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Abstract

For non-stationary processes, the time-varying correlation structure provides useful insights into
the underlying model dynamics. We study estimation and inferences for local autocorrelation
process in locally stationary time series. Our constructed simultaneous confidence band can be
used to address important hypothesis testing problems, such as whether the local autocorrelation
process is indeed time-varying and whether the local autocorrelation is zero. In particular, our
result provides an important generalization of the R function acf() to locally stationary Gaussian
processes. Simulation studies and two empirical applications are developed. For the global
temperature series, we find that the local autocorrelations are time-varying and have a “V” shape
during 1910-1960. For the S&P 500 index, we conclude that the returns satisfy the efficient-
market hypothesis whereas the magnitudes of returns show significant local autocorrelations.
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1 Introduction

Practical data often exhibit complicated time-varying patterns that can hardly be captured by
simple parametric models, such as the classical autoregressive moving average models. To
model non-stationary data, locally stationary models allow the model dynamics to change
smoothly in time and thus can provide flexible and tractable alternatives over stationary
models. Using spectral representations, Dahlhaus (1997) and Adak (1998) studied locally
stationary models; other related works include Priestley (1965) and Ombao et al. (2005). In
time domain analysis, Subba Rao (1970) proposed time-varying autoregressive models,
Davis et al. (2006) studied piecewise stationary autoregressive models, and Dahlhaus and
Subba Rao (2006) considered time-varying autoregressive conditional heteroscedastic
(ARCH) models. For locally stationary wavelet processes, see Nason et al. (2000) and Van
Bellegem and VVon Sachs (2008). See Dahlhaus (2012) for a survey of contributions.

For non-stationary data, the time-varying dependence/correlation structure can provide
useful insights into the dynamics of the underlying process, such as whether and how the
dependence changes over time. For example, in global temperature studies, it is of interest to
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examine whether the dependence of temperature measurements has changed over the past
century. In children’s growth studies, it is reasonable to believe that the dependence of
growth measurements has different patterns during early childhood, middle childhood, and
adolescence. In financial markets, we can ask whether the market returns are more
correlated in periods with high volatilities. In these applications, one common feature is the
potentially time-varying dependence/correlation structure, and traditional tools based on the
autocorrelations of stationary processes are of little use.

Motivated by the above discussion, we aim to study autocorrelations of locally stationary
processes. For stationary processes, there is a vast literature on autocovariances/
autocorrelations; see Wu and Xiao (2011) for a survey. On the other hand, developments on
autocovariances/autocorrelations of non-stationary processes are quite limited. One
approach is to divide data into blockwise stationary models [Ombao et al. (2001); Davis et
al. (2006)], but this approach relies on selecting the number, location, and length of the
blocks. For autocovariance estimation of locally stationary processes, some alternative
approaches include the local cosine function method in Mallat et al. (1998), the wavelet
periodograms method in Nason et al. (2000), and the local kernel autocovariance estimation
in Dahlhaus (2012). However, these works did not obtain the related pointwise and
simultaneous asymptotic distributions, the essential ingredients in statistical inference.

Our first goal is to quantify and estimate the time-varying correlation structure for a rich
class of locally stationary time series introduced in Wu and Zhou (2011). At each lag k, we
introduce the local autocorrelation curve, denoted by {o(t)}te(0,1), to characterize the local
correlation of measurements near time t € (0, 1). As a time-varying curve, the local
autocorrelation curve is a natural generalization of the classical autocorrelation function for
stationary processes to locally stationary processes. Using the nonparametric kernel
smoothing method, we propose a local sample autocorrelation estimate of o (t).

Our second goal is to construct a simultaneous confidence band (SCB) for {ox(t) }te (0,1)-
Compared to a pointwise confidence interval, an SCB can provide more useful insights into
the overall trend of pi(t) on the time interval t € (0, 1). In the literature, SCB has been
constructed for various marginal characteristics, including the marginal density function
[Bickel and Rosenblatt (1973)], nonparametric mean function [Eubank and Speckman
(1993); Wu and Zhao (2007)], and coefficient functions in varying-coefficient linear models
[Fan and Zhang (2000)]. These marginal quantities are less informative when the goal is to
study how time series observations are correlated with each other.

Our development on SCB for {(t) }te (0,1) provides an appealing tool for a nonparametric
assessment of the time-varying dynamics of the underlying model. The constructed
nonparametric SCB can be used to examine whether the local autocorrelation curve is of
certain parametric patterns by checking whether the parametric curve is contained within the
SCB. We develop easy-to-use rule-of-thumb tests for some practically important
hypotheses: (i) whether the local autocorrelations are indeed time-varying or constant, and
(i) whether the local autocorrelations are significant or not. For stationary time series, the R
function acf() plots sample autocorrelations along with two horizontal 95% critical lines to
examine whether there are significant autocorrelations among observations. By constructing
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the 95% simultaneous cutoff bands, we provide an important generalization of the latter
result to local autocorrelations of locally stationary processes.

The developed methodology for local autocorrelations has a wide range of applications in
social and scientific fields, such as biomedical, climatic, environmental, economics, and
financial fields, where non-stationary processes occur frequently. In Section 6 we illustrate
two applications in the global temperature series and the S&P 500 index, and our
methodology yields some interesting findings.

