞|φun |6|un |2|un − u0|3 n−→ 0,

while for K ∈ L2(R3), we obtain (4.7) in a similar way to (2.33).
By (4.4)–(4.7), we yield that

lim
n→∞

∥un∥2
λn
= lim

n→∞



un,u0

�
λn
= lim

n→∞



un,u0

�
= ∥u0∥2.

On the other hand, weakly lower semi-continuity of norm implies that

∥u0∥2 ≤ lim inf
n→∞

∥un∥2 ≤ lim inf
n→∞

∥un∥2
λn
,

hence un → u0 in E. From (4.4) and the fact that un , 0, we deduce that for n large,

∥un∥2 ≤ ∥un∥2
λn
≤ C∥un∥6,

which implies that u0 , 0. By the strong maximum principle, u0 is a positive solution of (SP)∞.
This completes the proof. �

ACKNOWLEDGMENTS

The authors would like to express sincere thanks to the anonymous referee for his/her careful
reading of the manuscript and valuable comments and suggestions. This work was supported by Nat-
ural Science Foundation of China [Nos. 11171135, 51276081, 11201186, 11571140, and 11371090],
Major Project of Natural Science Foundation of Jiangsu Province Colleges and Universities [No.
14KJA110001], Natural Science Foundation of Jiangsu Province [Nos. BK20150478, BK20140106,
and BK2012282], China Postdoctoral Science Foundation funded project [Nos. 2012M511199 and
2013T60499].

1 Ambrosetti, A., “On Schrödinger-Poisson systems,” Milan J. Math. 76, 257-274 (2008).
2 Ambrosetti, A. and Ruiz, D., “Multiple bound states for the Schrödinger-Poisson equation,” Commun. Contemp. Math. 10,

1-14 (2008).
3 Azzollini, A., “Concentration and compactness in nonlinear Schröodinger-Poisson system with a general nonlinearity,” J.

Differ. Equations 249, 1746-1763 (2010).
4 Bartsch, T., Pankov, A., and Wang, Z. Q., “Nonlinear Schrödinger equations with steep potential well,” Commun. Contemp.

Math. 3, 549-569 (2001).
5 Bartsch, T. and Tang, Z., “Multibump solutions of nonlinear Schröinger equations with steep potential well and indefinite

potential,” Discrete Contin. Dyn. Syst. 33, 7-26 (2013).
6 Bartsch, T. and Wang, Z. Q., “Existence and multiplicity results for superlinear elliptic problems on RN ,” Commun. Partial

Differ. Equations 20, 1725-1741 (1995).
7 Benci, V. and Fortunato, D., “An eigenvalue problem for the Schrödinger-Maxwell equations,” Topol. Methods Nonlinear

Anal. 11, 283-293 (1998).

http://dx.doi.org/10.1007/s00032-008-0094-z
http://dx.doi.org/10.1142/S021919970800282X
http://dx.doi.org/10.1016/j.jde.2010.07.007
http://dx.doi.org/10.1016/j.jde.2010.07.007
http://dx.doi.org/10.1142/S0219199701000494
http://dx.doi.org/10.1142/S0219199701000494
http://dx.doi.org/10.3934/dcds.2013.33.7
http://dx.doi.org/10.1080/03605309508821149
http://dx.doi.org/10.1080/03605309508821149


031502-19 Du et al. J. Math. Phys. 57, 031502 (2016)

8 Cerami, G. and Vaira, G., “Positive solutions for some non autonomous Schrödinger-Poisson systems,” J. Differ. Equations
248, 521-543 (2010).

9 Coclite, G. M., “A multiplicity result for the nonlinear Schrödinger-Maxwell equations,” Commun. Appl. Anal. 7, 417-423
(2003).

10 D’Aprile, T. and Mugnai, D., “Solitary waves for nonlinear Klein-Gordon-Maxwell and Schrödinger-Maxwell equations,”
Proc. R. Soc. Edinburgh, Sect. A 134, 893-906 (2004).

11 D’Aprile, T. and Wei, J. C., “On bound states concentrating on spheres for the Maxwell-Schrödinger equation,” SIAM J.
Math. Anal. 37, 321-342 (2005).

12 del Pino, M. and Felmer, P., “Local mountain passes for semilinear elliptic problems in unbounded domains,” Calculus Var.
Partial Differ. Equations 4, 121-137 (1996).

