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In this paper, we are concerned with a class of Schrédinger-Poisson systems with the
asymptotically linear or asymptotically 3-linear nonlinearity. Under some suitable
assumptions on V, K, a, and f, we prove the existence, nonexistence, and asymptotic
behavior of solutions via variational methods. In particular, the potential V is allowed
to be sign-changing for the asymptotically linear case. © 2016 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4941036]

. INTRODUCTION AND MAIN RESULTS

This paper deals with the existence, nonexistence, and asymptotic behavior of solutions to the
following nonlinear Schrédinger-Poisson system:

{—Au + AV(Xu + K(x)¢u = a(x)f(u), xeR3,

(5P)a —A¢ = K(x)u?, x € R?,

where A > 0 is a parameter, K(x) € LA(R?) U L®(R?), a(x) is a positive bounded function, f(s) is
either asymptotically linear or asymptotically 3-linear in s at infinity, and the potential V satisfies
the following conditions:

(Vi) 'V € C(R?R) and V is bounded from below;
(V) there exists b > 0 such that the set {x € R*: V(x) < b} is nonempty and has finite measure;

(V5) Q= int V-(0) is nonempty and has smooth boundary and Q = V~-1(0).

The kind of hypotheses was first introduced by Bartsch and Wang® in the study of a nonlinear
Schrodinger equation and has been attracting much attention, see, e.g., Refs. 4, 5, 30, and 36. The
conditions (V;)—(V3) imply that AV represents a potential well whose depth is controlled by A. AV is
referred as the steep potential well if A is sufficiently large and one expects to find solutions which
localize near its bottom Q.

Such a system, also known as Schrodinger-Maxwell system, arises in many fields of physics.
For example, Schrodinger-Poisson system can describe the interaction of a charged particle with its
own electrostatic field in quantum mechanics. The unknowns u and ¢ represent the wave functions
associated with the particle and electric potential, and the function V and K are, respectively, an
external potential and nonnegative density charge. We refer to Benci and Fortunato’ and references
therein for more details. This model can also appear in semiconductor theory to describe solitary
waves. >
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In recent years, the following Schrédinger-Poisson system,

—Au+ V(x)u + K(x)pu = f(x,u), xe€R>
-A¢ = K(x)u?, x € R?,

has been widely studied under variant assumptions on V, K, and f via variational methods, and
existence, nonexistence and multiplicity results are obtained in many papers, see, e.g., Refs. 2, 3,
9-11, 18, 20, 21, 25, 28, and 40-43.

Recently, Wang and Zhou? studied the following asymptotically linear Schrédinger-Poisson
system:

_ _ 3
{ Au+V(xX)u+ Agu = f(x,u), x eR’, (1.1)

_A¢ = 1,{2’ X € R3,

where A > 0 is a parameter, and V # const. They proved that problem (1.1) has a positive solu-
tion for A small and has no any nontrivial solution for A large. Later, Zhu** also studied system
(1.1) with V(x) = B, and asymptotically linear nonlinearity f(x,s)s where f(x,s) tends to p(x)
and g(x) € L°(R?), respectively, as s — 0 and s — +co. The author obtained the existence and
nonexistence results, depending on the parameters 8 and A.

Very recently, Cerami and Vaira® considered the following system:

{ Au+u + K(x)pu = a(x)|u|’ u, x eR’, (1.2)

—A¢ = K(x)u?, x € R?,

where 3 < p < 5, and K € L%(R?). They proved that (1.2) possesses a positive ground state solution
by minimization on Nehari manifold when a : R* — R and K : R? — R are nonnegative functions
such that

lim a(x) = dw, lim K(x)=0.

|x[—=00 %[00
Later, Sun et al.®' also studied system (1.2) with asymptotically linear nonlinearity a(x)f (). They
obtained the existence of positive ground state solutions under suitable K € L%(R?) and a(x) by the
mountain pass theorem.

Nearly, Jiang and Zhou'? first applied the steep potential well into Schrodinger-Poisson sys-
tem and proved the existence of solutions. Moreover, they also studied the asymptotic behavior of
solutions by combining domains approximation with priori estimates. Subsequently, Zhao et al.*?
considered system (SP), with V satisfying (V;)—(V3) and a(x)f(u) = |u|P~2u, where p € (3,6). By
using variational setting of Refs. 13 and 14, they obtained the existence and asymptotic behavior
of nontrivial solutions. In particular, the potential V is allowed to be sign-changing for the case
p € (4,6). Later, Sun and Wu*” studied the following Kirchhoff type problem:

—(a+ b/ |Vu|2)Au +AV(x)u = f(x,u), xeRV,
RN
ue H'RM),

where N > 3, the parameters a,b,d > 0, the potential V satisfies the conditions (V})—(V3) and
V >0, and the nonlinearity f(x,s) is asymptotically k-linear (k = 1,3,4) with respect to s at
infinity. They proved the existence and nonexistence of nontrivial solutions by using variational
methods. Furthermore, they also explored the asymptotic behavior of solutions.

Moreover, the semiclassical limit of system (1.1) was also studied recently. More precisely, the
first equation of system (1.1) looks like —€?Au + V(x)u + K(x)¢u = a(x)|u|P~'u, and the solutions
exhibit concentration phenomena as the parameter € goes to zero. We refer to Refs. 1, 15-17, 27, 33,
34, and 37 and the references therein on this subject.

Motivated by the works described above, particularly, by the results in Ref. 42, the aim of this
paper is to consider system (S%), with steep potential well. To our best knowledge, this case has
not ever been studied for the asymptotically linear nonlinear term. We mainly study the existence
and nonexistence of solutions for system (S%), with the asymptotically linear nonlinearity via
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variational methods. Moreover, the existence and asymptotic behavior of ground state solutions are
also discussed for system (S%), with the asymptotically 3-linear nonlinearity.
If f(s) is asymptotically linear in s at infinity, we assume that

(F) feC®,RY), f(s)=0foralls < 0and f(s)/s — Oas s — 0;
(F,) there exists [ € (0,400) such that f(s)/s — [ as s — +o0.
(A)  a(x) € L2R3), a(x) > ap > 0for all x € R3, and there exists Ry > 0 such that

sup{f(s)/s:s >0} <inf{V(x)/a(x): |x| = Ryand V(x) > b}; (1.3)
(A7) a(x) € L(R?), a(x) > ay > Oforall x € R3.
Remark 1.1. In Ref. 23, the authors first assumed
sup{f(s)/s: s >0} <inf {V(x)/a(x) : |x| = Ro} . (1.4)

This condition plays an important role in verifying the Cerami condition ((C) condition for short).
In view of (1.4), it is easy to see that the positivity of right-hand side is necessary. Nevertheless, from
(V1) and (V»), we deduce that liminf|x|_,. V(x) = 0 is allowed. So, we cannot make use of condition
(1.4) as Ref. 23. Fortunately, by (V,), we find condition (1.3) to overcome this difficulty. Moreover, it
is quite obvious that condition (1.3) is weaker than condition (1.4).