2 Two Motivating Data sets

2.1 Global temperature series

Consider the global monthly temperature anomalies during 1850-2010, relative to the 1961—
1990 mean. The continually updated data set is available at

http://cdiac.ornl.gov/ftp/trends/temp/jonescru/global.txt,

and detailed background information can be found at
http://cdiac.ornl.gov/trends/temp/jonescru/jones.html.

There are n = 161 * 12 = 1932 observations, with a time series plot in Figure 1.

Figure 1 clearly indicates a time-varying trend, and in climate change studies there is a
substantial literature on inferences for the mean trend p(t). For example, Woodward and
Gray (1993) fitted a linear trend, Rust (2003) argued that a linear trend is inadequate and
fitted a quadratic trend, Wu et al. (2001) considered an isotonic regression to examine the
change point in the mean trend, and Wu and Zhao (2007) constructed a simultaneous
confidence band for the mean trend. The thick solid curve in Figure 1 is the nonparametric
smoothing estimate of p(t); see Section 6.1 for more details.

While the aforementioned works provided an extensive account of inferences for the mean
trend p(t), there are two limitations. First, they all assumed that the temperature series has a
mean trend plus some stationary errors. As a modeling issue, it is hard to justify that the
mean is time-varying while the dependence structure of the errors remains the same over the
long time period of 161 years. In fact, our methodology (see Section 6.1) suggests that the
error process has a complicated time-varying pattern, and thus the stationarity-based
inference may be questionable. Second, these works did not address the equally important
question of whether and how the dependence structure of temperature series varies over
time. In contrast to the first-order marginal mean trend, the autocovariance/autocorrelation
concerns the second-order property of the temperature series and can provide useful insights
into the evolving dynamics of the series.

2.2 S&P 500 index returns

In finance, the efficient-market hypothesis (EMH) states that financial markets are efficient:
stock price behaves like random walks and all subsequent price changes represent random
departures from previous prices. See the review paper Fama (1970). In terms of
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autocorrelations, EMH asserts that stock returns have zero autocorrelations and thus are not
predictable. On the other hand, however, there is empirical evidence [Ding et al. (1993)] that
the absolute values or magnitudes of returns are correlated.

The S&P 500 index includes 500 large-cap companies in leading industries of the U.S.
economy and is one of the most widely used benchmarks for the overall U.S. stock market
performance. Since weekly data are less noisy/volatile than daily data, we consider the
weekly S&P 500 index during the 20 years period January 6, 1992—-December 27, 2011; see
the left plot in Figure 2. Denote the logarithm returns by X; = log(S;) — log(Sj-1), where S; is
the index at week i. There are n = 1041 observations, plotted in the right plot of Figure 2. It
is desirable to develop some test for the EMH that can work under possible time-varying
dependence of unknown form.

3 Inferences for Local Autocorrelation Curve

Motivated by the two examples in Section 2, in this section we study the time-varying
dependence structure of non-stationary processes. For a random variable Z, write Z € 27 if ||
Zllg = [ E(|Z19]Y9 < 00, g > 0.

3.1 Local autocorrelation curve

We consider the non-stationary time series in Wu and Zhou (2011):
XiIg(tZ', fl), where ti:i/n, Ez:( ey &1, Ei), ZIL N, (1)

for i.i.d. innovations {&} and a time-varying transformation g(t;, -). Assume

Ssz||g(t,€0)||2<oo and l‘imlsuI(J)Hg(t,go)—g(s,§o)||2=0- )
t—s|—

Then Xj = g(tj, &) = 9(t, &) + op(2) for tj ~ t. That is, in the local time window t; ~ t, {X;}
can be approximated by the stationary process {g(t, &)}i. Following Dahlhaus (1997) and
Wu and Zhou (2011), we say that {X;}; is locally stationary. Therefore, (1) allows the
dependence structure to vary over time, and meanwhile it imposes a local stationarity. In
time series analysis, autocorrelation functions measure the strength of dependence in a
process. The autocorrelation function o(:, -) for {X;} atlagk =0 is

(i, i+k)
VG 0y itk itk)

p(4, k): where ’Y(L i"‘k):COV(Xia Xi+k)' 3)

By stationarity of &, yi, i + k) = cov{g(tj, &), 9(ti+k, &)} Lett € (0, 1) be any fixed time
point. Consider i = |nt], with |x| being the integer part of x, so that t; = [nt|/n —tasn —

oo. Letk be fixed. Using g(ti, S0)9(ti+k &) — 9(t 0)a(t, §J = {9(ti, So) — 9(t, So)F9(ti+k, ) +
{o(ti+k, &) — 9(t, §)}a(t, &) and the inequality E|UV| < ||U]|2l|V||2, we obtain the following

result:

Proposition 1—Suppose (2) holds. Then for any fixedk =0 and t € (0, 1),
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i (t) def

Jim p(|nt], k)= (D)

pr(t), where i(t)=cov{g(t,&0),9(t, &)} (4

If g(t, &) does not depend on t, then p(t) is a constant and reduces to the usual
autocorrelation function for stationary processes. In our locally stationary case, the time-
varying curve p(t) measures the correlation of observations in a neighborhood of t. We call
{(O}te (0,17 the local autocorrelation curve.

