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Abstract

Prediction of recruitment in clinical trials has been a challenging task. Many methods have been
studied, including models based on Poisson process and its large sample approximation by
Brownian motion (BM), however, when the independent incremental structure is violated for BM
model, we could use fractional Brownian motion to model and approximate the underlying
Poisson processes with random rates. In this paper, fractional Brownian motion (FBM) is
considered for such conditions and compared to BM model with illustrated examples from
different trials and simulations.
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Introduction

Recruitment is one of the critical steps of a clinical trial. If the desired sample size can not
be achieved before end of the randomization period, one could either redesign the trial with
different sample size requirement, adding more centers, extend the trial duration, or simply
stop the current ongoing trial. Predicting future recruitment is often done by using a straight
line extrapolation, which is based on the number of subjects already been randomized.
According to this method, random variation around the future path is not considered with
formal inferential procedure. Lee (1983) and Williford (1987) and Carter (2004) have used
different Poisson processes to model recruitment processes. By assuming a constant
recruitment rate, Lee (1983) derived the minimum acceptable interim recruitment goal and
constant recruitment rate needed to achieve the final sample size. Also, by allowing the
current rate depending on the observed rates so far, the interim recruitment goals are derived
based on contagious Poisson distribution. In addition, calculations for recruitment duration,
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projecting final accrual at interim and length of extension are also discussed. However, by
studying recruitment rates for several clinical trials, Williford (1987) concluded that a
constant rate was not observed for these studies. A possible alternative negative binomial
model is introduced to assess model fit. Among the trials compared, negative binomial
distribution provided better fit than Poisson model for studies with sample size greater than
200. This indicates for these studies Poisson distribution may not be the appropriate model
for cumulative recruitment at trial level. They introduced a Bayesian model with prior
information that could be estimated during the recruitment process. With a gamma prior and
Poisson distribution the posterior distribution is again a gamma distribution. The results are
compared to those of Poisson model and Lee’s contagious Poisson approach. It showed that
the contagious method is conservative in that the expected number of patients to be recruited
is greater than that of Poisson model. The Bayesian model does not depend on the
monitoring frequency and is able to provide a realistic estimate of recruitment rate at time t
given observed data through time t. Carter (2004) illustrated how a Poisson process can be
used to decide an optimal period of time for participant recruitment by simulating Poisson
arrival into a clinical trial. Other similar efforts for modeling recruitment process can be
found in Bjornson-Benson et al (1991) and Silagy (1993), controlled clinical trials (Vol. 8,
No. 45, 1987) and in Barnard (2010) for a systematic review on this topic. Lai et al (2001)
have proposed using theory of Brownian motion to model the stochastic variation of the
recruitment process by assuming independent increment structure. They have shown that
when we have relatively large number of patients, BM can be used as a continuous
approximation of recruitment process asymptotically with normalization. Brownian motion
approach is more efficient by accounting for cumulative recruitment at trial level across time
than linear modeling and better than Poisson method by modeling variance independent of
expected arrival. They also suggested that if the mean is close to the variance of the
recruitment process, a Poisson model could be used. And if continuous approximation is
reasonable, Brownian motion can be considered regardless of the relationship between the
expected arrival and variance in the unit time. This tool has the property that it can be
implemented easily for use in practice. In clinical trials, we may observe mixture of Poisson
process or negative binomial distribution as pointed out by Willoford (1987), so the process
may have dependent increment structure, the future recruitment will depend on the observed
past history, for this case, fractional Brownian motion may be a good approximation to these
processes. Anisimov (2006) and Anisimov and Fedorov (2007) proposed a Poisson-gamma
recruitment model. According to their approach, a different Poisson rate for each center is
defined as A with a gamma distribution, so the overall rate for N centers is

N
A(t)_;&x(uid), with the indicator variable to account for different initiation date of
each center. Thus this process has dependent increments and in general the variance is
greater than the mean. A center occupancy model, parameter estimation and prediction of
remaining time are also discussed in the paper. The proposed method is verified from results
of analyzing many clinical trial data. One of the advantages of the method is that it takes
into consideration of potential different recruitment rates for different centers which usually
do not have identical initiation date. Then at trial level the recruitment process is modeled as
nonhomogeneous Poisson process with possibly random rate. In this paper we generalize the
BM model to FBM model using example from Lai et al (2001) and discuss similarities and
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differences between our model and Poisson and related models, and the Poisson-gamma
model proposed by Anisimov and Fedorov (2007).