13 Ding, Y. H. and Szulkin, A., “Bound states for semilinear Schröinger equations with sign-changing potential,” Calculus Var.
Partial Differ. Equations 29, 397-419 (2007).

14 Ding, Y. H. and Wei, J. C., “Semiclassical states for nonlinear Schrödinger equations with sign-changing potentials,” J.
Funct. Anal. 251, 546-572 (2007).

15 He, X. M., “Multiplicity and concentration of positive solutions for the Schrödinger-Poisson equations,” Z. Angew. Math.
Phys. 62, 869-889 (2011).

16 He, X. M. and Zou, W. M., “Existence and concentration of ground states for Schrödinger-Poisson equations with critical
growth,” J. Math. Phys. 53, 023702 (2012).

17 Ianni, I. and Vaira, G., “On concentration of positive bound states for the Schrödinger-Poisson problem with potentials,”
Adv. Nonlinear Stud. 8, 573-595 (2008).

18 Jiang, Y. S. and Zhou, H. S., “Bound states for a stationary nonlinear Schrödinger-Poisson system with sign-changing
potential in R3,” Acta Math. Sci. 29, 1095-1104 (2009).

19 Jiang, Y. S. and Zhou, H. S., “Schrödinger-Poisson system with steep potential well,” J. Differ. Equations 251, 582-608
(2011).

20 Kikuchi, H., “On the existence of a solution for elliptic system related to the Maxwell-Schrödinger equations,” Nonlinear
Anal. 67, 1445-1456 (2007).

21 Li, G. B., Peng, S. J., and Wang, C. H., “Multi-bump solutions for the nonlinear Schrödinger-Poisson system,” J. Math.
Phys. 52, 053505 (2011).

22 Lions, P. L., “The concentration-compactness principle in the calculus of variations. The locally compact case, part I,” Ann.
Inst. Henri Poincare Non Linear Anal. 1, 109-145 (1984).

23 Liu, C. Y., Wang, Z. P., and Zhou, H. S., “Asymptotically linear Schröinger equation with potential vanishing at infinity,”
J. Differ. Equations 245, 201-222 (2008).

24 Markowich, P. A., Ringhofer, C., and Schmeiser, C., Semiconductor Equations (Springer-Verlag, Vienna, 1990).
25 Mercuri, C., “Positive solutions of nonlinear Schrödinger-Poisson systems with radial potentials vanishing at infinity,” Atti

Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei Mat. Appl. 19, 211-227 (2008).
26 Rabinowitz, P. H., Minimax Methods in Critical Point Theory with Applications to Differential Equations, CBMS Regional

Conference Series in Mathematics Vol. 65 (American Mathematical Society, Providence, Rhode Island, 1986).
27 Ruiz, D., “Semiclassical states for coupled Schrödinger-Maxwell equations: Concentration around a sphere,” Math. Models

Methods Appl. Sci. 15, 141-164 (2005).
28 Ruiz, D., “The Schrödinger-Poisson equation under the effect of a nonlinear local term,” J. Funct. Anal. 237, 655-674 (2006).
29 Sánchez, O. and Soler, J., “Long-time dynamics of the Schrödinger-Poisson-Slater system,” J. Stat. Phys. 114, 179-204

(2004).
30 Stuart, C. and Zhou, H., “Global branch of solutions for nonlinear Schrödinger equations with deepening potential well,”

Proc. London Math. Soc. 92, 655-681 (2006).
31 Sun, J. T., Chen, H. B., and Nieto, J. J., “On ground state solutions for some non-autonomous Schrödinger-Poisson systems,”

J. Differ. Equations 252, 3365-3380 (2012).
32 Sun, J. T. and Wu, T. F., “Ground state solutions for an indefinite Kirchhoff type problem with steep potential well,” J. Differ.

Equations 256, 1771-1792 (2014).
33 Wang, J., Tian, L. X., Xu, J. X., and Zhang, F. B., “Existence of multi-bump solutions for a semilinear Schrödinger-Poisson,”

Nonlinearity 26, 1377-1399 (2013).
34 Wang, J., Xu, J. X., Zhang, F. B., and Chen, X. M., “Existence and concentration of positive ground state solutions for

semilinear Schrodinger-Poisson systems in R3,” Calculus Var. Partial Differ. Equations 48, 243-273 (2013).
35 Wang, Z. P. and Zhou, H. S., “Positive solution for a nonlinear stationary Schrödinger-Poisson system in R3,” Discrete

Contin. Dyn. Syst. 18, 809-816 (2007).
36 Wang, Z. P. and Zhou, H. S., “Positive solutions for nonlinear Schrödinger equations with deepening potential well,” J. Eur.