Example 1—Consider the fixed-design nonparametric regression model: X; = u(t;) + oftj)e;,
i=1,...,n, where i~ <%= is a centered stationary process, J(t) and o(t) are continuous
functions on [0, 1] representing the time-varying trend and scale, respectively. Then p(t) =
corr(ep, €x) is a constant, although the variance changes over time.

o0
Example 2—The classical linear process is ei:z o ¥i€i—j, where f= € £} are i.i.d.

random variables with E(g) = 0, and {a;}j>o are constants satisfying ZJ 0% <°O Fora
natural extension, we consider the linear process with time-varying coefficients:

ei(t)=) aj(t)eij, i€Z, te[01], (5
7=0

where ¢(t), j 2 0, are continuous functions on [0, 1] satisfying SUPr<[0,1] ijo%‘ (t)<oo,

Let X; = ej(t;) be discrete samples. Then Pk(t)zz =0 jk( /Z i=0 J ). 1f qj(t) =0
for j=q + 1, then (5) is the time-varying coefficient moving average of order g. Consider
the time-varying autoregressive model: ej(t) = a(t)ej-1(t) + o(t)g for some continuous
functions a(t) and oft) on [0, 1]. Note that this is different from the time-varying
autoregressive model ej = a(i/n)ej + o(i/n)e; in, e.g., Subba Rao (1970), which does not
admit the representation (5). If supy e [0,17 |a(t)| < 1, then (5) holds with agr;;j(t) = o(t)ai(t)
and py(t) = aX(v).

Example 3—Consider the threshold autoregressive model e;=a/e; 1|+ v/ 1—a2e;, Where
{&} are i.i.d. N(0, 1) random variables, and a € (-1, 1) controls the dependence. By Andel
etal. (1984) the stationary distribution has the skew-normal density

F(u)=2¢(u)®(au/ V1-0?) where pand ® are the standard normal density and
distrlbutlon functlons, respectively. We consider the extension to the time-varying
coefficient case:

ei(t)=a(t)|e;—1(t)|+/1-a?(t)e;, €2, tel0,1], (6
where a(t) is a continuous function and satisfies sup; |a(t)| < 1. Let X; = €j(t;) be discrete

samples. Using the skew-normal density and cov{e;j(t), ej-1(t)} = a(t)cov{lej-1(t)], ej-1(1)},
we can show
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pl(t):m-—Q;lio(;)(t) [a(t){ 1—a2(t)—1} +arctan {%H )

Figure 3 shows that {01 (t)}; has quite different patterns for different choices of a(t).

Example 4—In econometrics, the widely used GARCH(1,1) model is ej = a;s,
02=[1+Fzel |+ac? ;, Where p >0, £ 20, a20, and {&} are i.i.d. noises with zero mean
and unit variance. As in Examples 2-3, the corresponding time-varying coefficient
GARCH(1,1) is €i(t) = ()&, o2(t)=51(t)+F2(t)er_ | (t)+a(t)oi 1 (t) i € Z, €0, 1],
where S;(t) > 0 and £(t) = 0, a(t) = 0 are continuous functions on [0, 1] satisfying inf; £(t)
> 0 and supi5(t) + a(t)] < 1. As a special case, if a(t) = 0, then the latter model reduces to
the time-varying coefficient ARCH(1) model in Dahlhaus and Subba Rao (2006). Let X; =
ej(t;) be discrete samples. Then p(t) = 0 for k= 1.

3.2 Local sample autocorrelation process

Throughout this paper, our theory and methods rely on the assumption p(t) := E[g(t, &)] =0
for all t so that E(X;) = 0. In practice, we can subtract a nonparametric estimate of p(t;) from
Xi; see Section 6.1. Due to technical difficulty, it is non-trivial to theoretically quantify the
impact from pre-centering the data. From our simulation study in Section 5, our methods
still yield reasonable performance when we pre-center the data using local linear regression.
Based on our empirical studies, we recommend:

i. For time series data (e.g., global temperature series) with a clear time trend, use the
local linear regression to remove the trend; see Section 6.1.

ii. For daily or weekly financial returns data, the returns usually oscillate around zero
and are negligible relative to the volatility, and thus we can assume that the returns
are already centered. For absolute returns, we can use the local linear regression to
remove the trend. For squared returns, the time trend is usually negligible (for a 1%
return, the squared return is 0.0001) relative to the strength of the autocorrelation
and the potential error from fitting a complicated local linear regression, and thus
we recommend simply subtracting the sample mean squared returns.

Given Xy, ..., X from (1), we discuss estimation of p(t) at a givent € (0, 1). If {X} is
stationary, then py(t) is a constant and can be estimated by the sample correlation

_ n—k _ n
(n'y . XiXig)/ (1Y XP). For (1), in light of the local stationarity, we propose
estimating pk(t) based on local data with tj ~ t. Specifically, we propose the following
nonparametric kernel smoothing estimate:

k(t)
Ao(t)’

-2

R R 1 & t;—t
pr(t)= where Wk(t)ZEZXiXHkK <1T) y (8)
i=1

for a kernel function K(:) and a bandwidth b > 0. Since ,q(Zt) is the sample autocorrelation
based on local data, we call {x(t)}t < (0,1) the local sample autocorrelation process.
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In (1), the pair (g, &) determines the probabilistic structure of {X;}. To study asymptotic
properties, we impose the following dependence condition:

Assumption 1—For p, g > 0, we write (g, &) € SLC(p)-GMC(q) if they satisfy £
stochastic Lipschitz continuity (SLC) condition and £¢ geometric moment contraction
(GMC) condition in the sense: (i) sups = ¢ [[9(t, <o) — g(s, S)llp/It = s| < oo; (i) for an i.i.d.