Before stating our main results, we need to introduce some notations.

Notation 1.1. The letters C, C; denote different positive constants whose exact value is ines-
sential. The usual norm in Lebesgue space L*(R3) with 1 < s < +co is denoted by ||,. H'(R?)
and DV*(R%) denote the usual Sobolev space, and S is the best Sobolev constant for the Sobolev
embedding of DX (R?) — LOR3). For any r > 0 and y € R?, B,(y) denotes the ball of radius r
centered at y, and |B,(y)| denotes its Lebesgue measure.

Our main results are as follows.

Theorem 1.1. Suppose that V(x) < 0 for some x, (V}), (V), (F1), (F>) and (A;) are satisfied.
If K(x) > 0 for x € R® and K € LX(R?) (or K(x) > ko > 0 for x € R? and K € L*(R?)), then there
exist A,, 2 o and kflm > 0 such that system (SP), has a nontrivial solution for each 1 = A,, and
KL <k, (or|Kle < k3, )-

If V > 0, we need to consider the following minimization problem:

1" =inf {/ |Vul>dx : u € Hé(Q),/ a(x)utdx = 1} . (1.5)
Q Q
Using (A,), we see that u* € (0,+00) and it can be achieved. Then, we have the following results.

Theorem 1.2. Suppose that V > 0, (V))=(V3), (F)), (F»), and (A,) are satisfied. Let | > ¥
where yi* is given in (1.5). If K(x) > 0 for x € R and K € L*(R3) (or K(x) > ko > O for x € R? and
K € L®(R%)),then there exists k* > 0 such that system (SP), has a positive ground state solution
(or positive solution) for all A > 1 and |K|; < k* (or |K|w < k¥).

Example 1.1. It is not difficult to find some functions a and f such that the conditions (Fy), (F3),
and (A;) are satisfied. For example, for any fixed | > 0, set

152 .
f)=<51+s’ ifs >0,
0, if s <0.

It is easy to see that the function f satisfies the conditions (Fy) and (F,). Moreover, we yield that
sup {f(s)/s:s >0} =1 Let a(x) = 1 for all x € R3. Taking | € (0,b), we obtain that (1.3) holds.
As a consequence, the condition (A;) holds. By (1.5), we see that u* = 1,(Q), where 1,(Q) is the
first eigenvalue of —A in H&(Q). Therefore, if we choose | € (11(Q),b), then the conditions (F}),
(F»), and (Ay) are satisfied and | > u*.
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Theorem 1.3. Suppose that V > 0, (V}), (Va), (F1), (F2), and (Ay) are satisfied. If K(x) >
ko> 0 for x € R® and K € L™(R3), then there exists k, > 0 such that system (SP), has no
nontrivial solution for all A > 1 and ko > k..

Remark 1.2. Note that Theorem 1.3 remains true if we replace the condition (A,) by
(A3) a(x) € L*(R?), a(x) > ()0 for all x € R>,

If f(s) is asymptotically 3-linear in s at infinity, we assume that

(F3) there exists [ € (0,+00) such that f(s)/s> — [ as s — +00;
(Fy)  f(s)s —4F(s) > Oforall s > 0, where F(s) = [ f(1)dt.

In the following, we give some examples, in which our conditions (F}), (F3), and (Fy) are

satisfied.

Example 1.2. Let f(s) = (s*)3, we see that the conditions (F)), (F3), and (F,) are satisfied.
Another simple is that f(s) = (s*)’ = (s")P ' with2 < p < 4.

Theorem 1.4. Suppose that V >0, (V1)=(V3), (F1), (F3), (Fy), and (A;) are satisfied. If
K(x) > 0 for x € R, K € LAR}) N LY (R?) (or K € L¥(R?)), then there exist A > 0 such that sys-
tem (SP), has a positive ground state solution for all 1 > A.

Remark 1.3. Compared with Theorem 1.2 of Ref. 42, we find a positive ground state solution in
Theorem 1.4, while in Ref. 42 the authors obtained a nontrivial solution.

On the asymptotic behavior of positive ground state solutions, we have the following result.

Theorem 1.5. Let (ua,¢.,) be the positive ground state solutions obtained in Theorem 1.4.
. . K (y)u?
Then uy — ug in H'(R?), ¢, — Py, In DY2(R3) as A — oo, where Buy(x) = [, %dy and
uy € H&(Q) is a positive solution of

Mdy) u=a(x)f), xeQ,
o 4nlx — y|

u=0, x € 0Q.

(SP). —Au + K(x) (

The proof is based on variational methods. By comparing with the previous works, the main
difficulty in proving our theorems is the lack of compactness. The competing effect of the nonlocal
term with the nonlinearity f and the lack of compactness of the Sobolev embedding of H'(R?) into
LP(R3), p € (2,6) prevent us from using the variational methods in a standard way. Since we do not
assume the condition that the potential V is radially symmetric, or the hypothesis used in Refs. 3
and 43 (that is, V(o) = limj,|-+e0 V(y) = V(x) for a.e. x € R?, and the strict inequality holds on a
positive measure set), we cannot make use of the usual way to recover compactness, for instance,
restricting in the subspace of H'!(R?) consisting of radially symmetric functions or using concen-
tration compactness methods. In order to recover the compactness, we establish two compactness
results. More precisely, when we prove Theorems 1.1 and 1.2, we borrow some ideas used in
Refs. 12 and 35 and establish the first compactness result: flleR(Wu,,l2 + AV (x)u?)dx < €; when
we prove Theorem 1.4, we borrow some ideas used in Refs. 4 and 13 and establish the parameter
dependent compactness conditions which is the second compactness result. On the other hand, if
f(s) is asymptotically linear with respect to s at infinity, it is known that (AR) condition on f is
no longer available. It gives rise to some difficulties for verifying the linking geometry, mountain
pass geometry, and boundedness of a (C) sequence. Inspired by Refs. 28 and 31, we overcome these
difficulties by a very simple and clear way.

