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Abstract

While measurement evaluation has been embraced as an important step in psychological research, 

evaluating measurement structures with longitudinal data is fraught with limitations. This paper 

defines and tests a measurement model of derivatives (MMOD), which is designed to assess the 

measurement structure of latent constructs both for analyses of between-person differences and for 

the analysis of change. Simulation results indicate that MMOD outperforms existing models for 

multivariate analysis and provides equivalent fit to data generation models. Additional simulations 

show MMOD capable of detecting differences in between-person and within-person factor 

structures. Model features, applications and future directions are discussed.
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Multivariate measurement is a central feature of modern behavioral science. The necessity 

of multivariate techniques for measurement is due largely to the complexity of the traits we 

study and the difficulties of studying these complex traits through the lens of observed and 

reported behavior. If measurement can be defined as “the assignment of numerals to objects 

or events according to rules (Stevens, 1946),” then measurement models provide rules by 

which multivariate item-level responses are projected onto latent dimensions representing 

psychological traits.

Measurement models, whether they are based on factor analysis, item response modeling or 

another paradigm, provide a paradigm for translating item-level responses into 

measurements useful in subsequent analyses. One possible weakness of this set of 

approaches is their reliance on cross-sectional data. This is a significant limitation, as 

longitudinal data can answer a variety of questions that cannot be solved with cross-

sectional data, specifically those pertaining to intraindividual changes and interindividual 

differences in change (Baltes & Nesselroade, 1979). Analyses of multivariate longitudinal 

data often begin with some type of measurement model, but the evaluation of measurement 

models often fails to take advantage of longitudinal information included in the data. 

Instead, the measurement structure at a particular occasion is evaluated (often the first 
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occasion), then that established factor structure or set of trait scores is used for a subsequent 

longitudinal analysis.

A number of potential problems can occur when cross-sectional results are extended to 

longitudinal analyses. The equality of the interindividual and intraindividual structures is an 

assumption, and one that should be tested. Molenaar’s (2004; 2009) work on ergodicity 

directly analyses the distinction between between-person and within-person structures, 

finding that very specific conditions for them to be equivalent. Similar issues present 

themselves in state-trait distinctions. Analysis of a single timepoint further assumes that 

measurement structures are invariant over all timepoints, which should instead be tested 

using existing techniques for assessing measurement invariance (Meredith, 1964a, 1964b, 

1993) or differential item functioning (Drasgow, 1982; Millsap & Everson, 1993).

Perhaps most importantly, the use of cross-sectional data for measurement evaluation 

ignores how the observed variables change over time. Bereiter (1963, p. 15) argued that “[a] 

necessary and sufficient proof of the statement that two tests ‘measure the same thing’ is that 

they yield scores which vary together over changing conditions.” If observed variables 

indicate a particular latent construct that changes over time, changes in the set of observed 

variables should show the same type of measurement structure found in a cross-sectional 

analysis. Put more simply, if changes in observed variables are caused by a common latent 

construct, then those observed variables should have similar dynamics, where dynamics 

refer to the pattern and structure of change. Assessing only between-person differences in 

initial level is not a sufficient test of a measurement structure for constructs believed to show 

some degree of development, lability or change.

The goal of this work is to define and test a novel method for multivariate longitudinal 

measurement that directly models the structure of change, termed the measurement model of 

derivatives (MMOD). This model will rest on the use of longitudinal item-level data to test 

whether changes in observed variables can be accurately represented by the factor structure 

that represents cross-sectional differences. If a latent construct really does cause observed 

change in manifest variables, then all of the manifest variables that indicate that construct 

should change in the same way that the construct changes, and this should be observable 

both in the item-level longitudinal trends and item covariances across measurement 

occasions. The presented tests and use of this model show that that a small number (3–5) of 

repeated measurements of a set of test items can be used to assess the utility of a particular 

factor structure in the measurement of change. The ensuing sections will show the need for 

this method, describe existing models for longitudinal measurement, present the proposed 

model, report on a set of simulation studies that compare the proposed model to existing 

alternatives, and provide an empirical example to demonstrate the use and interpretation of 

this model.

Demonstration of the Problem

The importance of this issue can best be expressed through application. Figure 1 contains 

two different measurement models that may be fit to five variables measured at a single 

occasion. In the first model, all items load on a shared common factor, with items x4 and x5 
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maintaining a residual covariance (σ4,5). This model reflects a common cause for all items 

manifested in a unidimensional construct, save a presumably small residual association due 

to shared content or another issue not relevant to the substantive interpretation of the 

common factor. The second model contains two oblique factors with simple structure, where 

the first factor predicts items x1 through x3 while the last factor predicts items x4 and x5, and 

the factors share a covariance (σϕ). This model is substantively different than the first, as it 

represents the observed data has being caused by two related but distinct latent constructs. 