copy =, of gpand ¢;=(¢_1, &4, 21, ... , ;) there exists a constant A € (0, 1) such that

sup ||g(t,§o)Hq<OO, w;= sup Hg(t7gi)_g(t7§;)||q20()‘i)a t>0. 9)
t€[0,1] t€[0,1]

Assumption 1 (i) imposes a stochastic ( £ norm) Lipschitz continuity condition on g as
inferences would be impossible if data jump randomly without any continuity. In (9),
supt e 10,17 9t &o)llq < oo imposes the finite g-th moment assumption, and @ measures the

effect of replacing & with an i.i.d. copy ;—_‘6, which in turn imposes explicit conditions on the
strength of the dependence. Assumption 1 is satisfied for many linear and nonlinear locally
stationary time series; see Wu and Zhou (2011).

Assumption 2—(i) K(') has support [-1, 1], is symmetric and continuously differentiable,
and [ K(u)du = 1; throughout, yx = [r U2K(U)du/2, ¢k =/r K2(u)du. (ii) nb? log n — 0

and nb?/(log n)® — oo. (iii) (t) and y(t) are four times continuously differentiable.

Theorem 1—Let (g, &) € SLC(4)-GMC(8) (see Assumption 1) and Assumption 2 hold.
Define A4(t) = [9(t, S)9(t, &G+ — AI*(L $)I10(b),

T3 (t)=var{Bo()}+2) cov{Bo(t), B-(t)}. (10)

Further assume inf; T (t) > 0 and inf; y(t) > 0. Then, for each fixed t € (0, 1),

10\ V2 3(0)pu(t) B0, A) _ 2= )
<soK> T(0) > NOD, AO="

It is worth pointing out that the fourth differentiability on y(t) in Assumption 2 (iii) can be
weakened to twice differentiability under a stronger bandwidth condition.

3.3 Simultaneous confidence band

Theorem 1 can be used to construct an asymptotic pointwise confidence interval for py(t) at
each t € [b, 1 - b]. However, in practice, it is desirable to construct a simultaneous
confidence band (SCB). We say that [I(t), u(t)] is an asymptotic (1 — @) SCB for p(t) if

nh_I,réoP{l(t) < pi(t) Su(t), forallt e (0,1)}=1—a. (1)
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In practice, a typical choice is the 1 — @ = 95% SCB.

Theorem 2—Assume the same conditions in Theorem 1. Then, for all z € R,

nb \ M2 k(1) =1 (8) =020, A(D)| Cotz
Pyl— = < V/—2logh+—E— T2
V() e PO < o P o

where ' (t) and A(t) are defined in Theorem 1 and Cx = 0.5 log[ /g |K’(u)|2du/(4 72 ¢x)].

The limiting distribution in (12) is the extreme value distribution. In Section 3.4, we show
that the bias b2y A(t) can be reduced to a negligible high-order term by using a higher-order
kernel. Therefore, let F|;(t) be a consistent estimate of I'(t) (see Section 4.1), based on
Theorem 2, an asymptotic (1 = @) SCB for {o(t)}t e [b,1-b] IS

C\ —loglog——

v —2logb

. 1/2
A0 ECBl0 (2) 7, C.0)= v oghs )
The factor C(b, a) reflects the simultaneousness of the confidence band. By contrast, if we
replace C(b, a) in (12) by the (1 - a/2) standard normal quantile, by Theorem 1, then we
have a pointwise (1 — a) confidence band. In practice, SCB can depict the overall trend and

variability of the process px(t); see Section 4.2-4.3 for applications of SCB.

3.4 Bandwidth selection and bias correction

(Bandwidth selection)—The estimator n(ft) in (8) is the Priestley and Chao (1972)
nonparametric kernel smoothing estimator of the mean trend cov(X;, X;+) in the fixed-
design regression X; X; . =cov(X;, X; 1 )+e; With e =X; X; ;. —cov(X;, X; ). For
nonparametric regression of independent data, Ruppert et al. (1995) proposed an automatic
bandwidth selector, which is well-known to undersmooth correlated data. Let b™ be the
automatic bandwidth implemented using the function dpill in the R package KernSmooth.
Based on our simulations in Section 5, b = 1.5b”™ works quite well. To avoid choosing b for
each k, we choose b based on k = 0 and use the same b for all k.

(Bias correction)—In Theorems 1-2, due to the unknown derivatives ~, (¢) and ~; (¢), it is
difficult to estimate the second-order bias b2y A(t), and we adopt a higher-order kernel to

remove it. We use the kernel K (2)=26(u)—(u/ v/2)/ V2 with the Gaussian kernel o(u) =
(27)7Y2 exp(-u?/2). Then, in Theorems 1-2, simple calculation shows yx = 0, ¢k = 0.41,
Ck = -1.98, and thus the bias b2y A(t) = 0. We point out that using this higher-order kernel
does not completely remove the bias, instead there are still negligible higher-order bias
terms of the order O(b?).