This paper is organized as follows. In Section II, we give the variational framework for system
(SP).1 and establish the compactness conditions. Sections III and IV are devoted to the proof of our
main results.
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Il. VARIATIONAL SETTING AND COMPACTNESS CONDITION

In this section, we give the variational setting for system (S%), and establish the compactness
conditions.
Let V(x) = V*(x) — V7 (x), where V*(x) = max{£V(x),0}. Let

E = {u e H'RY) : / Vi (xu? < oo}
R3
be equipped with the inner product and norm

(u,v) = /R3 (VuVo + V¥ (x)uv), lull = (w,u)'’>

For A > 0, we shall also need the following inner product and norm

(u,0), = / (VuVo + AV (x)uv), llulla = Cu,u) >
R3

It is clear that ||u|| < |lu||, for 2 > 1. Set E, = (E,|| - ||2). It follows from the conditions (V}), (V)
and the Holder and Sobolev inequalities that

/(|Vu|2+u2)dx=/ |Vu|2dx+/ uzdx+/ udx
R3 R3 {V<b} {V=>b} :

3
s/ |vu|2dx+|{V<b}|§(/ |u|6dx) +b“/ V(x)uldx
R3 (V<b} {V>b}
< (1+|{V<b}|%s-l)/ |Vu|2dx+b-1/ V*Oouldx
R3 R3

< max {1 +{V < b}l% S_l,b_l} /R%(IVul2 + VH(x)u?) dx,
which implies that the embedding E — H'(R?) is continuous. Thus for each s € [2,6], there exists
d; > 0 (independent of A > 1) such that
luls < dgllul| < dgllulla, foru € E. (2.1)
Let
F={u€kE:suppucV'(0,00))}

and denote the orthogonal complement of F in E; by F j If V>0, then E = F, otherwise
Fy #{0}.Let Ay = —A + AV, then A, is formally self-adjoint in L*(R?) and the associated bilinear
form

Ba(u,v) = /R3 (VuVv + AV(x)uv) dx

is continuous in E,. For fixed 4 > 0, consider the eigenvalue problem
—Au+ AV (X)u = pAvV-(x)u, u€ Fy. (2.2)

Since supp V™ is of finite measure, we deduce that the functional 7 (u) = [53 V= (x)u*dx foru € F ks
is weakly continuous. Therefore, as a result of Theorems 4.45 and 4.46 of Ref. 38, we have the
following proposition, which is the spectral theorem for compact self-adjoint operations together
with the Courant-Fischer minimax characterization of eigenvalues.

Proposition 2.1. Suppose that V(x) < 0 for some x, (V}) and (V5) hold, then for any fixed A > 0,
problem (2.2) has a sequence of positive eigenvalues { j(/l)};il’ which may be characterized by

pi(d) = inf sup {A‘1||u||§ ‘ue X/ V= (x)utdx = 1}, j=12,....
R3

dim X >j,XCF3}

Moreover, p1(A) < pp(d) < -+ < pj(d) EN oo, and the corresponding eigenfunctions {ej(/l)};‘;l,

which may be chosen so that (ei(/l),ej(/l)>/l = §;j, are a basic for Fy.
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For {1;(1)} defined above, we have also following properties, see Ref. 13, [Lemma 2.1] .

Proposition 2.2. Suppose that V(x) < 0 for some x, (Vi) and (V2) hold, then for each fixed
j €N, we have that

(i)  wpj(1) > 0asA — +oo;
(ii)  p;(A) is a non-increasing continuous function of A.
Remark 2.1. For ui(Q) defined by Proposition 2.1, it follows from Proposition 2.2 that there
exists Ao > 0 large such that uy(1) < 1 forall 2 > Ay. Set
E; =span{ej(A): uj(A) <1} and E} =span{e;(d): u;(1) > 1}. (2.3)

Then Ey=E;®EY®F is an orthogonal decomposition, the quadratic form B, is negative
semidefinite on E3, positive definite in EY ® F and it is easy to see that By(u,v) = 0 if u,v are in
different subspaces of the above decomposition of E,.

By (2.3), we know that dim E} > 1 for any A > A. In addition, we have that dim E7| < oo for
any fixed 1 > 0, since (1) = coas j — .

It is well known that problem (S%), can be reduced to a single equation with a nonlocal term.
Actually, for any u € E,, the linear functional 7,, : D"*(R3) — R defined by

T,.(v) = /1&3 K(x)u’vdx

is continuous in D2(R3). In fact, if K € L*(R?), by the Holder inequality and (2.1), we conclude
that there is a constant C > 0 (independent of A > 1) such that

IT.()] < [KDlulglols < CIK bllul3]vllp, 2.4
while for K € L°(R?), we have
IT(0)] < K |lul?y slvls < CIKollull3lo]ln- (2.5)
Then by the Riesz representation theorem, there exists a unique ¢,, € D"?(R3) such that
—A¢, = K(x)u>.

Moreover, we can write an integral expression for ¢, in the form

[ K(ypui(y)
Dulx) = /R ey,

By (2.4), itis easy to see that if K € LA(RY),
6.1 = [ KCowuidx < KB 26
R;
Similarly, if K € L*(R?), (2.5) implies that
il = / K()gudx < CIK ull}- @7
R
Then, to seek a weak solution (u,¢) € E, x D"2(R%) for problem (SP),, it is sufficient to find a
weak solution of the first equation of (SP), with ¢ = ¢,,. For this purpose, we define the functional
I,: E; - Rby
1 1
I(u) = —/ (|Vu|2 + /lV(x)uz) dx + —/ K(x)pu’dx — / a(x)F(u)dx,
2 R3 4 R3 R3
where F(1) = | f()d. It can be proved that I, € C' (E4,R) with

(I (w),v) = /R3 (VuVv + AV(x)uv + K(x)¢p,uv — a(x) f(u)v)dx, Vv € E,.
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We refer the readers to D’ Aprile and Mugnai'” for the detail.
Now, we are ready to give some properties of ¢, see, e.g., Ref. 42, [Lemma 2.1]

Lemma 2.3. (i) Let K € L®(R3). If u, — uin H'(R?), then
un = $u In DVARY).
(ii) Let K € LAR3). If u, — u in H'(R?), then up to a subsequence,
bu, = ¢u in D-I(R).
In the sequel, we investigate the compactness conditions for the functional 7,. Recall that a
C' functional ® satisfies Cerami condition at level ¢ ((C). condition for short) if any sequence
{u,} C E such that ®(u,) — ¢ and (1 + ||u,||)®’'(u,,) — 0 has a convergent subsequence, and such

sequence is called a (C). sequence. We begin with following Lemmas 2.4, 2.5, and 2.6, which
ensure the boundedness of a (C), sequence.