Despite the difference in the number of factors and factor loading pattern, these two models 

are equivalent when fit to a single occasion of data. Both contain a total of 16 free 

parameters: five residual variances, five item means, five factor loadings and a single 

covariance. Both models fit equally well to any five-variable covariance matrix and would 

yield identical fit statistics. The parameters from either of the models can be transformed 

into the parameters of the other, as shown in Table 1.

The above example of two models with equivalent fit but discrepant interpretations is but 

the cleanest example of a larger class of problems involving single occasion measurement 

where two or more models may have wildly different substantive interpretations but 

equivalent or near equivalent fit to the data. These types of problems are common across a 

wide range of disciplines across psychology. Affect research depends on whether positive 

and negative affect are treated as a single dimension, two factors or a larger number of 

dimensions (Leue & Beauducel, 2011). Studies of behavioral genetics depend on the 

specificity or generality of the latent psychiatric and substance use constructs being 

investigated (Kendler, Prescott, Myers, & Neale, 2003). Several anxiety and mood 

constructs rely on a state-trait distinction, which require repeated measurements to 

differentiate time-invariant states from labile traits (Spielberger, Gorsuch, & Lushene, 1969; 

see also the lability-modulation model for mood, Cattell, Cattell, & Rhymer, 1947; 

Wessman & Ricks, 1966). In cognitive and developmental psychology, the differentiation-

dedifferentiation hypothesis deals specifically with the idea that the dimensionality of 

intelligence varies across the lifespan, and thus doesn’t have an invariant number of factors 

(Garrett, 1946). Similar examples likely exist in other domains where the distinction 

between one or more measurement structures is substantively important but difficult to 

detect.

In addition to some degree of uncertainty regarding dimensionality, the above examples all 

share the ability to extend to longitudinal data. It is in that extension that those examples 

may differentiate from one another. While the two models in Figure 1 are equivalent in a 

single timepoint, they make very different hypotheses about subsequent change. Adding a 

second occasion to Figure 1 extends those two models to the models shown in Figure 2, and 

in doing so shows the differences between these two models. The equality of these models 

no longer holds when the second occasion is added, as the second model contains additional 

five additional free parameters to describe the change in the additional latent factors. If the 

first model is correct, the individual manifest variables should change in a way that is 

proportional to the common factor and be explained by a single factor covariance and two 

residual covariances, whereas the second model hypothesizes a more complex longitudinal 

trend with six factor covariances, yielding a three degree of freedom difference between the 
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models absent any factorial invariance constraints. Adding invariance constraints raise the 

degree of freedom difference between the models to four (weak factorial invariance; 

Meredith, 1993), five (strong) or six (strict).1. While the substantive interpretations of these 

two models does not change with the additional data, the ability to differentiate between 

these two models comes when the data includes information about item-level change.

The information on item-level change provided by longitudinal data is one way to test 

hypotheses about measurement structure that are otherwise difficult to answer with a single 

occasion of measurement. When the models being compared are as simple and well-defined 

as the example in Figure 1, this type of testing can be done using a pair of confirmatory 

models. However, many applications will have additional variables, more occasions of 

measurement and less clearly defined models. Those cases require a more general method 

for the incorporation of item-level change into measurement evaluation.

Extant Multivariate Longitudinal Approaches

While a large set of models have been developed for the analysis of longitudinal data, the 

majority of them deal exclusively with the analysis of longitudinal trends and not with 

measurement. Approaches like autoregression, mixed-effect models and latent growth 

curves all evaluate the change processes on existing manifest variables, whether they be 

univariate measurements or output of some previously estimated measurement model. 

Similarly, approaches like latent differential equations (LDE; Boker, Neale, & Rausch, 

2004; Boker, 2007) and the curve-of-factors (CUFFS; McArdle, 1988) models do 

incorporate latent trait measurement but require that the structure of the latent variables 

under investigation be known. These methods depend on separate measurement evaluation 

prior to use to determine that latent structure, and the focus of these models is not to 

evaluate the measurement structure using repeated measures data, but rather the longitudinal 

trajectory of latent factors already established as reliable measures. These models can tell 

you how some variable Y changes over time, but cannot tell you whether Y is a reliable or 

valid measure of the construct of interest. As such, these approaches aren’t appropriate tools 

for establishing the structure of item-level change.

