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Abstract

Predicting an individual’s risk of experiencing a future clinical outcome is a statistical task with 

important consequences for both practicing clinicians and public health experts. Modern 

observational databases such as electronic health records (EHRs) provide an alternative to the 

longitudinal cohort studies traditionally used to construct risk models, bringing with them both 

opportunities and challenges. Large sample sizes and detailed covariate histories enable the use of 

sophisticated machine learning techniques to uncover complex associations and interactions, but 

observational databases are often “messy,” with high levels of missing data and incomplete patient 

follow-up. In this paper, we propose an adaptation of the well-known Naive Bayes (NB) machine 

learning approach to time-to-event outcomes subject to censoring. We compare the predictive 

performance of our method to the Cox proportional hazards model which is commonly used for 

risk prediction in healthcare populations, and illustrate its application to prediction of 

cardiovascular risk using an EHR dataset from a large Midwest integrated healthcare system.

Keywords

Naive Bayes; machine learning; risk prediction; survival analysis; electronic health records

1. Introduction

The task of predicting the occurrence of future clinical events is central to many areas of 

medical practice. “Risk calculators”, which make personalized risk predictions based on 

individual characteristics, are now commonly employed for outcomes such as heart attack, 

stroke, and diabetes. A common feature of many of these risk calculators is that their 

predictions are based on data from cohort studies. For example, the Framingham Risk Score 

(FRS) [1, 2] for predicting the occurrence of cardiovascular disease (CVD) is based on data 

*Correspondence to: Division of Biostatistics, University of Minnesota School of Public Health, A460 Mayo Memorial Building 
MMC 303, 420 Delaware St SE, Minneapolis, MN 55455. 

HHS Public Access
Author manuscript
Stat Med. Author manuscript; available in PMC 2016 September 20.

Published in final edited form as:
Stat Med. 2015 September 20; 34(21): 2941–2957. doi:10.1002/sim.6526.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



from the Framingham Heart Study [3], a cohort study which has been ongoing since 1948. 

Many calculators, including the FRS, focus on predicting five- and ten-year cardiovascular 

(CV) risk, i.e., the probability of having a first CVD-defining event (coronary heart disease, 

stroke, or other CVD-related death) in the next five or ten years. Unfortunately, the cost of 

subject acquisition and long-term follow-up restricts the size of these studies; for example, 

total enrollment in the Framingham Heart Study across three generational cohorts is slightly 

less than 15,000 [4], and a recent study of a subset of 8,491 FHS participants [5] reported 

1,174 incident CVD events over 12 years of follow-up. As a result, longitudinal cohort 

studies may be limited in their ability to describe unique features of contemporary patient 

populations, and in their capacity to predict risk over shorter time horizons (eg. 1 year, 5 

years) when the event rate is low.

An alternative data source for risk prediction is electronic health data (EHD), which are 

increasingly available on entire populations under care within health insurance systems. 

Covering a fixed time period, typically several years, they often contain hundreds of 

thousands of records on enrolled subjects from multiple sources including electronic medical 

records, claims and prescription data, and state and national databases. Since the data are 

recorded longitudinally, they are well-suited to obtaining risk estimates, but their complexity 

and dimensionality challenge standard statistical methods. In particular, follow-up times are 

often subject to moderate to heavy censoring, as subjects may enroll in and/or disenroll from 

the health insurance plan during the data capture period.

Risk engines for a variety of clinical outcomes have traditionally been developed by fitting 

survival regression models such as the Cox proportional hazards model [6] or the 

accelerated failure time model [7] to censored time-to-event data from the aforementioned 

longitudinal studies. Because regression-based models yield estimates of the effects of each 

covariate in the model, they are useful not only as a predictive tool, but also for 

understanding the relative influence of covariates on risk. However, the drawback of fitting 

simple regression models is that non-linear covariate effects and interactions may not be 

fully captured unless they are pre-specified during the modeling process.

If predictive performance and not model interpretability is the central concern, then more 

flexible machine learning techniques may yield improved risk engines by capturing complex 

relationships and between covariates and risk [8, 9, 10, 11]. Fully supervised machine 

learning methods typically assume that the event indicator is known for all subjects, while in 

our setting the event indicator is undetermined for subjects who are censored, i.e., who do 

not experience an event and are not followed for the full time period over which one wants 

to make predictions. Simple approaches to dealing with this issue, such as discarding 

censored observations (see, e.g., [12, 13, 14]) or treating them as zeroes (non-events), are 

known to induce bias in the estimation of class probabilities [15], making typical fully 

supervised classification employing these approaches unsuitable; for example, Stajduhar et 

al. [16] demonstrated the impact of unaccounted-for censoring on the construction and 

performance of Bayesian networks. Semi-supervised approaches are also generally not 

applicable since the labeled (non-censored) and unlabeled (censored) observations are not 

samples from the same underlying population, and censored observations are not truly 

‘unlabeled’ since they carry useful partial information about the outcome.
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There has been increasing interest in adapting machine learning tools to censored, time-to-

event data. Ishwaran et al. [17] describe random survival forests, and Lucas et al. [18] 

discuss the application of Bayesian networks to right-censored data. Zupan et al. [19] and 

Stajduhar and Dalbelo-Basic [20] propose approaches in which censored observations are 

repeated twice in the dataset, one experiencing the event and one event-free. Each of these 

observations is assigned a weight based on the marginal probability of experiencing an event 

between the censoring time and the time the event status will be assessed. Stajduhar and 

Dalbelo-Basic [21] adopt a more principled likelihood-based approach to imputing event 

times, but their imputation technique may perform poorly if the assumed parametric 

distribution of event times is incorrect.