4 Gaussianity-based Rule-of-thumb Inferences

In this section we assume that {s(.¢)ke is a Gaussian process for each t and develop some
easy-to-use inferences, which we term by the rule-of-thumb inferences.
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While it may seem restrictive at first, the Gaussian assumption is quite reasonable here
based on two facts: (i) By the Wold’s decomposition, any zero-mean covariance-stationary
process can be represented by a linear process with uncorrelated innovations (assuming no
deterministic component); and (ii) Gaussian process and linear processes with independent
innovations share the equivalent second-order moment properties. Thus, in light of the local
stationarity of the locally stationary process, in order to study our (second-order) local
autocorrelations it is reasonable to work under the locally stationary Gaussian framework,
provided that we ignore the gap between the uncorrelation and independence in the
aforementioned (i)—(ii). In fact, in the literature on locally stationary processes, the Gaussian
assumption is frequently imposed to facilitate inferences [Nason et al. (2000); Van Bellegem
and Von Sachs (2008)]. Furthermore, simulation studies in Section 5 show that the rule-of-
thumb inferences work reasonably well even for non-Gaussian processes.

4.1 Rule-of-thumb estimation of ri(t) and rule-of-thumb SCB

To implement the SCB in Section 3.3, we need to estimate the long-run variance 1'% (¢) in
(10). For stationary processes, long-run variance estimation involves the selection of a block
length parameter and has the optimal convergence rate O(n/3) [Lahiri (2003)]. For locally
stationary processes, this problem becomes even more challenging as we can only use local
data, and as a result we need to choose both a block length parameter and a local bandwidth,
and the convergence rate of the estimator can be quite slow. To attenuate these issues, we
propose a rule-of-thumb estimator based on the Gaussian assumption.

Proposition 2—Suppose {4} is a Gaussian process. Then, for ' (¢) in (10),

oo

L2)=Y_[2p1(t)pr (t)—pr—r ()= protr (O] (13)

r=1

Recall ,q&t) in (8). Proposition 2 suggests the estimator of "7 (¢) (L is a truncation lag)

Pr ()= [204(6), (6) = pro—r () = Prosr (D] 1)

The estimator fi(t) only requires L and does not involve any extra estimation. However, it
is non-trivial to choose L. For stationary processes, the optimal L o n/3. In our locally
stationary case, the optimal bandwidth b o n1/> and the local sample size x n*/, thus we
propose L = o(n#5)1/3 = on#/15 for some o. By our simulations, o = 2 performs well.

Substituting the rule-of-thumb estimator ff (t)in (14) into (12), we obtain the rule-of-thumb
SCB. With the given kernel in Section 3.4, the 1 — a = 95% SCB in (12) becomes

N 0.64 1.68
0. (1) £ Tk () — —2logh+———= .
i) £ Tute) = (VTR —=2=) - a9
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4.2 Test for constant or zero local autocorrelations at a given lag

Nonparametric SCB for {o(t)} offers a reference to which other parametric autocorrelations
can compare. By examining whether the parametric autocorrelation is contained within the
95% SCB (15), we can decide whether to reject a parametric null hypothesis at significance
level 5%. This and next sections address some important hypotheses.

Consider testing whether {o(t)} at a given lag k is constant or time-varying, i.e. Hg : ok(t) =
M t € [0, 1], for some constant p. Under Hg, we estimate p by

-1y n—k
o XXk
- —_1\"n 2 ’
n i=1X;

A

Pk

(16)

and check whether ,q{is contained within the SCB.

Another interesting question is to test Hg : o (t) =0, t € [0, 1], at a given lag k. We can
examine whether the constant horizontal line p(t) = 0 is contained within the SCB.

4.3 Test for local uncorrelation: An extension of R function acf()

In R, the function acf() computes the sample autocorrelations along with two horizontal

dashed blue lines £1.96/ v/ which are the 95% acceptance region for the null hypothesis
of zero autocorrelations based on the assumption of n i.i.d. normal random variables. Any
significant departure from the two lines would indicate significant autocorrelations. We shall
develop a counterpart result for local autocorrelations of locally stationary processes.

As in R, we assume that stk is a Gaussian process for each t. We are interested in the
null hypothesis of zero local autocorrelations at all lags (or local uncorrelation):

Ho:prp(t)=0, te€]0,1], forallk=1,2,...[notethatpo(t)=1]. @7)

Under Hg, by Proposition 2, T (+)=1. By (12), the simultaneous acceptance bands are

1/2 C —loglog 1
+CO(b,a) (%) , C(b,a):\/—2logb+% 22 ve(bi-t]. a9

The bands (18) are similar to the cutoff lines =1.96/ v/n produced by acf() for stationary
processes. In our locally stationary case, nb/ ¢k reflects the effective local sample size, and
C(b, a) is from the simultaneousness of the bands. In practice, we use 1 — a = 95% and the
kernel K(-) given in Section 3.4, then (18) becomes

0.64 1.68
+—= (/=200 b+7>, te[b1-b. @
N ( st [ ] (9)

J Bus Econ Stat. Author manuscript; available in PMC 2016 April 01.



1duosnue Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Zhao Page 11

The bands (19) are model-free, easy to implement, and can serve as a rule-of-thumb
criterion for testing for zero autocorrelations of locally stationary Gaussian processes. Any
significant departure from the bands would suggest rejection of the null hypothesis.

Remark 1—We can apply the above method to test for local uncorrelation of residuals
from parametric models. Consider X; = u(6, U;) + ej, where U; is the covariate, p(é, -) isa
parametric function with unknown parameter vector 6, and {e;} is a locally stationary
process. For example, (6, U;) = 6"U; corresponds to the linear model. Let Obe av/n-
consistent estimate of 6. Suppose each component of the partial derivative ou(é, U;)/06can
be bounded by some random variable L(U;) € 2* uniformly in i and a neighborhood of 6.
Since @has a faster parametric convergence rate (\/ﬁ) than the nonparametric rate (\/E) of
the local sample autocorrelation, it can be shown that the impact from estimating &is
negligible and thus the method can be used to test for local uncorrelation of {&;}.