Several analytic approaches developed for longitudinal analysis are relevant to the 

discussion of measurement evaluation in longitudinal contexts, each with its own set 

strengths and limitations. These approaches include longitudinal extensions to item response 

models, McArdle’s (1988) factor-of-curves model, and Cattell’s differential-R technique 

factor analysis (1974), each of which are now discussed in turn.

1Both models estimate 10 factor loadings, 10 residual variances and 10 intercepts, assuming constrained factor means and variances 
for identification and no factorial invariance constraints. The models only differ in the number of covariances, with the first model 
containing three (one latent covariance and two residual covariances) and the second model containing six (all latent variable 
covariances), for a three degree of freedom difference. If weak factorial invariance is assumed, each model estimates only five factor 
loadings, but frees all factor variances at the second occasion, moving the degree of freedom difference between the models to four 
(three covariances and one additional variance parameter in the second model). With strong factorial invariance, factor means may be 
estimated at the second occasion (one in the first model, two in the second model), making it a five degree of freedom difference. 
Finally, strict factorial invariance would constrain all residual variances and covariances, saving five residual variance parameters in 
the second model but six total parameters (five variances and the residual covariance) in the first, yielding a six degree of freedom 
difference.
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Longitudinal Item-Response Models

Item response modeling encompasses a range of models for the assessment of continuous 

latent traits from observed categorical data (see Baker, 2001; Embretson & Reise, 2000; 

Hambleton, Swaminathan, & Rogers, 1991 for overviews), several of which have been 

developed for the application to repeated measures data. Fischer (1989) derived a version of 

his linear logistic model with relaxed assumptions (LLRA; Fischer, 1973) for use with 

longitudinal data, in which treatment and trend effects are added for repeated measurements. 

While this model does allow for repeated administration of the same items, traits are still 

assumed invariant over time, which makes this model unable to test the invariance of latent 

traits.

Embretson (1991) presents a version of the multidimensional Rasch (1960) model for 

learning that allows for individual differences in change. Embretson’s model relies on a 

simplex structure for multidimensional traits to define traits at each occasion as change, but 

requires a unique set of items at every observation so that local independence of items can 

be assumed. The Rasch model may also be specified as a mixed-effect or multilevel model 

that includes time as one level of the analysis, though these methods require either the same 

restrictions on item repetition as Embretson’s model (Tan, Ambergen, Does, & Imbos, 

1999) or dispersion parameters to address some of the distributional problems caused by 

repeated administration of the same items (Johnson & Raudenbush, 2006). Other approaches 

simply assume local independence and fit traditional binary and polytomous item response 

models to multiple occasions of data (Andrade & Tavares, 2005; Meade, Lautenschlager, & 

Hecht, 2005; Millsap, 2009).

Differential R-Technique

Cattell’s differential R or dR-technique factor analysis provides for the inclusion of multiple 

occasions into a measurement model in a straightforward and meaningful way (Nesselroade 

& Cable, 1974). At its most basic level, dR-technique factor analysis is simply a factor 

analysis of difference scores calculated from two occasions of measurement. An alternative 

approach, called a “factor of difference scores,” extends dR-technique models by 

simultaneously analyzing an initial level and a difference score (McArdle & Nesselroade, 

1994). This approach is perhaps the most promising for the analysis of manifest variable 

dynamics, because“if metric invariance does not fit both the starting point factors and 

difference factors, then the factorial interpretation of the changes can be interpreted from 

these difference loadings (McArdle, 1994).”

These models are perhaps the most promising of those listed here. Stating two occasions of 

measurement as a difference score and an initial or mean level provides no misfit to the 

longitudinal trend of the data, essentially providing a projection of the data into an alternate 

space for analysis. However, a factor of difference scores is not scalable to other numbers of 

observations, being restricted to only two measurement occasions. For a model like the 

factor of difference scores to be used, there must be an inherent and meaningful way to 

incorporate three or more timepoints.
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Factor of Curves (FOCUS)

The Factor-of-Curves (FOCUS) model provides a unique approach to the use of dynamic 

information in measurement (McArdle, 1988), and is an extension of differential R-

technique to multiple occasions. In this model, longitudinal multivariate data can be 

conceptualized as a set of univariate time-series, each modeled as a latent growth curve. 