In this paper, we present Censored Naive Bayes (CNB), a machine learning approach to 

predicting risk using time-to-event data subject to censoring. CNB is an extension of Naive 

Bayes (NB), a popular technique typically applied to classification problems with 

categorical outcomes [22, 23, 24, 25, 26]. CNB is nonparametric with respect to the 

underlying distribution of event times, and models the marginal covariate distributions in a 

flexible manner. However, while “standard” CNB performs well in terms of risk 

reclassification, it is poorly calibrated when covariates are not mutually independent. We 

therefore also introduce a modification of CNB, CNB-PC, which involves orthogonalizing 

the design matrix prior to analysis via a Singular Value Decomposition (SVD), resulting in a 

technique with much better calibration. We compare our proposed CNB techniques to a Cox 

proportional hazards (CPH) based approach in a variety of simulated scenarios, and illustrate 

the application of our methods to cardiovascular risk prediction using longitudinal electronic 

health record data from a large Midwest integrated healthcare system.

2. Naive Bayes for binary outcomes

Consider the task of estimating the probability of occurrence of an event E over a fixed time 

period [0, τ], based on individual characteristics X = (X1, … , Xp) which are measured at 

some well-defined baseline time t = 0. For the moment, we will assume that we have data on 

n subjects who have had X measured at t = 0 and been followed for τ time units to observe 

whether or not E occurred (E = 1 ⇒ event occurrence). The target of estimation is P(E = 1 | 

X).

Regression models for binary outcomes (e.g., logistic regression) require that the analyst 

specify the way in which X relates to the outcome by choosing appropriate main effects and 

interaction terms. An alternative is to proceed indirectly by using Bayes Rule, writing

(1)

In traditional classification problems, where ordering subjects with respect to the probability 

of the outcome is more important than estimating that probability precisely, the denominator 

can be ignored so that the focus is on estimation of the joint distribution of X|E = 1 (P(E = 1) 

is easily estimated using the sample proportion of subjects experiencing events). The 
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denominator must be retained to achieve properly calibrated predictions, and is typically 

computed via the law of total probability.

It may be difficult to model the joint distributions P(X|E = e), particularly if p is large. 

Researchers have therefore proposed to simplify estimation by assuming parsimonious 

dependence structures for X | E = e. The Bayesian network approach [27] consists of 

partitioning X into low-dimensional, mutually independent subsets on the basis of a directed 

acyclic graph (DAG) encoding conditional independence relationships between covariates. 

The DAG structure may be pre-specified (e.g., based on the input of domain experts) or 

constructed from the available data.

The most extreme version of this approach, termed Naive Bayes, makes the dramatic 

simplifying assumption that the covariates X1, X2, … , Xp constituting X are independent, 

given E, so that (1) can be rewritten as

(2)

A number of parametric and semi-parametric approaches to modeling the univariate 

covariate distributions are possible and have been described elsewhere [23, 28]; one 

common assumption in classification problems is that the individual covariate densities in 

the denominator of (2) can be represented using mixtures of Normal distributions. 

Estimation proceeds by computing the maximum likelihood parameter estimates of each 

covariate distribution (conditional on E = 0, 1), and plugging the resulting estimates into (2). 

P(E = e) is estimated as the sample proportion of subjects with E = e. NB easily 

accommodates problems with large numbers of covariates, and can be computed quickly for 

large samples. The independence assumption also makes NB trivial to parallelize, allowing 

very fast implementations to be built for multiprocessor systems.

Even though the Naive Bayes assumption is often incorrect, NB has been found to perform 

quite well in a variety of classification tasks, including when covariates are highly correlated 

[22, 23, 29, 30, 31 ]. However, NB is also known to be poorly calibrated in some settings, 

i.e., conditional probability estimates are biased though they are highly correlated with the 

true probabilities so that classification performance remains acceptable [32]. In the section 

below, we describe a modification to NB using the singular value decomposition (SVD) 

which results in improved calibration when the goal is to obtain more accurate estimates of 

the conditional survival probability.

3. Censored Naive Bayes

In many studies, some participants will have incomplete data because of loss-to-follow-up or 

censoring. The dataset motivating this work consists of electronic health data captured 

between 2002 and 2012; over this time period, some patients who contributed data in 2002 

disenrolled prior to 2012, and other patients enrolled and began contributing data after 2002. 