Remark 2—To test for uncorrelation of stationary process, the cutoff lines £1.96/ v/
work for a given lag, and we can use some portmanteau test, such as the Ljung—Box test, to
combine autocorrelations at multiple lags. Our SCB is simultaneous with respect to the time
t but for a given lag k, and it seems quite challenging to extend the Ljung—Box test to our
local autocorrelation setting. This will serve as a direction for future research.

5 Simulation studies

Consider X; = ej(tj), i =1, ..., n, where {ej(t;j)}; are discrete samples from a process {e;j(t)}i.
Let {&3} be i.i.d. standard normal variables. Consider three models for {ej(t)}:

Model1:  e;(t)=g;+30te;_1—cos(nt)e;_2, (20)

Model 2:  e;(t)=0.6{(1—6)+0sin(27t) }e;_1(t)+ei, (21)

Model 3:  e;(t)=0.90t|e;_1 (t)|+ \/1—(0.96t)%;. (22)

Here the parameter @ € [0, 1] controls the strength of the dependence and the shape of local
autocorrelations. Models 1-2 are special cases of Example 2 and Model 3 is a special case of
Example 3. Due to nonlinearity, Model 3 is a non-Gaussian process. We use Model 3 to
examine the impact from pre-centering the data. Specifically, we consider two approaches:

(i) subtract the theoretical mean 0.96¢; 1/2/m from X;; and (ii) subtract the estimated mean
using the local linear regression (24) in Section 6.1 below.

For each choice of #=0.0, 0.2, 0.5, 0.8, 1.0, we examine the empirical coverage
probabilities of the constructed SCB’s for {01(t) }c[0.1,0.9] and {02(t) }te[0.1,0.91 @nd the
power of the test based on SCB. For the empirical coverage probabilities, two nominal
levels 90% and 95% are considered. For SCB based tests in Section 4, we consider the null
hypotheses:
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H{f:pk(t),t € [0.1,0.9], isaconstant function, k=1,2, (23)

for each of the three models with significance level 5%. To examine the effect of the
bandwidth b, following the discussion in Section 3.4, we use three choices b = b”, 1.5b",
2b*, where b™ (the second column of Table 1) is the average of 1000 bandwidths based on
the automatic bandwidth selector implemented using the R command dpill. In all cases, we
use sample size n = 500 and compute the coverage probabilities and power based on 1000
realizations. As discussed in Section 4.1, we use L = 10 ~ 2n%15 in (14).

The results are summarized in Table 1. Overall, the empirical coverage probabilities are

close to the two nominal levels 90% and 95%, except that Model 3 with &= 1.0 has a slight
undercoverage due to the strong dependence and nonlinearity. Furthermore, the bandwidth
choice b = 1.5b" slightly outperforms the other choices b = b”*, 2b™. For the power study, as

the model moves away from the null hypotheses F} and A2, the power of the SCB based

test generally increases. Also, the proposed test for £} has better power than H2. This
phenomenon is due to the relatively larger magnitude of |o1(t)| than that of |p,(t)|. In general,
it is difficult to test the shape of a curve when the magnitude of the curve is too small. For
example, for Model 2, py(t) = [0.6{(1 — ) + &sin(2at)}]? < 0.36, which explains the much

lower power in testing for 72 than H}. For Model 3, the methods have comparable
performance when we subtract either the nonparametrically estimated mean or the
theoretical mean.

6 Applications

Now we apply the methodology to the two examples in Section 2.

6.1 Global temperature series in Section 2.1

We study local autocorrelations for the global monthly temperature anomalies in Section
2.1. Denote by p(t) the time-varying mean trend. Due to the clear time trend, we need to
center the data first. Consider the local linear estimate of p(t) with Gaussian kernel K(:):

(4(0). 4 () —argmind - {Xe—p—s (ti—0)) K (=) e

(o) i=1

To choose the bandwidth z, we follow the discussions in Sections 3.4 and 5 and let 7=
1.57", where 7" is the automatic bandwidth selected by the R function dpill assuming
independence. The thick solid curve in Figure 1 is the estimated trend p(f). We then apply
our methods to the centered data Xi; Xj - p(f/n).

By the method in Section 3.4, we use bandwidth b = 0.033 in (8) for all k. The left plot of
Figure 4 plots ,q&t) atlags k=1, ..., 4. The four local sample autocorrelation processes
exhibit similar but complicated time-varying patterns. Interestingly, there is a clear “V”
shape during 1910-1960. To test for the null hypothesis of zero local autocorrelations, we
plot 95% simultaneous cutoff bands in (19) as the two horizontal lines. Clearly, the null
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hypothesis is rejected, and the measurements are significantly positively correlated. To
examine whether the local autocorrelations are indeed time-varying, in the middle and right
plots of Figure 4 we plot py(t) and py(t) along with their 95% SCB, where L = 15 ~ 2n%15 in
(14). The horizontal lines, computed using (16), are not entirely contained within the SCB,
thus we conclude that the local autocorrelations are indeed time-varying. Our findings
suggest that the temperature series have an intrinsically complicated structure and should not
be modeled by a mean trend plus a stationary noise as in the existing literature. A future
research direction is to explore specific time-varying coefficient models, such as the time-
varying autoregressive models in Example 2.