Latent growth curve models (Duncan, Duncan, Strycker, Li, & Alpert, 1999; Laird & Ware, 

1982; McArdle & Epstein, 1987; Raykov, 1993) describe repeated measurements as a set of 

individually varying intercept and slope parameters. In a FOCUS model, these intercepts 

and slopes of person i measured at time j and on item k are then predicted by common 

factors, as shown in Equations 1–3. Equation 1 describes the growth curves for each item, 

where each longitudinally measured item yijk is decomposed into its own level (Lik) and 

slope (Sik). The level factors for all items are fitted with a common factor Ai in Equation 2, 

and the slope factors are fit with a common factor Bi in Equation 3.

(1)

(2)

(3)

While the FOCUS model quite literally gets at the structure of change processes, this model 

has a few features that present problems for the analysis of the structure of dynamics. This 

model requires correct specification of the shape of the underlying growth curves, and thus 

depends on precise knowledge of the shape and structure of the dynamic processes. 

Whatever misfit incurred in the fitting of the FOCUS model may be due to misspecification 

of the measurement model, the growth curve model, or some interaction between the two. 

Whatever problems occur when selecting and fitting the growth curve portion of model 

model will undoubtedly affect the measurement model, and the misfit from these growth 

curves may bias the structure and invariance of the retained factor solution. Latent growth 

curve models have poor power to detect individual differences in slopes with fewer than five 

observations absent low residual variances and large sample sizes (Hertzog, Lindenberger, 

Ghisletta, & Oertzen, 2006; Hertzog, Oertzen, Ghisletta, & Lindenberger, 2008). When 

applied to the FOCUS model, factors representing growth are likely to incur additional 

misfit and poorer reliability, which could again be misinterpreted as a problem with the 

measurement structure rather than the longitudinal trend. Additionally, growth factors tend 

to be positively correlated under typical applications of latent growth curve models. This 

association is not problematic in most settings, but stronger correlations between growth 

factors will negatively affect power to detect differences in factor structure between them2.

2Both Meredith & Tisak (1990) and Hancock & Choi (2006) discuss orthogonal growth curves and show their equivalence to (more 
typical) oblique growth curves. These methods are especially useful for testing the significance of particular growth factors in 
isolation of the other factors.
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Measurement Model of Derivatives

The limitations of the models reviewed thus far outline some of the requirements for 

assessing measurement structures in longitudinal data. Such a model should allow for 

repeated assessments of the same manifest variables, to avoid the applicability problems of 

the longitudinal item response models and related factor analytic approaches. The model 

should be scalable to any number of timepoints and not be restricted to two-occasion cases. 

Finally, a proposed model should not incur misfit in the measurement of change the way the 

FOCUS model can, as to avoid confusion between misfit in the measurement model and 

misfit in the longitudinal or process model.

One alternative is to define new variables that represent change and directly analyze those 

variables. The derivatives of the observed data provide a great opportunity to describe 

change in a way that avoids the limitations of existing models. Derivatives may be defined 

as a transformation of the data rather than a model, and thus do not contribute misfit to the 

change variables. Derivatives are inherently scalable, such that we can define as many 

orders of derivative as we have timepoints in any particular longitudinal dataset. Most 

importantly, derivatives have inherent meaning, such that the kth derivative of a variable 

describes how much that variable changes in unitsk per unit change in timek. This allows us 

to define units for these derivatives, and additionally think of the second derivative of any 

particular variable or test item similarly to how we would think of a quadratic term in other 

longitudinal models.

The following section will define a measurement model of derivatives (MMOD) to address 

the limitations of the reviewed extant models. This model included two parts: a data 

transformation which restated longitudinal data as a set of derivatives or change variables, 

and a multidimensional factor model where factor structures are fit to each order of 

derivatives. Both of these steps are now discussed in turn.

Derivative Transformation Methods

While the estimation and numerical approximation of derivatives encompasses a large 

number of methods, we’ll restrict this discussion to two methods for approximating 

derivatives from discrete data developed for psychological applications: (generalized) local 

linear approximation (GLLA; Boker, Deboeck, Edler, & Keel, 2010) and generalized 

orthogonal linear derivatives (GOLD; Deboeck, 2010). Both of these methods define the kth 

derivative of a variable as the weighted sum of repeated measurements of that variable, with 

the weights depending on the (centered) set of observation times t and the order of derivative 

k.

For example, three occasions of measurement on some variable y may be transformed into 

the zeroth (yt), first (ẏt) and second derivatives (ÿt) of y. The zeroth derivative represents 

position or level, and is given by the equality in Equation 4. The first derivative represents 

velocity or rate of change with respect to time, and can be approximated at time t as the 

change from time t − 1 to time t + 1 per unit time as given in Equation 5. Finally, the second 

derivative represents acceleration or rate of change with respect to quadratic time, and can 
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be approximated using the difference in the first derivative estimated from times t − 1 and t 

and the first derivative estimated from times t and t + 1, as shown in Equation 63.