If E denotes the indicator that a subject experiences a cardiovascular event within 5 years of 

his/her “index time” (a term we define more formally in the next section), then subjects who 
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were followed for less than five years and who did not experience an event have E 

undefined. Ignoring or assigning a particular event status to these subjects may lead to 

biased probability estimates since their underlying failure times are right-truncated. We 

propose a more principled approach to handling these observations which we refer to as 

Censored Naive Bayes (CNB).

3.1. Notation

Consider a longitudinal study of τ years duration, from which data on n independent 

subjects are available. Subjects may enter the study at any time between the beginning of the 

study and year τ, and follow-up can end when an event occurs, when the study ends in year 

τ, or when a subject drops out of the study prior to year τ. For each subject i, define Ti as the 

time between some index time ti = 0 and the occurrence of an event (failure time), and Ci as 

the time between ti = 0 and the end of follow-up due to study termination or drop-out 

(censoring time). In our data application example, the index time ti = 0 corresponds to the 

first clinic visit following the initial 12 months of continuous enrollment in the healthcare 

system. For all subjects i = 1, … , n, we observe data (Oi, δi, Xi), where Oi = min(Ti, Ci), δi = 

𝟙[Ti ≤ Ci], and Xi = {Xi1, … , Xip} is a p-vector of continuous-valued covariates available at 

ti = 0. Let Yi(t) = 𝟙[Oi ≥ t] be the at-risk indicator at time tk. We denote the marginal 

survivor function by S(t) ≡ P (T ≥ t), and the conditional survivor function by S(x, t) ≡ P(T 

≥ t | X = x). We will use f(A|B) as shorthand for the conditional pmf or density of A, given B, 

and write  and  where it is understood that, for 

fixed t, the densities are a function of x.

3.2. Estimating the conditional survivor function

By analogy with (2), we can write

(3)

Our Censored Naive Bayes technique involves estimating the two components S(t) and Ψ(X, 

t) separately and then combining them to yield risk estimates via

(4)

The following sections describe approaches to estimating the components S(t) and Ψ(X, t).

3.3. Estimation of S(t)

We propose to estimate S(t) non-parametrically via the Kaplan-Meier estimator [33]. Let the 

observed event times be t1 < t2 < ··· < tK. For tk < t ≤ tk+1, we estimate
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where em and rm respectively give the number of events and individuals at risk at time tm,

Since the Kaplan-Meier estimator makes no assumptions about the form of S(t), it is ideally 

suited to a machine learning situation where little information may be available to guide 

parametric assumptions about the failure time distribution. In situations where the 

distribution of failure times are thought to follow a known distribution, a parametric 

approach to estimating the marginal survivor function may be chosen instead; however, in 

typical applications the large sample size will minimize the importance of any resulting 

efficiency gains. Consistent estimation of S(t) via Kaplan-Meier requires that the censoring 

and event times be independent, which is implied by the assumptions in Theorem 1 below.

3.4. Estimation of Ψ(X, t)

If there are p total covariates, then the Naive Bayes assumption requires estimation of the 

densities  and  for j = 1, … , p. Our method assumes that Xj|T ≥ t and Xj|T < t 

follow Gaussian distributions with means and variances depending on t, i.e.,

(5)

where ϕ is the standard Normal PDF. The assumption that changes in the covariate 

distributions with t are restricted to location-scale shifts within the Normal family is a strong 

one, but our simulations demonstrate that it need not hold exactly for NB to perform well. 

μj(t) and  are estimated via:

(6)

(7)

All individuals with observation times ≥ t contribute to estimation of μ and σ2, since Oi ≡ 

min(Ti, Ci) ≥ t implies that Ti ≥ t.
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θj and ψ2 are estimated using inverse probability of censoring weighting (IPCW; [34]). Let 

G(t) = P(Ci > t), the probability that the censoring time is greater than t. We define inverse 

probability of censoring weights via

(8)

The weights are computed by first estimating G via Kaplan-Meier, using the censoring 

indicators . Subjects censored prior to t have ω̂
i = 0, otherwise ω̂

i = 1/Ĝ(min(Oi, t)). 

θ and ψ are estimated using the weights ω̂
i as:

(9)

(10)

The densities in (5) are evaluated by plugging in the resulting parameter estimates.

In Appendix A, we provide a proof of the following theorem:

Theorem 1—Suppose that the following assumptions hold:

Assumption 1: C ⊥ T | X, i.e., the censoring and failure time are independent, given the 

covariates.

Assumption 2: C ⊥ X, i.e., the censoring time does not depend on covariates.