Lemma 2.4. Suppose that (V)), (Va), (F\), (F»), and (A;) hold. If K(x) >0 for x € R? and
K € LX(R?), then every (C). sequence of 1, is bounded in E, for each ¢ € Rand A > 1.
Proof. Let {u,} c E,bea(C). sequence of I, that is
Li(un) = ¢, (1 + [lunlDI(un)llgz — O, (2.8)

where E7 denotes the dual space of E,. Arguing by contradiction, let ||u,|[; — +oco as n — co. Set
Wy = Up/|lunlla. Clearly, {w,} is bounded in E, and there exists w € H'(R?) such that, up to a
subsequence,

w, = w in Ey,
(R3), forall s € [1,6), (2.9)

w, > w ae inR3.

w, 2w inLj |

Case 1: w = 01in E,. On one hand, since ||u,||; = +o0 as n — oo, it follows from (2.8) that
I (uy), uy,
D) _ )
lleenll
that is,

S (un)

Un

o(l)= ||wn||fl—/ /lV’(x)wﬁdx+/ K(x)q)wnuidx—/ a(x) a)fldx
R3 R3 R3
>1 —/ a(x)Mwidx + o(1),
R3 Up

where, and in what follows, o(1) denotes a quantity which goes the zero as n — oo. Hence, we yield
that

lim sup / a(x)Mwidx > 1. (2.10)
n—oo ]R3 Un
On the other hand, from (A;) we see that there exists 6 € (0, 1) such that
sup{f(s)/s:s>0} <@inf{V(x)/a(x):|x| > Ryand V(x) > b}. (2.11)
It then follows from (V5) that there exists R; > Ry such that for any n € N,
/ a0l gy <1 -0, (2.12)
Bl'el(())ﬁ{V<h} Un

Thus, by (2.11) and (2.12), we yield that for any n € N,

Un

/ a(x)f(un)a)idx < 9/ AV (x)widx + (1 -6) < 1. (2.13)
Ix|2R; B (ON{V2b}
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By (2.9), we see that w,, — 0 in L*(Bg,(0)). Then, it follows from (F}), (F>) and (A;) that

/ a(x)wa,dx < C1|a|oo/ wldx 5 0. (2.14)
|x|<R; Un

|x|<Ry

Combining (2.13) with (2.14), we deduce that

limsup/ a(x)f(un)wfldx <1,
R3

n—oo Un
which contradicts (2.10). So, w # 0.
Case 2: w # 0in E,. Since ||u,||; — +o0 as n — oo, it follows from (2.8) that

<I,/1(un)s Up) _

- 0(1)’
[I74]5
that is,
) fR3 f(i’:")wf,dx
o) = ——+ [ K(X)pw,w,dx — ——————+o(]).

lunlly Ve llunlly

This together with (F}) and (F,), we obtain
/ K(X)¢o,w>dx = o(1). (2.15)
R3

By Lemma 2.3, we have

/ K(X)¢ o, w>dx = / K(x)¢,wdx + o(1). (2.16)

R3 R3

Hence, (2.15) and (2.16) imply that
/ K(x)pow?dx = o(1).
R3

Therefore, w = 0, since K(x) > 0 for x € R3. This is a contradiction.
So, {u,} is bounded in E,. This completes the proof of the lemma. O

Lemma 2.5. Suppose that (V}), (Va), (F), (F»), and (A,) hold. If K(x) > ko > 0 for x € R and
K € L®(R3), then every (C). sequence of I, is bounded in E, for each ¢ € Rand A > 1.

Proof. For any fixed R > 0, let &g : R? - R be a smooth function such that 0 < ér < land

0, 0<|x| <R,

$rlx) = {1, | > 2R,

Moreover, there exists a constant Cy > 0 (independent of R) such that

C
IVér(x)| < EO’ for all x € R>. (2.17)

Then for some constant C; > 0 (independent of R), we have
[|Egulla < Cillully, forallu e Ejand R > 1. (2.18)
Let {u,} c E;be a(C). sequence of 1. By (2.8) and (2.18), we obtain

(I (un), Erutn) = o(1), (2.19)

i.e.,

/(qun|2+/lV(x)ui)§Rdx+/ unVunV§Rdx+/ K(x)¢unuf,§Rdx
R3 R3 R3

= / a(x) f(u)upérdx + o(1). (2.20)
R3
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From (2.11), we deduce that for all n € Nand R > Ry,

/ a(x) f(up)u,rdx < 9/ AV (X3 Erdx + Cl/ uErdyx.
R3 {Vvz>b}

{V<b}
Moreover, by (2.17) one has that forall » € Nand R > Ry,

C
|, Vu,VER| dx < = Vi, |*dx + |ut|*dx
R3 R R3 R3
C

2 2
< —lunll;-
=l

Then, (2.20) becomes that for all R > Ry,

C
/ (IVitn|? +(1 = O)AV (X)) rdx < = |lun|? + C,l/ ulérdx + o(1)
R3 R (V<b}

C. .
< (EZ +C|B4LO) N {V < b}|2’3) llunll? + o(1). 2.21)
Similar to (2.19), we see that (I/’l(un),un> =o0(1),1i.e.,

/ (IVutn]* + AV ()2 + K(x)po,, 1> — a(x) f(un)u,) dx = o(1). (2.22)
R3

Since —Ag¢,, = K(x)u?, multiplying this equation by |u,|, integrating by parts and using the
Young’s inequality, we have

ko/ |u,,|3dx§/ K(x)lu,,|3dx=/ Vo, Vudx
R3 R3 R3
1
<5 / (IVunl® + K(xX)¢ut45)dx. (2.23)
2 R3