(4)

(5)

(6)

Equations 4–6 define the zeroth, first and second derivatives as a linear combination of the 

observed variables, and thus these derivatives can be expressed as a simple weighted sum. 

The zeroth derivative sets these weights at 0, 1, and 0 times the first, middle and last 

occasion, with the zeros omitted from Equation 4. The first derivative defines the weights as 

, 0, and  (Equation 5), while the second derivative is , 1 and  times the three 

occasions, respectively (Equation ??). These weights can be concatenated into a weight 

matrix W, where each column corresponds to a desired order of derivative and each row to a 

timepoint for a particular variable, as shown in Equation 7. The first column contains the 

weights for the zeroth derivative (0, 1, 0), and the second and third columns contain the 

weights for the first and second derivatives, respectively. When put into this matrix, these 

weights may then be used to transform the dataset in a single multiplication rather than 

individual calculations for each order of derivative. If a dataset Y has repeated measurements 

in each column, multiplying it by a weight matrix W would yield a dataset of derivative-

transformed data D, as shown in Equation 8.

(7)

(8)

Deboeck (2010) pointed out that the non-orthogonality of the GLLA weight matrices can 

bias covariances between estimated derivatives. GOLD derivatives orthogonalize W, 

preventing this bias. While the orthogonality of this derivative method should aid the 

proposed model, this benefit is an empirical question to be answered in the ensuing analyses. 

The GOLD derivatives version of the 3 occasion W matrix is given in Equation 9.

3Both the first and second derivatives are divided by the total time elapsed (two, in this example) to define the units of change as “per 
unit of time”. In the case of the first derivative, not only does this adjustment scale the rate of change to the correct unit of time, but 

makes this derivative equivalent to the mean of the changes from t − 1 to t and from t to t + 1 . In 
either case, multiplying the entire set of weights by a constant will only affect the scale of each variable, not its correlations with other 
variables.
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(9)

The orthogonality of GOLD derivatives provide not just a methodological benefit for the 

ensuing model, but also aide in interpretation. The cross-products of any pair of columns in 

W sum to zero, just like planned contrasts in ANOVA and regression. The new derivative 

variables that are created restate repeated measures data in terms of development or change 

rather than occasion or timepoint. These derivative variables are not abstractions, but 

planned contrasts defined in terms of particular types of change relevant to answer questions 

about longitudinal measurement. In Equation 9, the first column represents between-person 

differences in mean level, while the second and third columns represent different types of 

within-person change. The various item-level derivatives can be though of in similar terms 

as growth or change factors in a growth curve model, with zeroth derivatives representing 

intercepts, first derivatives slopes and second derivatives quadratic slopes. The only 

difference between these derivatives and other change scores is that whatever measurement 

error is present in the data is not removed via error terms but instead retained and distributed 

among the new derivative variables to must be handled elsewhere in the analysis. These 

derivative variables are not a model for change, but a restatement of longitudinal data that 

allows for subsequent modeling of the measurement structure of item-level change.

It should be noted that not all uses of derivative transformation proceed as described here. 

First, derivatives can be estimated as latent variables rather than explicitly calculated. These 

latent differential equations model (LDE; Boker et al., 2004; Boker, 2007) invert the weight 

matrix W to create a loading matrix L and specifies regressions of observed longitudinal data 

on latent derivatives, such that the observed data is the product of the derivatives and the 

loading matrix. This method has benefits over transformation methods when missing or 

ordinal values are present in observed data, but is otherwise equivalent and conceptually 

identical to the manifest transformations described thus far.

Second, many applications of dynamical systems analysis retain fewer orders of derivatives 

than occasions of measurement or skip occasions to smooth the data (Boker & Nesselroade, 

2002), both of which assume a particular measurement model where a smaller number of 

derivatives are sufficient to describe all of the occasions of longitudinal data. This 

assumption may be appropriate in some contexts, and does allow for the inclusion of 

residual variance terms to “remove” errors from the data. However, the fitting of such a 

measurement model conflicts with fitting a concurrent measurement model, as the results of 

that model would depend on how many orders of derivative are retained. Retaining as many 

orders of derivatives as occasions of measurement should obviate this concern, though that 

is an empirical question and a focus of the ensuing simulation studies.