Then, at a fixed time t for which  and , ,

Assumption 1 (a.k.a. “random censoring”) is fairly standard in many survival analysis 

settings. The assumption can be slightly weakened if there is a known set of discrete-valued 

variables Y such that the failure and censoring times are conditionally independent given Y, 

in which case one could consider estimating the survivor function P(T ≥ t) = ∫y P(T ≥ t | R = 

r)dFR(r), where P(T ≥ t | R = r) can be consistently estimated within the subset of 

individuals with R = r. Assumption 2 is a less common and fairly strong assumption which 

implies that censoring time does not depend on individual characteristics. While in some 

settings this assumption may be unrealistic, it is relatively reasonable in our EHD setting 

where most censoring is induced either by the end of the data capture window or by subjects 

disenrolling from the healthcare plan, often due to an employer switching plans. Note that 

Assumptions 1 and 2, taken together, are equivalent to the assumption that C ⊥ (T, X).
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An immediate corollary of Theorem 1 is that the density estimates obtained by plugging (μ̂
j, 

σ̂j) into  and (θ̂
j, ψ̂

j) into  are consistent for the true densities provided Xj|T ≥ t and Xj|T 

> t follow the assumed Normal distributions. We note, however, that the consistency of the 

density estimates does not guarantee consistency of Ŝ(x, t) if the Naive Bayes assumption 

fails. Indeed, as we show in the simulations, while the classification performance of CNB is 

not dramatically affected by correlation between predictors, conditional survival probability 

estimates are severely biased. In the next section, we develop a modification to the CNB 

technique which may improve calibration in situations where the Naive Bayes assumption of 

predictor independence is violated.

3.5. CNB-PC

The Naive Bayes assumption treats the available covariates as independent for the purposes 

of estimating their joint distribution. Hence, it will perform best when the design matrix  is 

close to orthogonal. Therefore, we propose to orthogonalize the design matrix via singular 

value decomposition (SVD) prior to applying the estimation approaches described in the 

previous sections.

The matrix  , which is proportional to the empirical covariance matrix of , can be 

written using SVD as

where Λ is a diagonal matrix containing the eigenvalues of and  the eigenvectors of  . 

By convention, we often rearrange Λ and  such that the eigenvalues making up the 

diagonal of Λ are in decreasing order. Let

The matrix  is called the principal component decomposition of . The key property of 

is that its columns are orthogonal, since

as eigenvectors corresponding to unique eigenvalues are orthogonal. Exploiting this fact, we 

suggest the following technique, which we refer to as Censored Naive Bayes - Principal 

Components (CNB-PC):

1. Compute the principal component decomposition  of the (standardized) design 

matrix , yielding the eigenvector matrix .

2. Given a fixed time t and a p × 1 vector of covariates x for which one wishes to 

estimate S(x, t),
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a. Let d = x, and apply the CNB method as previously described to estimate 

Ψ(d, t) and hence S(d, t).

b. Set Ŝ(x, t) = Ŝ(d, t).

While the principal component decomposition results in a set of covariates likely to satisfy 

the marginal relationship , it does not imply that this relationship is 

satisfied conditional on T ≥ t or T < t. However, based on results from our simulation studies 

and real data analysis, the technique appears to perform quite well, possibly because the 

marginal and conditional correlations between predictors are often similar.

Above, we proposed to use the full matrix of eigenvectors  to obtain d = x. However, 

principal component decomposition is widely applied as a dimension reduction technique by 

truncating  to , where  contains the rows of  corresponding to the p − K largest 

eigenvalues. This approach could easily be used as part of CNB-PC by setting 

and Ŝ(x,t) = Ŝ(d_k,t). Truncating  in this way could substantially speed up computation if 

p is large and a small number of eigenvectors account for most of the variance in X, so that 

 and .

3.6. Implementation

Software implementing the Censored Naive Bayes techniques described here is available on 

the website of the first author (Wolfson). The algorithms are fast; in our simulation studies, 

unoptimized R code for obtaining predictions from CNB (and CNB-PC) had faster running 

time than extracting predictions from a coxph model object using the survival package. In 

our data application, fitting the CNB and CNB-PC models to the training dataset with > 

60,000 observations and obtaining predictions on the > 20, 000 observations in the test set 

took less than two seconds on a desktop computer. The assumption of covariate 

independence allows the CNB/CNB-PC algorithm to be easily parallelized, which is not true 

of procedures for maximizing the Cox partial likelihood.

4. Simulations

One theoretical advantage of the proposed Bayesian network approach is that it does not 

depend on the assumption that hazards are proportional. Hence, NB might be better suited to 

modeling data which do not follow a proportional hazards model, or for which the functional 

relationship between covariates and the hazard is misspecified. In this section, we compare 

the performance of the CNB models with the Cox proportional hazards model (CPH) when 

1) failure times follow a proportional hazards model, 2) failures times follow a log-logistic 

accelerated failure time (AFT) model such that the hazards are non-proportional, and 3) the 

manner in which covariates influence the failure time is misspecified in the regression 

model. In all cases, censoring times were generated as min(10, Unif(0, 20)), thereby 

guaranteeing the conditional and unconditional independence of censoring and failure times. 