It then follows from (2.22) and (2.23) that

1

= / (IVutn|* + AVF (X)) dx + / ha(un)dx < o(1),
2 R3 R3

i.e.,
1 2
Sllunlly < o(1) = | ha(un)dx, (2.24)
2 R3

where h(u,) = kolu,|* — 6 u?. By (2.21), for some constant C; > 0 (independent of R), we have

/ AV (uddx < (% +Ca|B4(0) N {V < b}|2/3) il + o(1). (2.25)
|x|>R

Let 5, = }Ielng h(t). Then B, € (—0,0) and (2.25) yields

/ ha(uy)dx > / Badx — 6,1/ uf,dx
R3 |x|<R |x|>=R

> BalBeO)] - 0ab™ [ AV - ClBO) 0 (V) < 5}l
[x|>=R
1 .
> Ba|Br(0)] = C, (ﬁ +[BR(0) N {V(x) < b}|2”) leall3 + (D). (2.26)
Using (2.24) and (2.26), we see that
1 1
Sllually < 1Bl 1BR(O)] + C (E +|BRO) N {V(x) < b}|2/3) lunlls + o). @.27)

Note that the constant C, is independent of R, we can choose R > Ry large enough such that
Ca (& +1Bg0) N {V(x) < b}*"*) < L. Then, (2.27) implies that {u,} is bounded in E,. This com-
pletes the proof of the lemma. O
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Lemma 2.6. Suppose that V > 0, (V}), (V), (F4) and (A,) hold. If K(x) > 0 for x € R3 and
K € LA(R?) U L®(R?), then every (C). sequence of 1, is bounded in E for each ¢ > 0 and A > 0.

Proof. For n large enough, by (A,) and (F}), we have
c+ 1= 1L(u,) - %(I/’l(un),un>
= i+ 5 [ e L, = 4Fw)] s
> <l
Therefore, {u,} is bounded in E,. This completes the proof of the lemma. O

Now, we are ready to give our first compactness result, which is very useful in the proof of
Theorems 1.1 and 1.2.

Lemma 2.7. Suppose that (V}), (Va), (F)), (F), and (A,) hold. If K(x)> 0 for x € R? and
K € L(R%) (K(x) > ko > 0 for x € R® and K € L*(R?)), then I, satisfies (C). condition for all
ceRand A > 1.

Proof. By Lemma 2.4 (or Lemma 2.5), we see that the (C). sequence {u,} given by (2.8) is
bounded in E,. It then follows from (2.21) that for any € > 0, there exist R(e) > Ry and n(e) > 0
such that

/ o (IVun|* + AV (x)ul)dx < e, (2.28)
x|=

for all R > R(€) and n > n(e). Since {u,} is bounded in E,, passing to a subsequence if necessary,
we may assume that for some u € E,,

u, —u in E,,
u, —»u inL: (R?), foralls € [1,6).

loc

(2.29)

Therefore, in order to prove this lemma, it is sufficient to show that ||u,||; — |||, as n — oo. It
follows from (I/’l(un),u> = o(1) and (I/’l(u,,),un> = o(1) that

||u||i—/ /lV_(x)unudx+/ K(x)q}ununudx—/ a(x)f(uy)udx = o(1) (2.30)
R3 R3 R3

and

Nl — /R 3 AV (x)uldx + /R . K (x)¢p,, u>dx — /R . a(x) f (un)undx = o(1). (2.31)

We claim that

/ AV ()un(u, — u)dx = o(1),
R3

/ () )t — w)dlx = o(1), 2.32)
R3

/ K(x)¢unull(ull - u)dx = 0(1)
R3

In fact, since ||u,||; is bounded in E,, by the Holder inequality and (2.29), we deduce that

/ AV () (u,, — u)dx
R3

< AlV’lm/ |ttt — uldx = 0.
{Vv<b}
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Since ||u,|| is bounded in E,, by (A;), the Holder inequality and noting (2.28) and (2.29), we have

/a(x)f(unxun—u)dx / () )t — )l / () )it — )l
R3 [x|<R |x|>R

< +

< C|Mn — M|L2(BR(O)) +C |l/ln - M|2 +C /lV+(x)u3ldx
V<b} [x|>R

— 0, bylettingn — coandthen R — oo.
On the other hand, if K € L®(R?), by the Holder inequality, and noting (2.28) and (2.29), we yield

‘/ K(x)¢unun(un - M)dx
R3

< +

/ K(x)¢unun(un - ”)dx
|x|<R

/ K(x)¢unun(un - u)dx
|x|>R

< Kool @uu,i| 168 o)) Unl 138 riop|tn — Ul 128 r(0))
+ 1K ool Guunl (x> R)ltn | L2512 R) M = Ul 3312 R)

< Clup = ul 2 oy + Cltnl 2Ry

— 0, bylettingn — coandthen R — oo,

while for K € L*(R3), we obtain

2/3
‘/ KOOttt = )| < lunlalmnla( [ kG, - u)P/de)
R 3

2/3
< c( / Kot u)|3/2dx) 5o, (2.33)
R

since |u, — u|*? 2 0 in L*R3) and K(x)*2 € L*3(R3). So, (2.32) is proved. By (2.32), it is easy to
see that (2.30) and (2.31) imply that ||u,||, N ||| - Thus, u,, — u in E,. This completes the proof
of the lemma. O

We remark that (1.3) is important in the proof of Lemma 2.7. Since the condition (A,) does not
contain (1.3), we have to find another compactness result to prove the Theorem 1.4. In fact, we have
the following parameter dependent compactness result.

Lemma 2.8. Suppose that V > 0, (V1), (Va), (F1), (F3), (F4), and (A;) hold. If K(x) > 0 for
x € R} K € LAR3) U L®(R?), then for any M > 0, there exists A = A(M) > 0 such that I, satisfies
(C). condition forall c € (0,M) and A > A.

Proof. We give the proof for the case K € L?(R%), and the proof is similar for the case

K € L=(R?). Let {u,} be a (C). sequence with ¢ € (0, M). By Lemma 2.6, we know that {u,} is
bounded in E,. Therefore, up to a subsequence, we may assume that for some u € E,,

u, = uin E,,

(R%) forall s € [1,6).