Defining the Measurement Model of Derivatives (MMOD)

The availability of derivative estimation methods allows for the implementation of a 

measurement model of derivatives (MMOD). The model can be presented in two steps. In 
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the first step, observed rows4 of data yi with columns representing longitudinal variables is 

transformed into a set of item-level derivatives using a transformation matrix W (Equation 

10) or loading matrix L (Equation 11). These derivatives can then be analyzed using a 

common factor model, an example of which is given in Equation 12. Equations 11 and 12 

may be collapsed into Equation 13, showing that the model may be applied directly to the 

raw data yi. Thus, the measurement model of derivatives is an application of the common 

factor model to assess the measurement structure of change defined by an orthogonal local 

linear derivative approximation.

(10)

(11)

(12)

(13)

There are several important features of the above model. First, derivative transformation is 

full-dimensional, meaning that there should be as many orders of estimated item-level 

derivatives as there are occasions of measurement. This ensures that derivative 

transformation remains a transformation rather than a model or projection, and that no misfit 

is incurred in this step. The model is as scalable as the derivative transformation method, 

meaning any number of timepoints may be used. When two occasions of measurement are 

used, this model reduces to a version of differential-R technique factor analysis, with the 

zeroth derivative representing means, sums or overall levels and the first derivative 

estimated in the same way as a change score. Finally, the use of GOLD derivatives provides 

orthogonal transformation of the longitudinal item-level data for the factor analysis of 

variables representing change.

One of this model’s primary benefits is its handling of time information. All of the 

derivatives in a given row of data may be considered to be estimated at the same time, or 

cover the same time interval. Derivative transformation thus restates longitudinal data as 

multidimensional data, and each of these new derivative dimensions represents a different 

type of change. Invariance tests that would compare the invariance of factor structures 

across timepoints in longitudinal models instead compare factor structures across varying 

types of change. In doing so, we can test whether the factor structure of zeroth derivatives, 

which represent between-person differences in levels or means, compare to the factor 

structure of higher derivatives, which represent varying patterns of change.

The application of the model depends on the method of derivative transformation. For 

continuous, complete data, derivative transformation may be carried out as a data processing 

step. Fitting the model to derivative-transformed data affords the use of exploratory factor 

4row vectors from a full rank data matrix Y.
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analyses as well as a number of other descriptive statistics. Alternatively, derivative 

transformation may be done in latent space using the L matrix from Equation 11. In this 

version of the model, a set of latent variables representing the derivatives of the manifest 

variables are created. The loading matrix L defines the set of fixed factor loadings between 

the latent derivatives and manifest variables. Finally, the latent derivatives are given residual 

variance terms while the manifest variables are not, reflecting the fact that this is a 

transformation of the observed data rather than a model. Latent derivative transformation 

thus requires no data processing than would normally be required for existing multivariate 

longitudinal models, and allows for the analysis of datasets with missing values. These two 

presentations of the model are shown in Figure 3.

While the proposed measurement model of derivatives has a number of theoretical benefits 

over existing longitudinal approaches, these benefits must be empirically tested to establish 

their validity and usefulness. The following sections present a pair of simulations studies 

designed to test various features of the model. In the first simulation, the importance of full-

dimensional, orthogonal derivative transformation is evaluated by comparison to alternative 

derivative and change-score estimation methods. The second simulation tests the ability of 

the proposed model to detect violations of factorial invariance undetectable with a single 

timepoint, specifically violations of ergodic assumptions.

Simulation 1

The first simulation is designed to compare the measurement model of derivatives to 

existing models for longitudinal data in the case where measurement in invariant over time. 

This is a critical step in the evaluation of the proposed model, as the measurement model of 

derivatives would be of limited utility if the proposed transformation led to poor overall 

model fit. Data were first generated assuming an invariant factor structure and the structural 

parameters described in the Data Generation section. Then, the proposed model, the data 

generation model and a number of comparison models were fit to the data. The comparison 

models vary with respect to their definitions of change variables and whether or not these 

change variables are defined through transformation (full-dimensional) or estimation 

(reduced-dimensionality). Finally, these models are compared both in terms of absolute (χ2, 

CFI, RMSEA) and relative fit.

Data Generation

This simulation used a factor-at-timepoint model for data generation, as this type of 

structure is assumed for many longitudinal analyses. A three-occasion version of the data 

generation model is presented in Figure 4. Several variations of this data generation model 

were used, varying in the number of timepoints, factors per timepoint, number of items per 

timepoint, factor loadings and sample size. A table of these simulation parameters and their 

possible values is presented in Table 2.