Observed event times O and censoring indicators δ were defined in the usual way: O = 

min(T, C) and δ = 𝟙[T ≤ C]. As in our real data example (Section 5), we consider predicting 
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the probability of surviving beyond 5 years, S(x, 5) = P(T ≥ 5 | x). All tables are based on 

5000 simulations.

We report on both the model calibration and discrimination of the CNB and CPH 

techniques. Since the true (i.e., simulated) event times and survival probabilities are fully 

known for the simulated test data, it is straightforward to assess these characteristics. Model 

calibration was assessed by considering bias and mean squared error (MSE) of the predicted 

probabilities with respect to the true event probabilities. We report conditional bias and 

MSE within specific population subgroups, as well as marginal measures which average 

across the entire simulated population. Model discrimination was assessed via the area under 

the ROC curve (C-index/AUC). In the real data analyzed in Section 5, the event times in the 

test data are subject to censoring, hence we use modified versions of the C-index which 

account for censoring; further details appear in Section 5.3.

4.1. Proportional hazards

Table 1 summarizes the performance of the CPH and NB models when data are generated 

from a proportional hazards model using the method suggested in [35]. Covariates Xc = (X1, 

X2, … , Xp) were generated from a p-variate Normal distribution with mean zero, variance 

one, and exchangeable correlation with pairwise correlation ρ. Different values of ρ were 

considered in the various simulation settings. The final design matrix was defined by X = [1 
Xc], where 1 is an n-vector of ones. Because each covariate was marginally standard normal, 

no covariate scaling was performed before applying the computational methods. Given 

observed covariates xi for subject i, a failure time was generated as

where Ui ~ Unif (0, 1), which corresponds to generating failure times from a Weibull 

distribution with scale parameter λ(xi) = λexp(β′xi), so that the hazard for subject i is 

proportional to the baseline hazard with proportionality factor exp(β′xi). For this set of 

simulations, we set λ = 0.01, ν = 2, and

β0 was set to 0, −1, and −2 across simulations, yielding data with true event rates of 24%, 

10%, and 4%, and censoring rates of 80%, 92%, and 97%, respectively. Across all scenarios, 

about 24% of subjects were censored before accruing less than five years of follow-up.

When covariates are independent (ρ = 0), CNB, CNB-PC have small bias and MSE, while 

CPH has better discrimination as measured by AUC, particularly when the sample size is n 

= 1000 and when the event rate is smaller (β0 = −1 and −2). When covariates are strongly 

correlated (ρ = 0.7), CNB has large bias and MSE, while CNB-PC retains similar 

performance to the zero-correlation scenario. Interestingly, the bias of CNB does not 
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degrade the discrimination ability of CNB as measured by the AUC; in fact, in the scenarios 

where n = 1000 and β0 ∈ {−1,−2}, AUC of the CNB is greater for the ρ = 0.7 case where 

bias and MSE are substantial. This finding is not entirely surprising; it has been shown that 

Naive Bayes tends to drive predicted probabilities towards either 0 or 1 [32] so that 

calibration may poor while an approximately correct ranking of observations with respect to 

their risk is maintained.

4.2. Nonproportional hazards

Table 2 compares the performance of the NB with the CPH model when data follow a log-

logistic accelerated failure time (AFT) model, and covariates are generated as described 

above. Given observed covariate xi, failure times were generated from a Log-logistic 

distribution with shape parameter exp(β′xi) and scale parameter ϕ = 20. Censoring times 

were generated as min(10, Unif(0, 20)). β was set as

β0 was set to 1, 0, and −1 across simulations, yielding data with true event rates of 36%, 

20%, and 5%, and censoring rates of 65%, 82%, and 96%, respectively. The proportion of 

subjects censored with less than five years of follow-up ranged from 18–24%.

As in the proportional hazards case, bias and MSE are small for all three methods when 

covariates are independent, but is higher for CNB when covariates were correlated while 

CNB-PC retains acceptable calibration in this case. CNB-PC has both smaller bias and MSE 

than the proportional hazards model while retaining comparable AUC in scenarios where n 

= 5000, showing the advantage conferred by this more flexible model.

4.3. Regression model misspecification

Table 3 summarizes the performance of CNB, CNB-PC, and CPH models when data are 

generated from a Log-logistic model and the CPH linear predictor is misspecified. The 

simulation model emulates a scenario where the effect of age on risk is non-linear: subjects 

at middle ages are at highest risk, while those at low and high age are at lower risk. In our 

data, such a pattern is observed when modeling the probability of certain nonfatal CV 

events; young subjects are at low risk of CV events, and among older subjects these events 

are more likely to be fatal.