Methodology

Let X(t) be the number of patients on study since the start of the clinical trial until time t.
From which we can derive X(0)=0. Let f(t) denote the expected value of X(t) at time t, we
assume B(t), a one dimensional Brownian motion, is a continuous approximation for X(t)
—f(t). For t, > t1, the increment B(tp)—B(t;) has the following properties.

i. B(t)) and B(ty)—B(t;) are normal and independent;
ii. E(B(t1))=0 and E(B(t)—-B(t1))=0;
iii. Var(B(t1))= 0%ty and Var(B(ty)-B(t1))= o4(t — ty).

Brownian motion is a special case of Fractional Brownian motion with Hurst parameter,
H=1/2. Whereas for fractional Brownian mation, By (t) with increment By(to) — Bu(tg) has
the following properties:

(i) Bu(t2) = Bu(ty) is normal; (i) E(B(tp) — Bu(tr))=0; and (iii) E(B(ty) — Br(t))? =
o?elty - 42",
where ¢ = (1/2H[T(H + 1/2)]2})2H is the constant of proportionality, and H is the Hurst
constant with range 0<H<1 (Mandelbrot & Van Ness, 1968). The covariance between By(t;)
and By(ty) is Cou(B,, (t2), By, (t1))=0°(c/2) (27 +t77 — |ts — t;/*"). So the conditional
probability P(X(ty) > a | X(ty) = r(tp), ..., X(t1) = r(t), fork>nand ty <ty ... <t, <t under
fractional Brownian motion is derived as follows:

P(X(tr)>a| X (tn)=r(tn), ..., X(t
=P(X(tx) — f(tx)>a — ( k)]
=P(B(tr)>a — f(tx)| X (tn)=r

a— f(ty) —#Hn)

O'Hn

1)=r
X(t ) r(tn); -+ X(t)=r(t1))
(tn

—1— 3

where i, =0°215%55 fn, Mo = (Bu(tn), Br(th-1), -.., Bu(ta)) and &(') is CDF for standard
normal distribution. 31, and X4 are the covariance matrices between By(t) and vector
(BH(tn), BH(th=1), ---,» BH(t1)). The variance of the conditional distribution is

0% =0*(X11 — $12855 Ua1), £q1 is the variance covariance matrix of Byy(t) and 5 is the

Hn
variance covariance matrix of By(tn), Bu(tn-1), .., By(t1). We can use method of moments

estimator to estimate the variance of the increments, Var(B(t + 1) — B(t)) = o%c|t + 1 — t}2H as

25
_ _ _ _ 2
_Z(X(Hl) J{) = (X(0) = J(1))7/25 and calculate o2 with estimated ¢ and H

accoraing to above (Lai, et al, 2001). c is the constant of proportionality described earlier
and f () is the expected growth curve with zero intercept. The 95% confidence interval [ay,
by ] of the future path X(ty) of the recruitment process given existing observations X(ty),

X(tn—l)v ceny X(tl) is:
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ay=py, — 1.965D:f(tk)—|—,uH" - 1.960,, ,

by, =py, +1.96SD=f(ty)+p, +1.960, .

There are different methods to estimate the Hurst parameter, including the maximum
likelihood estimation and rescaled adjusted range analysis (Mandelbrot and Wallis, 1969,
Davies & Harte, 1987; Mesa & Poveda, 1993; Molz & Boman, 1993; Beran, 1994a, Lai,
2004). For this analysis, the perFit procedure in fArma package of R is used to calculate
Hurst parameter. The function per Fi t estimates the Hurst exponent from the periodogram.
In the finite variance case, the periodogram is an estimator of the spectral density of the time
series. A series with long range dependence will show a spectral density with a lower law
behavior in the frequency. Thus, we expect that a log-log plot of the periodogram versus
frequency will display a straight line, and the slope can be computed as 1—2H (J. Geweke
and S. Porter-Hudak 1983). As pointed out by Beran (1994a) and Lai (2004), for irregularly
observed short time series, such as recruitment process for a typical clinical trial with a few
hundreds of patients, exact and direct maximum likelihood methods can be used to estimate
Hurst parameter. Simulation results in Lai (2004) showed that with sample sizes of 20 — 100,
the theoretical formulas based on large sample arguments can be used when the number of
observations is relatively small.