First, it is easy to check that I’,(u) = 0. Moreover, by (A;) and (Fy), we have

. s
U, = uinL;

1 1
100 = gl + 5 [0 L~ 4r @) ds
> %||u||§ > 0. (2.34)

Now, we show thatu, — uin E,. Let v, := u,, — u. By (V») , we have

1
|v,]3 = / v2dx +/ vidx < —||val13 + o(1). (2.35)
(V2b} (v <b} Ab

It then follows from the Holder and Sobolev inequalities that

|0alp < [oalSlvale™® < dlval9]Vuals™ < d(Ab) 5 |[vall1 + o(1), (2.36)
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where p € (2,6), 6 = 6;—pp and the constant d is independent of 4. By Brezis-Lieb Lemma, we obtain

Li(vy) = D(uy) — Li(u) + o(1) and  I(v,) = I} (un) + o(1). (2.37)
Consequently, this together with (2.34), we obtain
1 1,
Zlonll3 < Laoa) = Z{F30a).00)
=c—1(u)+o(1)
<M +o(1). (2.38)
From (2.1) and (2.38), we yield
loal}, < d3llvall; < 4d7M + o(1), (2.39)

where the constant d,, > 0 is independent of A > 1. Since (//(v,),vs) = o(1) and

/ a(x) f(0)0ndx < ellonlfs + Colonl®,
R3

it follows from (2.36) and (2.39) that

o= o + [ KIou0ids = [ astoe,

1 2 2 2
E”Un”,l - C|U11|4|Un|4

\

[\

1 .
(E - 4CdiMd*(Ab) 9) lloall3 + o(1).

Thus, there exists A= K(M ) > 0 such that v,, » 0in E, as n — oo, for A > A. This completes the
proof of the lemma. O

lll. PROOF OF THEOREMS 1.1-1.4

In this section, we study the existence of solutions for system (S%), and give the proof of
Theorems 1.1-1.4. If V is sign-changing, we show that the functional 7, have the linking geometry
to apply the following linking theorem.?®

Proposition 3.1. Let E = E; ® E, be a Banach space with dim E, < oo, ® € C'(E,R). If there
exist R> p >0, k > 0and ey € E such that

k =inf ®(E; N S,) > sup D(0Q),

where S, ={u € E:|lull=p}, Q={u=v+teg:v € Esr, t 20, |lul| <R} Then ® has a (C).
sequence with ¢ € [k,sup ©(Q)].

In the sequel, we use Proposition 3.1 with E; = EY® F and E; = E;. By Remark 2.1, there
exists Ag > 0 such that E7, # 0 and is finite dimensional for 4 > Ao. Now we are ready to show the
linking structure of the functional /,.

Lemma 3.2. Suppose that (V}), (Vs), (F)), (F), and (As) are satisfied. If K(x) > 0 for x € R3
and K € L*(R3) U L®(R3), then for each A > Ao, there exist p, > 0 and k, > 0 such that

L(u) > ka, Yu € E}@® F with |lully = pa.
Moreover, if V > 0, we can choose p and « independent of A > 1.
Proof. From (F}) and (F3), we deduce that for any € > 0, there exists C¢ > 0 such that
|F(5)] < els|* + Cdls*. 3.1)
Observe that, from the definition of E:{, there exists 6 ; > O such that

Ba(u,u) > 8,||ul3, forue E}
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and
B(u,u) = ||u||i, foru € F.

Thus, foru = v + w € E} @ F, since (v,w), = 0, it follows from (3.1) and (2.1) that

I(u)= %B,l(v,u) + %B,l(w,w) + %/RS K(x)p,u*dx — /R3 a(x)F(u)dx

\%

1
5 min{o, 1} a3 - /R (A F(u)dx

\%

1. .
5 min{é3, LHlull} = €laledsllully ~ Celaledglluly -

Taking € > 0 small enough, we have the desired conclusion. If V > 0, since B,(u,u) = ||u||fl, we can
choose p > 0 and « > 0 independent of A > 1. The proof is complete. O

Lemma 3.3. Suppose that V(x) < 0 for some x, (V}), (Va), (F)), (F»), and (A;) are satisfied. If
K(x) > 0 for x € R* and K € L*(R®) U L®(R>), then for each m € N, there exist A,,, > m, ks, >0,

Wy, € E:{m ® Fand Ry, > pa,, such that for |K| < k (or K| < k’/"lm)

sup I, (u) < ka,,,
uedQ

where Q ={u=v+tw, :v € Ey 12 0,]ulla, < Ry, )

Proof. We give the proof for K € L*(R?), the proof for K € L®(R3) is similar.
(i) For each m € N, we may find j,, € N such that y;, (m) > 1, since u;(m) ER o0, Set
Qo= {xeR’: V(x) < 0}.
Since V(x) < 0 for some x, we see that Q( # 0. We claim that there exists A,, > m such that
U< () < 1+ Sanl(AnlV 1), (2)

where [ > 0 is given by (F3). Indeed, for the above fixed j,,, by Proposition 2.2, there exists A, > m
such that yu;, (A,,) = 1. Then by the continuity we see that there exists A,, € (m,A,,) such that

Wipe(Am) = 1+ 6y, where 0 < 6, < min{p;, (m)— 1, % . So, (3.2) holds. Let ¢;,,,(1,,,) be an

eigenfunction of u;, (1,,) and we denote ¢;, (4,,) by w,, for simplicity. Since ;,,(1,,) > 1, we
have w,, € E:{m. Let

l
G(x,u) = a(x)F(u) — Ea()c)u2 and |u|§a = / a(x)u’dx.
) 3
Moreover, we set
1
Ja(u) = EB,l(u,u) —/ a(x)F(u)dx, foru e E,.
R3
Then foru € E;m @ Rw,,, we have
1
Ja,, W) = = / [IVul* + (1, V(x) = la(x)) u?] dx — / G(x,u)dx.
2 R3 R3
From (1) and (F2), we conclude that forv € E @ Rw,, with [v],, = 1, there holds
1
lim —2/ G(x,tv)dx = 0.
R3

Thus for any € > 0, there exists R(e) > 0 such that

/ G(x,u)dx| < E/ a(x)u’dx,
R3 R3
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forallu € E, @ Ruw,, with |u|>, > R(€). Hence, for I > 0 given by (F3), there exists R(/) > 0 such
that for all u € E . ®Rw,, with [ul, > R(!), there holds