For this set of simulations, the total sample size was fixed at n = 5000. We started by 

generating an ‘age’ covariate from a Log-logistic distribution with shape parameter 10, scale 

parameter 50, and rate parameter 0.4; this yielded a distribution of ages with a median of 50 

and an interquartile range of 10. A small fraction (<0.1%) of simulated ages were > 100; 

these ages were set to 100. Given age= a, systolic blood pressure values were simulated 

from a Normal distribution with mean  and standard 

deviation 15. Based on the simulated ages and SBPs, failure times were simulated from a 

Log-logistic distribution with scale parameter ϕ = 20 and shape parameter
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(11)

where (age > 60) is a binary indicator, age × sbp is an age-by-SBP interaction, and age × 

(age > 60) is an interaction between continuous age and binary indicator of age > 60. All 

columns of the design matrix implied by this linear predictor were standardized to have 

mean zero and variance one before estimation was performed, so that the coefficients 

represent standardized effect sizes for each covariate. The left panel of Figure 1 shows a set 

of 5-year event probabilities simulated from this model and plotted vs. age; the right panel 

plots these event probabilities vs. SBP.

We consider the performance of CNB, CNB-PC and CPH models for different specifications 

of the linear predictor in the Cox model. There is no explicit regression model associated 

with CNB and CNB-PC, and hence it is provided with (standardized) vectors of ages and 

SBPs. We consider varying degrees of misspecification of the regression model, from a 

model incorporating only linear terms for age and SBP (omitting the (age > 60) indicator 

and higher-order interactions) to the full model including all the covariate terms from (11).

Table 3 and Figure 1 illustrate how the additional flexibility of the CNB models allows more 

accurate predictions to be obtained when relevant covariates are omitted from the CPH 

model. Note that the performance of the CNB/CNB-PC models are identical across the 

different CPH regression model specifications as the CNB models are always provided with 

the same set of information (standardized vectors of age and SBP). The CNB models have 

smaller MSE when compared to a CPH model which includes only main effects for age (or 

log(Age)) and SBP. Figure 1 displays predicted survival probabilities from a typical 

simulation run using the CNB-PC and the main effects only CPH model. The overlaid 

smoothers show clearly that CNB/CNB-PC capture the non-linear effects of age and SBP 

observed in the true probabilities (left panel) better than CPH. Returning to Table 3, adding 

an age × SBP interaction term does not markedly improve the performance of CPH. 

Incorporating a quadratic effect for age, a standard strategy when faced with apparent non-

linearity in the effect of a covariate, yields some improvement in CPH but CNB/CNB-PC 

retain an advantage in MSE. When the (Age> 60) indicator term is included so that the 

regression model is well specified, CPH outperforms CNB/CNB-PC both in terms of MSE 

and AUC.

5. Data application

5.1. Study population

We illustrate our Censored Naive Bayes method by applying it to the task of predicting the 

risk of cardiovascular events from longitudinal electronic health record data. The data come 

from a healthcare system in the Midwestern United States and were extracted from the 

HMO Research Network Virtual Data Warehouse (HMORN VDW) associated with that 

system [36, 37, 38]. The VDW stores data including insurance enrollment, demographics, 

pharmaceutical dispensing, utilization, vital signs, laboratory, census, and death records. 

This health care system includes both an insurance plan and a medical care network in an 

open system which is partially overlapping. That is, patients of the insurance plan may be 
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served by either the internal medical care network and or by external healthcare providers, 

and the medical care network serves patients within and outside of the insurance plan. 

Patient-members who do not visit any of the clinics and hospitals in-network do not have 

any medical information (e.g., blood pressure information) included in the electronic 

medical record (EMR) of this system. Furthermore, once the patient-member disenrolls from 

the insurance plan, the patient is right-censored as there is no longer any information on risk 

factors or outcomes (i.e., CV events) recorded in the EMR or insurance claims data.

The study population was initially selected from those enrolled in the insurance plan 

between 1999 and 2011 and who had at least one outpatient medical encounter at an in-

network clinic. From this initial database of 448,306 subjects, an analysis population of was 

identified by applying the following inclusion/exclusion criteria: 1) The analysis was 

restricted to those subjects with at least one year of continuous insurance enrollment. Some 

of the patients were sporadically enrolled during the period of study; we ignored gaps in 

enrollment less than 90 days and considered a patient-member continuously enrolled over 

this period; 2) We included only patients with two medical encounters in the in-network 

clinic with blood pressure information at least 30 days but at most 1.5 years apart, with drug 

coverage at the end of the baseline period; 3) Patients under the age of 40 were excluded; 4) 

Subjects with pre-existing serious comorbidities other than diabetes (e.g., prior CV event, 

chronic kidney disease, etc.) were excluded. After applying the above criteria, our final 

analysis dataset contained 87,363 individuals.

The available longitudinal data on each patient-member was divided into: (i) a baseline 

period, where the risk factors were ascertained, and (ii) a follow-up period, where we 

assessed whether a patient experienced a CV event (and, if so, when). The baseline period 

consisted of the time between the first blood pressure reading during the enrollment period 

and the date of the final blood pressure reading at most 1.5 years from the first 

measurement. The follow-up period for a patient begins at the end of the baseline period, 

referred to as the index date, and continues until either the patient experiences a CV event 

(defined below), the patient disenrolls from the insurance plan for more than 90 days, or the 

data capture period ends (in 2011), whichever comes first.