The set of simulation parameters were used to create 324 simulation conditions in the 

factorial design shown in Table 2, with each condition replicated 100 times. All models had 

invariant simple structure, such that items loaded on one and only one factor, and items 

loaded on the same factor at every occasion5. Conditions with multiple factors per timepoint 
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were simulated with factor intercorrelations of 0.5. Manifest variables were assumed to have 

zero means and unit variances, so residual variance terms were defined as 1−λ2, where λ2 is 

that item’s factor loading. Data generation took place in R (R Development Core Team, 

2012) using the mvtnorm library (Genz et al., 2012), and all datasets were output as files for 

analysis as described in the next section.

Comparison

A total of seven models were fit to each simulated dataset, six of them drawn from a 3 × 2 

factorial design. The measurement model of derivatives using GOLD derivatives as detailed 

earlier was compared to two alternative models: a generalized local linear approximation 

version of the model (hereafter referred to as the GLLA model) and the Factor-of-Curves 

(FOCUS) model. These three models are very similar, as all can be described as 

transforming manifest data into a set of derivative or growth factors for a second-order 

factor analysis. They differ primarily in their loading matrices and my extension, level of 

orthogonality, as shown in Table 3. The orthogonality of these three loading matrices is 

shown through the sums of squares and cross-products (SSCP) of each of the loading 

matrices. GOLD is fully orthogonal, as demonstrated by diagonal SSCP matrix. GLLA is 

partially orthogonal, such that comparisons between even-order and odd-order derivatives 

are orthogonal while even-even and odd-odd comparisons are oblique. Finally, FOCUS is 

fully oblique, as all growth factors have non-zero cross-products with all other growth 

factors. These three models created three levels of orthogonality, and represents the first 

factor of the 3 × 2 design.

The second factor in the factorial design was the number of extracted derivative or growth 

factors. The version of MMOD described here demands t derivative factors per item, where t 

is the number of timepoints. However, traditional applications of the FOCUS model use 

fewer than t growth factors. To test the importance of the dimensionality of the 

transformation, two versions of each model will be created. One version maintains full 

dimensionality, where t derivative/growth factors are extracted and no manifest residual 

variance terms are included. Another version shows reduced dimensionality by extracting t − 

1 derivative growth/factors and including a manifest residual variance term for each item, 

constrained to equality across all timepoints. The full and reduced dimensionality versions 

of each model are identified with subscripts F and R.

The final model fit to all datasets was the data generation model, shown in Figure 4. This 

model provides a reference for the previous models. In total, seven models are fit to each 

simulated data set: full and reduced dimensionality versions of MMOD, GLLA and FOCUS 

(denoted MMODF, MMODR, GLLAF, GLLAR, FOCUSF, FOCUSR) and the reference 

model. Item-level derivatives and change factors were estimated in latent space rather than 

using the manifest variable transformation method, ensuring that identically formatted data 

was used in all simulation conditions. All models were fit with Mplus (Muthén & Muthén, 

5When multiple factors were estimated at any particular timepoint, the number of items for that timepoint were evenly split amongst 
the factors. In conditions with two factors per timepoint, the first factor loaded on only the first five (10 items per timepiont) or first 
ten (20 items per timepoint) items, with the second factor loading only on the second five or ten items. In conditions with three factors 
per timepoint, the items were split such that three, three and four (10 item conditions) or six and seven items (20 item conditions) were 
assigned to each factor.
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1998–2007) and model syntax and results were created and read using user-defined 

functions in R. A subset of the models fit in this simulation were refit using OpenMx 

(Version 0.5; Boker et al., 2011) as an additional and recommended check on both the 

model and the software used to estimate it (Wilkinson & Statistical Inference, 1999), finding 

no difference in results.

Results

Mean fit statistics for all seven models across all simulation conditions are presented in 

Table 4. The three reduced dimensionality models show only marginal differences and 

reasonable fit overall by CFI and RMSEA (CFI∈[0.89, 0.91], RMSEA∈[0.030, 0.034]). The 

three full-dimensionality models show marked differences from one another, as both the 

full-dimensional GLLA and FOCUS versions of the model (GLLAF and FOCUSF, 

respectively) show large deficits in fit relative to their reduced-dimensionality versions and 

provide unacceptable fit both by CFI (GLLAF =0.07, FOCUSF =0.00) and RMSEA 

(GLLAF =0.163, FOCUSF =0.253). Unlike the other models, MMODF actually provides 

improved fit over MMODR by all metrics (CFI=0.97, RMSEA=0.011).