In clinical trials, the inter-correlation among patient recruitment, patients’ survival, and loss
to follow up is usually not verified before using Brownian motion method, while the extra
parameter H in fractional Brownian motion can measure this long term dependence. For
example, if H > 1/2 the correlation is positive, if H = 1/2, then the fractional Brownian
motion becomes the classical Brownian motion, whereas H < 1/2 implies negative
correlation. So, we suggest estimate Hurst parameter when modeling recruitment process
and it is illustrated in the following examples.

We will first model the recruitment process of the CARE study (Sacks, 1995) using both
Brownian and fractional Brownian motion methods. As described previously by Lai et al
(2001), the data from first 26 weeks can be fitted using least square regression without
intercept, the model is f (t) = 39.54t. The estimated standard deviation for Brownian motion
is 13.94 using the method of moments and 14.42 under fractional Brownian motion. Hurst
parameter (Hy) is 0.5713 using the above mentioned procedure and fArma package in R for
the 26 weeks data from CARE study. So, based on these parameters, the conditional
probability of having 3800 patients at week 100 is:

—f(t) 3800 — £(100) —

0 162 ,aisthe
recruitment goal at week 100, t; t, represent weeks 26 and 100 for this example. However,
under Brownian mation it is 0.91, of course in this case we have overlooked or
underestimated the Hurst parameter. To better understand the influence of Hurst parameter,

P(X(t2)>a| X (t1))=1-3(Z “Prny 1 g 4)—0.835
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we calculated probabilities for having 4000 patients in the study from 90 to 100 weeks given
1035 patients at week 26, Figure 1 shows the results. We can see that when H increases from
0.5to 0.7, the conditional power also increases for achieving the recruitment goal of 4000.
For the observed H=0.5713, the conditional probability is about 39.8% at 100 weeks, which
is slightly higher than that based on Brownian motion (37%). To further explore this
relationship, we calculated conditional probabilities of reaching different recruitment goals
using different Hurst parameters, Figure 2. shows that for H<0.5, the probabilities are
greater than that of H=0.5 for recruitment goal about less than 4000, but decrease quickly to
less than that of H=0.5 when the goal is greater than 4000. On the other hand, for H>0.5, the
probabilities are lower and then become greater than that of H=0.5 when recruitment goal is
higher than about 4000. This implies the importance of estimating Hurst parameter and
considering dependent increments structure when predicting patients” accrual. We also
plotted original trajectory, linear prediction along with 95%CIs based on Brownian motion
and Fractional Brownian motions. We can see from Figure 3. 95%Cls using various values
of H can lead to different coverage probabilities, from very narrow (H=0.2) to very wide
confidence intervals (H=0.8). These imply again the importance of estimating Hurst
parameter and modeling potential dependent increment structure of the recruitment process.

In addition, we have modeled recruitment data from six oncology trials conducted by
Radiation Therapy Oncology Group (RTOG). These examples include Head and Neck,
Lung, Prostate, and Breast cancers. Since typically during the first six month, study sites
will obtain IRB approval and the recruitment is minimal, so these data are not included in
these models. For these analyses we have used data up to one third of the sample size to
model and predict the probability of reaching recruitment goals at the study end. As we can
see from Table 1 that sample sizes range from 377 to 626, 1535, 1997 which are typical
sizes for phase 111 oncology trials. The number of centers range from 84 to 216. In Figure 4
we plotted the trajectories across time for each trial. For two of the trials, Hurst parameters
have value of less than 0.5, conditional probabilities are lower under BM model than those
under FBM model and H is greater than 0.5 for the rest of four trials, conditional
probabilities are higher under BM than those under FBM except the case of trial No. 3. This
is similar to scenario (e) in Figure 2, where the analysis has not reached turning point of the
curve. In general, the higher the conditional probability is the narrower the 95%CI except
for the case of trial No. 3. If we model recruitment in the middle of the process, for trial No.
3, the conditional probability becomes 0.999 and 95%CI: 1925-2350 under BM and the
probability is 0.9 and 95%Cl: 2048-2193 under FBM. The trend is now similar to other
trials.