5.2. Predictors and outcomes

Cardiovascular events were defined as the first recorded stroke, myocardial infarction (MI), 

or procedure proximal to stroke or MI (e.g., coronary artery bypass surgery, stent for either 

the coronary arteries or carotid artery) after the baseline period, prior to 5 years of follow-

up. This information was obtained from diagnosis codes recorded by physicians or inferred 

from procedures. We also considered a patient to have experienced a CV event if the cause 

of death listed on the death certificate included MI or stroke. The total number of first CV 

events recorded within 5 years of the baseline period was 3,653; the 5-year event rate for the 

entire analysis cohort calculated via Kaplan-Meier was 6.4%, and approximately 50% of 

subjects were censored with < 5 years of follow-up. Risk factors used as predictors in our 

models included age, gender, systolic blood pressure (SBP), cholesterol markers (HDL) and 

body mass index (BMI). Missing risk factor values were filled in prior to model fitting using 

imputation by chained equations [39] to create a single dataset with no missing values.
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5.3. Model evaluation metrics for censored data

In our simulation study, it was straightforward to compute the prediction and classification 

error of our models via MSE and AUC as the true underlying event times and status were 

known for all subjects. However, with real-life data, we must use calibration and 

reclassification metrics that account for censoring. Throughout this section, we will use the 

shorthand π̂
i to denote the predicted t-year event probability for subject i, i.e., π̂i = 1 − Ŝ (xi, 

t).

5.3.1. Calibration—To accommodate censoring, we consider a calibration statistic which 

compares the average predicted risk to the empirical risk within a set of bins β1, β2, …, βm 

defined by clinically relevant cut points. Since the event times are censored, the empirical 

risk (and its variance) within each bin is calculated via Kaplan-Meier. The calibration 

statistic K takes the form:

(12)

where m is the number of bins, π̂
k = Σi∈βk πî/|βk| is the average of predicted probabilities in 

bin k, and  is the Kaplan-Meier estimate of experiencing an event before t for subjects 

in bin k.  is the sampling variance of the Kaplan-Meier estimator of the event rate 

calculated using Greenwood’s formula [40] applied to the data in bin k:

(13)

where dsk is the number of events occurring at time ts in bin k, and nsk are the number of 

subjects at risk for an event at time ts (i.e., not censored and not experiencing an event 

before time ti). K is analogous to the χ2 statistic with m − 2 degrees of freedom for assessing 

the calibration of logistic models suggested by Hosmer and Lemeshow [41, 42].

5.3.2. Concordance index—When the outcome is fully observed on all subjects (as in 

the simulations earlier), the AUC is equivalent to the concordance index (C-index), the 

probability of correctly ordering the outcomes for a randomly chosen pair of subjects whose 

predicted risks are different. Standard techniques for estimating the AUC/C-index are 

potentially biased when data are censored, but the C-index can be adapted for censoring by 

considering the concordance of survival outcomes versus predicted survival probability 

among pairs of subjects whose survival outcomes can be ordered [43]. Pairs in which both 

subjects are censored or in which the censoring time of one precedes the event time of the 

other do not contribute to this metric. The C-index adapted for censoring is therefore given 

by

(14)
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where 𝟙[·] is the indicator function.

5.4. Results

The cohort was randomly split into a training dataset consisting of 75% of the observations 

(65,522 subjects), and a test dataset consisting of the remaining 25% (21,841 subjects). After 

standardizing the covariate values to have zero mean and unit variance, we applied the CNB, 

CNB-PC, and CPH methods to the training data and obtained predictions for the test data. 

The CPH model regression equation included linear terms for each of the risk factors (age, 

blood pressure, LDL cholesterol, and BMI). Risk factor values were log-transformed, 

consistent with existing techniques such as the Framingham risk equations.

Table 4 summarizes the calibration and reclassification performance of CPH, CNB, and 

CNB-PC on the test data. CNB is rather poorly calibrated, overpredicting the risk in four out 

of five risk categories by 15–35%. Both CPH and CNB-PC are well calibrated, though 

CNB-PC is slightly better. Under the null hypothesis of perfect calibration, the CNB-PC 

calibration statistic has a  distribution and  so the null hypothesis of 

good calibration for CNB-PC is barely rejected at the α = 0.05 level. Classification 

performance of all three models–including the poorly-calibrated CNB–is similar, with a C-

index ranging from 0.787 to 0.789. One interesting observation is that CPH and CNB-PC 

achieve near-identical calibration and reclassification performance despite disagreeing on 

the risk predictions for a non-trivial fraction of subjects: approximately 12.5% of subjects 

are placed in different risk bins (e.g., 0–5% vs. 5–10%) by the two methods. The percentage 

of discordant predictions for CPH vs. CNB and CNB vs. CNB-PC are 16.5% and 17%, 

respectively.