Ja,, () Sl (1) Am) = 1)/ /lmV_(x)uzdx—l/ a(x)udx | + G(x,u)dx
2 L R3 R3 R3
< % _(#jm(/IM) -1) /}R3 AV (x)udx — é/ﬂ@ a(x)uzdx] - é /R}a(x)uzdx
1] l l
< 3 _/IMW_LX’ (U (Am) = 1) = an] /Qouzdx -3 /R3 a(x)u*dx
< —é / a(x)u’dx by (3.2). (3.3)

Since E; @ Ruwy, is finite dimensional, we have |uly,q > Cy,, |lull,, for all u € E; & Rw,,. Then,
by (3. 3) we see that there exists R,,, > p,,, such that

Ja, () <0, forallu € E} & Ruw,, with [[ulla,, = Ra,,.
Combining this with (2.6), we yield that forallu € E; & Rw,, with lella,,, = Rayy

1
Ly, () = T3, () + - / K)pudx < CIKLllully,, = CIKLR,,.

Consequently, choosing k', = Kl/z/ (C”sz ) then for |K|, < k%, , we deduce that I, (1) < K4,
forallu € E, & Ruw,, W1th ||u||,1m =Ry,
(i) It follows from the definition of £, that, foru € E; & Rw,, with llulla,, < Ra,.s

1
I, (u) < 2 / . K(x)pldx < CIKlull, < CIKBRS .
R

Therefore, for |[K|, < k) , we conclude that /,,,(u) < k4, forallu € E}  with [lulla,, < Ry, The
proof is complete. o

Lemma 3.4. Suppose that V > 0, (V1), (Va), (F1), (F») (or (F3)), and (Az) hold. If K(x) = 0 for
x € R3and K € L*(R?) U L®(R3), then any nontrivial solution of (SP), is a positive solution.

Proof. Suppose u is a nontrivial solution of problem (SP),, then

/ (VuVuv + AV(x)uv + K(x)¢,uv) dx = / a(x)f(u)vdx, Yv € E,.
R3 R3

Taking v = u~ = —min{0,u}, and by (F}) we obtain
/ [(IVe | + AV()|u*) + K (x)pulu*] dx = 0.
R3

So, we see that ||u7||, = 0 and u = u™ > 0. By the strong maximum principle, we have u > 0. The
proof is complete. o

Proof of Theorem 1.1. 1t is a direct consequence of Proposition 3.1 and Lemmas 3.2, 3.3, 2.4,
2.5, and 2.7. The proof is complete. O

Proof of Theorem 1.2. Since we suppose V > 0, the function /; has mountain pass geometry
and the existence of nontrivial solutions can be obtained by the mountain pass theorem.*® In fact, by
Lemma 3.2 with E; = {0}, 0 € E, is the local minimum for ,, and p,  are independent of A. Since
I > y*, we can choose a nonnegative function ¢ € Hé(Q) with

/a(x)gozdx =1 and / |Vo|?dx < .
Q Q

It then follows from (F;) and Fatou’s lemma that

lim J”t(”p) / |V|*dx — lim 1 / a(x)F(te)dx < %( / |V<,o|2dx—l) <0.

t—+o00
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So, Ja(tg) — —oo ast — +oo, then there exists e € Hé(Q) with ||e|| > p such that J,(e) < —1. Thus,
by (2.7), we have

1
I(e)= J(e) + 7 /3 K(x)p.e*dx
R
< —1+CIKA|lell*.

Consequently, taking k* = C™1/2||e||"!, we deduce that I,(e) < 0 for |K|. < k*. So, the conclusion
of the case K € L°°(]R3) follows from the mountain pass theorem and Lemmas 2.5, 2.7, and 3.4.

While for the case K € L*(R?), we see that the functional /, has a nontrivial critical point by the
mountain pass theorem, lemmas 2.4 and 2.7 in a similar way to the case K € L*(R?). Set

Ny ={ueEy\{0}: I}(u) = 0}.

Thus, N, is nonempty. For any u € N,, we have

0 = (I} (u),u) = |lul3 + /R3 K(x)p,u’dx — /R3 a(x) fwudx
> (1= Cie)llull - GCelullS. (3.4)

Since u # 0 whenever u € N, (3.4) implies that the limit point of any sequence on N, is different
from zero.
We claim that 7, is bounded from below on N}, i.e., there exists iz, > 0 such that

Ly(u) > -y, forallue N,.
Otherwise, there exists {u,,} € N, such that
I,(u,) < —n, foranyn € N. 3.5)
It is easy to see that
G
I/l(un) = Z”Mn”%l - C4||un”?1

This and (3.5) imply that ||u,|[; — +c0 as n — oo. Let w, = u,/||ua|l1, then there exists w € E,
such that, up to a sequence, (2.9) holds. Note that I, (u,,) = 0 by u,, € N, as in the proof of Lemma
2.4, we see that ||u,|| — +o0 as n — oo is impossible. Then, 7, is bounded from below on N,. So,
we may define

élzinf{l,l(u):ueN/l}.

and ¢, > —r,y. Let {i,} c N, be such that I(ii,) — ¢,, as n — oo. Following almost the same
procedures as the proof of Lemmas 2.4 and 2.7, we can show that {i,} is bounded in E, and it
has a convergent subsequence, strongly converging to & € E; \ {0}. Thus 7,(#) = ¢, and I'}(&) = 0.
It then follows from Lemma 3.4 that & is a positive ground state of problem (S%#),. The proof is
complete. O

Proof of Theorem 1.3. Suppose that (u,¢,) € E; x DY2(R3) is a solution of (SP),. Then,
multiplying the first equation in (S#), by « and integrating by parts, we obtain

/ (|Vu|2 + AV(x)u® + K(x)u® - a(x)f(uyu)dx = 0. (3.6)
R3

Asin (2.23), we have

ko/ lulPdx < / K(x)|uldx = / V¢, Vudx
R3 R3 R3
1
< - / (IVul? + K(x)$,u?) dx. (3.7)
2 R3
From (F}) and (F,), we see that for any € > 0, there exists Ce > 0 such that
fwu < eu® + Ceul’. (3.8)
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Then, by the Holder inequality, we have that forall 1 > 1,