Discussion

In long term studies such as CARE trial, the recruitment process can be influenced by many
factors, thus the independent incremental structure assumption for standard Brownian
motion may be violated. When this happens, we can quantify the dependent increment
structure using the Hurst parameter. So the current observation will not only depend on the
previous data but the entire past history. For these situations Brownian motion can be
generalized to fractional Brownian motion to model recruitment process. Lee’s contagious
Poisson model and Williford’s Bayesian model provides the advantages of using all data up
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to date too. But the model assumptions need to be verified as to if there is over-dispersion in
the data. The Poisson-gamma model proposed by Anisimov and Fedorov (2007) includes
center specific recruitment rates and starting dates, so it captures the non-homogeneous
structure of the process. Also, in Anisimov and Fedorov (2006), under the Poisson-gamma
model, the authors proved asymptotic approximation of the recruitment process by a
combined linear process with normal slope and Brownian motion, of the form AF(t) = a * X
*t + b *W(t), where X is a Gaussian random variable that is independent of the Brownian
motion W(t). This process has dependent increment and is not a fractional Brownian motion.
It’s second moment is E((AF(tp) — AF(t;))2 = A* (t, — t)2 + B* (t, — t;). For a fractional
Brownian motion, FBM(t), we have E(FBM(ty) — FBM(t;))2 = C* (t, — t;)2H. This can be
viewed as an approximation to A* (t, — t1)? + B* (t, — t;) for a proper value of H. Therefore,
the FBM model can be used as an approximation to AF(t) process when the number of
patients in the trial is large enough. The difference between their model and the FBM model
is that for our methods the mean recruitment is modeled separately, but the BM process is
included in their model as a covariate. This would lead to improved model fit and reflect
fluctuations around the linear trend of recruitment process. Also for the FBM method
considered here, the number of currently active clinical centers is not included in the model.
So it can be improved and applications can be extended to cases when we have different
number of active centers at various analysis times. Simulations can be carried out to show
empirical evidence of fit for each method for different sample sizes and number of centers.
Alternatively, a FBM may be used to combine with the linear process instead of BM and see
if there is any improvement of model fit to all scenarios. Lai et al (2001) compared
differences between Brownian motion method to that of linear and Poisson approach and
they showed that the BM model did not underestimate the actual variation in the process.
Their results also indicated that when the number of patients is relatively small, such as at
center levels, we may use Poisson process to model the recruitment, However, for clinical
trials with larger number of patients, Brownian motion may be more suitable for proper time
intervals (i.e. weekly). From the 95%CI, we can see that the confidence intervals based on
fractional Brownian motion is different from that of Brownian motion. Comparing to the
BM method, the proposed method takes into account of correlation of accumulated data
across time, possible dependent increment structure and separated estimation of mean and
variance. As illustrated in the six oncology trials, only one trial has a Hurst parameter value
close to 0.5. So, in practice, we suggest check the distribution assumptions and select the
FBM method if the assumptions for BM do not hold given FBM/BM models are good
approximations for the recruitment trajectory. Again, model fit for FBM/BM, Poisson model
and Poisson-gamma model in clinical trials with relatively small, medium and large sample
sizes can also be compared through simulations. These results will help us to identify
situations when all models perform well and for cases some model will have better fit to the
data. Finally BM and FBM methods are tools that could be used together with Poisson and
Poisson-gamma models for better monitoring the recruitment process in clinical trials with
various numbers of patients and centers.
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Figure 1.

Conditional probabilities of having 4000 patients in the study from 90 to 100 weeks based
on FBM with different Hurst parameters.
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Conditional probabilities of reaching recruitment goal based on different Hurst parameters:
(a) H=0.2, (b) H=0.3, (c) H=0.5, (d) H=0.5713, (e) H=0.7, (f) H=0.8.
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Figure 3.
Observed (Solid) and expected (Dotted) paths of CARE study with 95%Cls based on

different Hurst parameters: (starting from inside) H=0.2, 0.5, 0.5713 and 0.8.
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Figure 4.
Number of patients by weeks for each of the six example trials.
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