While the improvement offered by CNB-PC over CPH in this application is modest at best, 

it is important to note that the proportional hazards model is a very worthy competitor for 

the task of cardiovascular risk prediction: the well-established Framingham risk model as 

well as a recently-developed model designed to replace it [44] are both based on CPH 

regression. The success of these relatively simple CPH models suggests that, in datasets 

used for cardiovascular risk prediction, the proportional hazards assumption is not severely 

violated and the relationships between predictors and risk are relatively linear. The main 

benefit of CNB/CNB-PC is its flexibility, which may allow it to achieve greater gains over 

CPH on datasets in settings where the proportional hazards assumption is clearly violated, or 

when predictor-outcome relationships are highly non-linear.

6. Discussion

We have presented Censored Naive Bayes, an extension of the Naive Bayes technique to 

accommodate time-to-event data subject to censoring, and illustrated its application to 

predicting cardiovascular risk using electronic health record data. Our method, like many 

machine learning techniques, is ‘model-agnostic’ and hence can capture complex 

relationships between demographics, biomarkers, and clinical risk without requiring a priori 

specification of a regression model. While it is true that a more complex Cox regression 

model or a set of stratified Kaplan-Meier estimates might capture observed non-linearities in 

risk, considering multiple candidate regression models or covariate strata increases the risk 
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of overfitting, even when an independent test set is used. In contrast, our relatively simple 

Censored Naive Bayes approach captures non-linear effects without requiring any model 

tuning, scoring, or comparisons.

CNB assumes that covariates are independent and normally distributed conditional on both 

T ≥ t and T < t for all t. This is unlikely to hold in practice, though Naive Bayes has been 

shown to be effective in other settings where distributional assumptions regarding the 

covariates are not satisfied. Indeed, while most covariates in our simulation study were 

generated from marginal normal distributions, no constraint was placed on their conditional 

distributions. We found in our simulations that predictions from CNB were biased when 

between-covariate correlation was high, though this bias was largely corrected by applying 

the CNB-PC technique. However, many of the poorly calibrated CNB models had 

acceptable risk reclassification performance. In clinical practice, the ability to discriminate 

between low- and high-risk patients may be more important than obtaining a precise risk 

estimate, which may recommend the use of Censored Naive Bayes in such settings.

The assumption of conditional normal distributions (given T ≤ t and T > t) is somewhat 

limiting in that it restricts CNB/CNB-PC to cases where covariates are continuous and have 

distributions which are approximately Normal. In practice, separate CNB models could be 

fit at each level of categorical risk factors (e.g., smokers and non-smokers), but this could be 

time-consuming for factors with more than two levels and inefficient for ordered factors 

(e.g., tumor staging). Furthermore, many risk factors of clinical disease have skewed 

distributions either marginally or among subjects with survival times beyond a certain 

threshold. In ongoing work, we are developing techniques which accommodate discrete and 

skewed covariates in the CNB framework.
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Appendix A - Proof of Theorem 1

Theorem 1

Suppose that the following assumptions hold:

Assumption 1: C ⊥ T | X, i.e., the censoring and failure time are independent, given the 

covariates.

Assumption 2: C ⊥ X, i.e., the censoring time does not depend on covariates.

Then, at a fixed time t for which  and 

Proof

Let t be an event time such that, for sufficiently large n,  and 

. We start by consider μ̂
j(t). By writing

it is clear by the Weak Law of Large Numbers that the numerator and denominator 

respectively converge in probability to E(Y (t)Xj) and E(Y (t)). Now,

which implies that
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A similar argument yields the result

Hence to obtain the result for μ̂
j and  it suffices to show that E(Xj|O ≥ t) = E(Xj|T ≥ t) ≡ 

μj(t) and similarly .

Using fj as shorthand to denote the density function of Xj (which we assume exists), we have

and hence all functionals of fj(·|O ≥ t) are equal to the corresponding functionals of fj(·|T ≥ 

t).

The results for θ̂
j and  follow standard arguments from the inverse probability of 

censoring weighting literature. Let δi(t) = δi × (1 − Yi(t)) = 𝟙[Ti < Ci] · 𝟙[Ti < t] be the 

indicator that a subject experienced an event prior to time t. Then

We first focus on θĵ(t). We show that

By the WLLN, we have  and
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A similar argument yields E(ωδ(t)) = P(T < t), giving the final result for θ̂j. The calculation 

for  is identical with the exception of replacing Xij by  and using the consistency of 

θĵ(t) just shown.
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Figure 1. 
True and predicted risks of experiencing an event within 5 years based on a Log-logistic 

model with shape parameter defined by (11), plotted versus age (left panel) and SBP (right 

panel). On each plot, the points show (for a typical simulation run) true simulated risks and 

the solid line is a lowess scatterplot smooth showing the trend in risk across age and SBP 

respectively. The dashed lines in each panel show the trend in risk predictions obtained from 

the Cox Proportional Hazards model incorporating linear main effects for age and SBP (first 

row of Table 3), while the dotted lines show the trend in predictions by Naive Bayes.
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