Math. Soc. (JEMS) 11, 545-573 (2009).
37 Yang, M. B. and Ding, Y. H., “Existence of semiclassical solutions for a class of Schrödinger-Maxwell equations,” Sci.

China Math. 40, 575-591 (2010).
38 Willem, M., Analyse Harmonique Réelle (Hermann, Paris, 1995).
39 Willem, M., Minimax Theorems (Birkhäuser, Boston, 1996).
40 Zhang, J., “On the Schrödinger-Poisson equations with a genernal nonlinearity in the critical growth,” Nonlinear Anal. 75,

6391-6401 (2012).
41 Zhang, H., Xu, J. X., and Zhang, F. B., “Positive ground states for asymptotically periodic Schrödinger-Poisson systems,”

Math. Meth. Appl. Sci. 36, 427-439 (2013).
42 Zhao, L. G., Liu, H. D., and Zhao, F. K., “Existence and concentration of solutions for the Schrödinger-Poisson equations

with steep well potential,” J. Differ. Equations 255, 1-23 (2013).
43 Zhao, L. G. and Zhao, F. K., “On the existence of solutions for the Schröinger-Poisson equations,” J. Math. Anal. Appl.

346, 155-169 (2008).
44 Zhu, H. B., “An asymptotically linear Schrödinger-Poisson system on R3,” Nonlinear Anal. 75, 5261-5269 (2012).

http://dx.doi.org/10.1016/j.jde.2009.06.017
http://dx.doi.org/10.1017/S030821050000353X
http://dx.doi.org/10.1137/S0036141004442793
http://dx.doi.org/10.1137/S0036141004442793
http://dx.doi.org/10.1007/BF01189950
http://dx.doi.org/10.1007/BF01189950
http://dx.doi.org/10.1007/s00526-006-0071-8
http://dx.doi.org/10.1007/s00526-006-0071-8
http://dx.doi.org/10.1016/j.jfa.2007.07.005
http://dx.doi.org/10.1016/j.jfa.2007.07.005
http://dx.doi.org/10.1007/s00033-011-0120-9
http://dx.doi.org/10.1007/s00033-011-0120-9
http://dx.doi.org/10.1063/1.3683156
http://dx.doi.org/10.1016/s0252-9602(09)60088-6
http://dx.doi.org/10.1016/j.jde.2011.05.006
http://dx.doi.org/10.1016/j.na.2006.07.029
http://dx.doi.org/10.1016/j.na.2006.07.029
http://dx.doi.org/10.1063/1.3585657
http://dx.doi.org/10.1063/1.3585657
http://dx.doi.org/10.1016/j.jde.2008.01.006
http://dx.doi.org/10.4171/RLM/520
http://dx.doi.org/10.4171/RLM/520
http://dx.doi.org/10.1142/S0218202505003939
http://dx.doi.org/10.1142/S0218202505003939
http://dx.doi.org/10.1016/j.jfa.2006.04.005
http://dx.doi.org/10.1023/B:JOSS.0000003109.97208.53
http://dx.doi.org/10.1017/S0024611505015637
http://dx.doi.org/10.1016/j.jde.2011.12.007
http://dx.doi.org/10.1016/j.jde.2013.12.006
http://dx.doi.org/10.1016/j.jde.2013.12.006
http://dx.doi.org/10.1088/0951-7715/26/5/1377
http://dx.doi.org/10.1007/s00526-012-0548-6
http://dx.doi.org/10.3934/dcds.2007.18.121
http://dx.doi.org/10.3934/dcds.2007.18.121
http://dx.doi.org/10.4171/JEMS/160
http://dx.doi.org/10.4171/JEMS/160
http://dx.doi.org/10.1016/j.na.2012.07.008
http://dx.doi.org/10.1002/mma.2604
http://dx.doi.org/10.1016/j.jde.2013.03.005
http://dx.doi.org/10.1016/j.jmaa.2008.04.053
http://dx.doi.org/10.1016/j.na.2012.04.042