6.2 S&P 500 index returns in Section 2.2

By the discussion in Section 2.2, we apply our local autocorrelations methodology to
examine two important hypotheses: (i) the EMH that stock returns have zero
autocorrelations; and (ii) the hypothesis that the absolute values or magnitudes of returns are
correlated. Furthermore, numerous empirical studies have shown that squared returns are
positively correlated, a phenomenon that can be very well explained by the widely used
ARCH/GARCH models. We shall also examine this phenomenon using our methods.

Figure 5 plots the local autocorrelations kat) atlagsk =1, ..., 4, along with the 95%
simultaneous cutoff bands (horizontal long-dashed lines) in (19), for the returns X; (left

plot), the absolute returns [Xj| (middle plot), and squared returns x 2 (right plot). When
calculating p(t), we adopt the following rule: (i) do not center the returns; (ii) use local
linear regression to center |Xj|, i.e., |Xj| — u(tj); and (iii) subtract the sample mean squared

returns to center X2 i.e., Xiz—nflzilef. The rationale is to avoid local linear regression
(which always introduces estimation errors) when the mean trend is weak relative to the
strength of autocorrelations. See Section 3.2 for detailed explanations.

From Figure 5, we make the following observations:

First, in the left plot, since all the curves plA(t), ,04A('[) are contained within the cutoff
bands, we have no evidence to reject the null hypothesis of zero local autocorrelations. Thus,
we conclude that the returns are uncorrelated, which confirms the EMH that it should be
impossible to predict stock returns.

Second, in the middle plot, since plA(t) is not entirely contained within the bands, we reject
the null hypothesis of zero local autocorrelations at the 5% significance level. Thus,
although the returns are uncorrelated, the absolute returns are significantly correlated at lag k
= 1. Our conclusion is consistent with those in Fama (1970) and Ding et al. (1993). It is
worth pointing out that, the absolute values of returns are important in risk management. For
example, a risk-aversion investor may want to stay on the sidelines when he/she expects
large magnitudes of returns, equally likely to be positive or negative. Interestingly,
comparing the left plot of Figure 2 and the middle plot of Figure 5, we see that the peaks and
bottoms of the stock market correspond to the bottoms and peaks of the local autocorrelation
process ,olA(t) of the absolute returns. For example, the stock market peaked in 2007 when the
local autocorrelation bottomed; the subsequent financial crisis during 2008 and early 2009

J Bus Econ Stat. Author manuscript; available in PMC 2016 April 01.



1duosnue Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Zhao

Page 14

corresponds to a dramatic increase in plA(t) with a peak at approximately the time when the
market bottomed.

Third, the right plot suggests significant and mostly positive local autocorrelations for the
squared returns, which is consistent with the ARCH/GARCH modeling in existing literature.
A future research direction is to investigate specific time-varying coefficient ARCH/
GARCH models (see Example 4) with nonparametrically estimated coefficients and data-
driven order selection.
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Appendix: Proofs

Theorem 3

Proof

Recall tj and & in (1). Define 7; = h(t;, &) for a transformation h(, -) such that E(7;) = 0. Let

t)=>_"  K{(ti—t)/b}m; Suppose h € SLC(2)-GMC(4) (see Assumption 1), K()
satlsfles Assumptlon 2 (i), b — 0 and nb?/(log n)8 — co. Further assume

ZZ( t):=var{h(t, o }+2Z cov{n(t, &), h(t,&)}>0forall t € [0, 1]. Then
i. [Asymptotic normality] For each fixed t € (0, 1), (nb) Y2H(t)/%(t) = N (0, ¢x).

ii. [Maximum deviation] Let Ck be defined in Theorem 2. For all z € R, we have

1 | H.,(t —2e*
P{ — < v =21 ©
{ M’I’Lb(pKte[bl b] Z( N T w/—210g } e

Let SmZZ:ilm. By Wu and Zhou (2011), under the condition h € SLC(2)-GMC(4) (recall
that this condition imposes a finite fourth moment; see Assumption 1), there exist i.i.d.
standard normal variables Z4, ..., Z, such that

1£n72><(n|5 —Sp|=0 [1/4(1ogn)3/2], where S’m:ZlZ(tz)Zl (25)

Write Sg = 0 and Kj = K{(t; — t)/b}. By the summation by parts,

n n—1
t)zzilei(Si—Siq):Zi:l (Ki—Kiy1)Si+K, S, By (25) and the summation by
parts again,
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n—1
)= (Ki=Ki1)Si+K,Sn+0p(xn) ZK Y () Zi+0p(xn),  (26)
=1 =1

where y, = AynY4(log n)32 and An—z IK — K1+ Ky Note that Kj — Kjyq =
O[(nb)™1], and that there are O(nb) |nd|ces i such that Kj — Kj4+1 # 0. Thus, A, = O(1)

uniformly in t € [0, 1], and consequently x,=0[n'/*(logn)**|=0( \/nb/logn). By (26), it
suffices to establish the corresponding results for the Gaussian process Z:;lKiZ(ti)Zi.

(i) It easily follows since Zy, ..., Z, are i.i.d. N(0,1). (ii) It follows from the maximum

deviation of the Gaussian process Z Z )Zi [Lemma 2 in Wu and Zhao (2007)].