/ a(x) f(wudx < €l|ales (/ u’dx +/ uzdx) + CelaIOO/ wdx
R3 {V<b} {V=b} R3

< €la]o max {s-l HV < b} ,b-l} ll? + Colale /Rz Ldx.  (39)
Let € > 0 small enough such that
elale max {S-‘ HV < b} ,b“} < %
Then, (3.9) becomes that
A3a(x)f(u)udx < %/R} |Vul*dx + %/R? AV (x)u’dx + C/R} udx. (3.10)

Substituting (3.7) and (3.10) into (3.6), we have
0= / [IVu|2 + AV(x)u? + K(x)puu’ — a(x)f(u)u] dx
R3
> (ko — C)/ |ul*dx.
R3
Therefore, if ky > C, then u must be zero. The proof is complete. O

Proof of Theorem 1.4. 1t follows from the conditions (F}), (F3), and (F,) that there exist con-
stants C; > 0 and C, > 0 such that

F(s) > C5* — Cps?, foralls > 0.
Similar to the proof of [Ref. 42, Theorem 1.2], there exists a (C). sequence {u,, } C E, such that
Li(uy) » ¢y and Iy(u,) » 0in E}, (3.11)
where

= inf max / 1),
ca = inf max 1 (y(@)

with T = {y € C([0,1],E%}) : ¥(0) = 0,1,(e) < 0}. By (V3), and noting that e € H;(Q), we can
easily see that there exists a constant Cy > 0, independent of A, such that for all 1 > 0,

= inf I 1)) < I (te) < Cy. 3.12
R O = gy Lo < o

It then follows from Lemmas 2.6 and 2.8 that u,, —» u in E, for all 1 > A. Thus, u is a nontrivial
critical point of (SP),. Set

Ny ={ue Ey\{0}: I}(u) = 0}.
So, N, is nonempty. For any u € N, we have
0 = (I} (u),u) = ||ull3 + / K(x)p,u*dx — / a(x) f(w)udx
R3 R3
> (1= Cie)lull; = CClullf,

which implies that the limit point of any sequence on N, is different from zero.
We claim that [, is bounded from below on N;. It follows from u € N, and (F}) that

= i = [ a0 [P - § @]
2 7 llulz > 0.

So, I, is bounded from below on NV,. Hence, we may define

Cq =1nf{[,1(u) ‘uec NA}
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It is easy to see that ¢; > 0. Let {ii,,} € N, be such that I,(ii,) — ¢,, as n — oo. Following almost
the same procedures as the proof of Lemmas 2.6 and 2.8, we can show that {i, } is bounded in
E, and it has a convergent subsequence, strongly converging to i € E, \ {0}. Thus 1,(&i) = ¢, and
I'(#i) = 0. It then follows from Lemma 3.4 that ii is a positive ground state solution of problem
(SP) .. The proof is complete. O

IV. ASYMPTOTIC BEHAVIOR OF POSITIVE GROUND STATE SOLUTIONS

In this section, we investigate the asymptotic behavior of positive ground state solutions for
system (SP), and give the proof of Theorem 1.5.

Proof of Theorem 1.5. We follow the argument in Ref. 4 (or see Ref. 42). For any sequence
Ap = o0, letu, :=u,, be the positive ground state solution of system (SP),,, obtained in Theorem
1.4. By (Ay) and (F}), we have

1
¢, = Z””"”in + ;‘/11{3 a(x) [ f(up)u, —4F (u,)] dx

1
> 2l “.1)
Combining (4.1) with (3.12), one has
sup [lun |3, < 4Co, 4.2)
n>1

where the constant C is independent of 4,,. Consequently, up to a subsequence, we may assume that
for some nonnegative u € E,

U, = ugin E,
U, — Ugin LZ)C(R3) forall s € [1,6), 4.3)
u, — upa.e.inR>.

By Fatou’s lemma and (4.2), we obtain

5 . 5 Ml
V(x)ugdx < liminf [ V(x)u,dx < liminf =0,
R3 n—oo  fo3 A

n—oo n

thus ug = 0 a.e. in R?\ V-1(0), and uy € H}(Q) by the condition (V3). Now for any ¢ € C;°(Q), since
<I/’1n(un), @) = 0, it is easy to check that

/ VugVedx + / K(x)uguopdx = / a(x) f(up)pdx,
R3 R3 R3
that is, ug is a weak nonnegative solution of (S%)., by the density of C;°(Q) in H&(Q).

Next, we show that u, — ug in L*(R?) for 2 < s < 6. Otherwise, by Lions vanishing lemma??
there exist 6 > 0,7 > Oand y, € R3 such that

/ |t — uo|*dx > 6.
Br(yn)

Moreover, |y,| 2 0,50 |B,(yn) N{V < b}| %, 0. Then, by the Holder inequality we have

/ |t — uo|*dx 54o0.
Br(yn){V<b}

Consequently,

lunll3, > Anb / wrdx = A,b / |uty, — uo|*dx
Br(yn)N{V 2b} Br(yn)N{V2b}

= A.b (/ |un - u0|2dx - / |Mn - Molzd.x — 0,
Br(yn) Br(yn){V<b}

as n — oo, which contradicts (4.2).
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To complete the proof, it suffices to show that u, — up in E. It follows from (I jzn(“n)’”n> =
<I:ln(un),u0> = 0 that

B, + [ KW= [ o (4.4)
R3 R3
(un,u())/l +/ K(x)pu,unuodx = / a(x) f(u,)updx. 4.5)
n R3 R3
We claim that
[ (@ = aof ) ds 5 0 @6)
and
/ (K()c)(;ﬁunu,z1 - K(x)q)ununuo) dx 5 0. 4.7
R3

Indeed, by a standard procedure, we can show that (4.6) holds. On the other hand, if K € L*(R3),
from the Holder inequality and u,, — ug in L*(R?) we conclude that

[ K08 = KOt < K11yl = s > 0
R;
while for K € L%(R?), we obtain (4.7) in a similar way to (2.33).

By (4.4)—(4.7), we yield that

im Junl3, = 1m Cun,uo) ,, = Tim i, uo) = [luoll
On the other hand, weakly lower semi-continuity of norm implies that
liol|* < Tim inf fluey > < Tim inf [Juy 13,
hence u,, — upin E. From (4.4) and the fact that u,, # 0, we deduce that for n large,
lltnl* < Hlunll3,, < Cllaeall®,

which implies that up # 0. By the strong maximum principle, ug is a positive solution of (SP)c.
This completes the proof. O
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