Proof of Proposition 2
By Isserlis (1918), for any normal vector (Z1, Zy, Z3, Z4) with zero mean, E(Z1Z52374) = E
(Z12)) E(Z3Za)+ E(Z21Z3) E(ZoZs)* E(Z1Z4) E(ZoZ3). Using this identity and after some
careful calculations, we can show the result.

Proof of Theorems 1-2

Recall E[g(t, So)] = 0. For n(t) in (4), E[g(ti, 5)9(ti, SGi+d] = n(t). Let ujr = (ti - t)/b. Note
the decomposition p(t) = V(t) + Uk(t) + Rk(t), where

1 n
Ve(t)==> (i) K (wig), (27)
nb =1

Uy(t)=2% ;1 K (ui) {g(ti, €)g(ti, € 42)—Blg(ti, £)g(tir &)},

n (28)
Ri(t)=% ;g(tm E)9(tivrs Eipr)—9(tis Eipre) | K (wi)-

By elementary calculus, (nb) > ul K (uiy)=/pu K (u)du+0[(nb) "] r=0,1,2,3,
uniformly on t € [b, 1 —b]. The symmetry of K(:) implies /g uK(u)du = [ru3K(u)du = 0.

3
Thus, by Taylor’s expansion 7 (t:)=)_ _ [0".(t)/ 0]t u uf,/rI+O(bY) for |t - | < b,

Vk(t):'yk(t)—i—bQQ/JKfy;(t)—I—O[(nb)71+b4}, uniformly on [b,1—5]. (29)

By Assumption 1 (i) and the Schwarz inequality, E|g(t, §)[9(ti+k, &i+k) = 9(ti, S+l < lla(t,
G2 % l9(tivk: Gi+k) = (i, Si+wll2 = O(tisk — ti) = O(1/n). Thus,
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K(u)| & O(1
E {Sltlp|Rk(t)|] < %N;EM(%&)[Q(Q%,§i+k)—9(ti,fi+k)]|:%- (30)

By (29) and (30), we have the uniform approximationont € [b, 1 - b]:

()= (O=0" 6, 9k () +U()+0p(2n) - with  eu=(nb) 40" (31)

Recall A(t)=[ . (1)~ (£)7 ()70 (1) and (0 = 70(8) Ac). Thus, by (31),

pi(t)—pr(t)= Y& (t)—’wc(t)]j[’?g(t)—%(t)]ﬂk )

Yo
() 12 20(t) Us(® —pr (DU () | Oplen)  (32)
T O 2\ O () R ( RN O N

Let Wp(t) = {Uk(t) = oc(O)Uo(H) M yo(t). We can rewrite

2.9, 8)g (s &) —pr(D)g* (13 &)

Yo(t) (33)

1 n
Wa(t)=—> K(uis)|di~E(d:))],
nbi=
Since g € SLC(4)-GMC(8), it can be shown that g(tj, §)a(ti, &G+k) — E[9(ti, &)ati, G+l €
SLC(2)-GMC(4). For example, for ¢, in Assumption 1 (i), using [|UV||s < ||U[lg][VIls, we

’

lg(ti, &)g(tir Eivr)—9(ti €)9(ti &)y < gt €[ 9(tir Eir)—g(tir Gyl
obtain  +lg(t:, &) 9(ti, &) —g(ti, €)1 ,=O(\) . By
the maximum deviation in Theorem 3 (ii), MaXxe[p,1-n] [Uo(t)| = Op[(nb/log n)~Y2]. Thus, by
(31), maxiepn 1-] [70(t) = 70(t)] = Op[b? + (nb/log n)~2]. Note that d; € SLC(2)-GMC(4). In
view of (32), Theorems 1-2 follow from the asymptotic normality and maximum deviation
of Wy (t) via Theorem 3.
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Figure 1.

The global monthly temperature anomalies in Celsius during 1850-2010, and the local linear
estimate of the mean trend (thick solid curve).
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Figure 2.
Weekly S&P 500 index (left plot) and logarithm returns (right plot) during 1992-2011.
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Plot of the local autocorrelation curve {o1(t)}tc[o,17 in (7). The solid, dotted, dashed, and
dot-dashed curves correspond to a(t) = 0.5, 0.9t, 0.9 sin(at), and 2¢(t — 0.3), respectively.
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Left plot: local sample autocorrelation process g&t) in (8) with b = 0.033 for k = 1 (solid
curve), k = 2 (dotted curve), k = 3 (dashed curve), k = 4 (dot-dashed curve), along with the
rule-of-thumb 95% simultaneous cutoff bands (horizontal long-dashed lines) in (19) for
testing for zero local autocorrelations. Middle plot and right plot: solid curve is the local
sample autocorrelation process at lag 1 (middle plot) and lag 2 (right plot), the two dotted
curves are the corresponding rule-of-thumb 95% SCB, and the horizontal long-dashed line,
computed using (16), is the sample autocorrelation assuming stationarity.
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Left plot: local sample autocorrelation processes ,q(ft) of logarithm returns for k = 1 (solid
curve), k = 2 (dotted curve), k = 3 (dashed curve), k = 4 (dot-dashed curve), along with the
rule-of-thumb 95% simultaneous cutoff bands (horizontal long-dashed lines) in (19) for
testing for zero local autocorrelations. Middle plot and right plot: same as in the left plot but
for centered absolute returns (middle plot) and squared returns (right plot).
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