Perhaps more importantly, the full-dimensional MMOD model provides near-equivalent fit 

to the data-generation or reference model. There is a slight improvement in fit of the 

MMOD over the data generation model by χ2 (Δχ2=3.51) that is reduced when the 

comparison is restricted to datasets on which both models converge (Δχ2=1.65 in jointly 

converged cases). The only notable difference between the MMOD and reference models is 

the difference in convergence rates, with MMOD converging in only 91.1% of the simulated 

datasets. The logistic regression analysis presented in Table 5 reveals that MMOD 

convergence is improved most greatly with stronger factor loadings , 

stronger relationships between factors (R2=.141) and simpler factor structures 

, with small but significant effects of increased sample size and fewer 

occasions.

Summary

The primary findings of the first simulation are the near equivalence between MMOD and 

the data generation model and the importance of full-dimensional, orthogonal derivative 

estimation. The full-dimensional version of the proposed measurement model of derivatives 

showed equal fit to the data generation model in CFI and RMSEA and a small improvement 

in fit by χ2 or −2 log likelihood. This small improvement could be attributable to a number 

of factors, including sampling variation, and interactions between derivative transformation 

and the numerical precision of the statistical software. As this difference amounts to less 

than 0.1% of the mean χ2 statistic and is unobservable in the other model fit statistics, it 

seems reasonable to conclude that the measurement model of derivatives and the data 

generation model fit equally well. The only noticeable downside to the full-dimensional 

MMOD is a decreased convergence rate (91.9%).

Alternative versions of the model that depend on either reduced-dimensionality or oblique 

derivative transformation all showed significant deficits relative to the data generation 

model, indicating that the information retained in full-dimensional MMOD transformation is 
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important and should be retained. Unlike the orthogonal MMOD, non-orthogonal FOCUS 

and GLLA models show worse fit in full-dimensional versions of the model, most likely due 

to the inherent covariances between orders of derivative created using these methods. These 

covariances are artifacts of non-orthogonal transformation, and the addition of additional 

parameters to handle these artifacts creates a problem of simultaneously modeling 

longitudinal structures and measurement structures that this model was designed to avoid. 

These fit problems preclude the set of reduced-dimensionality and non-orthogonal models 

from further analyses.

While the results of this simulation show that MMOD doesn’t find differences in factor 

structures between orders of derivatives when none exist, the first simulation did not provide 

any conditions where differences between timepoints or orders of derivatives could be 

found. The next portion of the study deals with the ability of MMOD to detect differences in 

factor structures between initial levels and change patterns.

Simulation 2

The second simulation pertains to the ability of MMOD to detect measurement problems, 

specifically those undetectable in a single timepoint analysis. Differences in structure 

between individual levels (between-person) and within-person changes represent one type of 

violation of ergodicity assumptions. When these assumptions are violated, between-person 

analyses can reveal factor structures that bear no resemblance to any of the within-person 

structures present in the data (Molenaar, 1997, 1999). The following simulation will rely on 

data simultaneously generated under two different factor structures: one factor structure for 

between-person differences in overall level, and a second factor structure that governs 

within person change around those levels. As MMOD contains derivative orders both for 

between-person differences in overall level (zeroth derivatives) and for within-person 

change (first and higher derivatives), then the zeroth and higher-order derivatives should 

identify and select the appropriate between-person and within-person data generation 

models, respectively.

Data Generation

Data generation proceeded in much the same manner as in the first simulation. The number 

of timepoints, items per timepoint and sample size were varied in the same manner and with 

the same values as before. The magnitude of the factor loadings were also varied, though the 

possible values for this simulation parameter was restricted to 0.6 and 0.8 as the 0.4 

condition showed a relatively high rate of non-convergence in the first simulation.

The primary difference between the first and second simulations was the difference in factor 

structures. The first simulation had a single factor structure that jointly described between-

person differences and within-person changes. The second simulation maintained two 

distinct factor structures: one that describes how people differ from one another but does not 

describe change, and a second that describes how people vary around their own mean. The 

between-person factors varied across people but not across time, while the within-person 

factors varied across people and time. This structure is described in Equations 14, where 

observed data y for person i at time t depends on an individually varying mean across all 
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timepoints (µi), some number of latent factors varying across individuals and timepoints 

(Wit), with factor loadings (Λw) and an error term (εit). In addition to the within-person 

factor structure represented by Wit, individual means µi depend on factors that vary between 

persons but not across time (Bi) and a between-person error term (γi), as shown in Equation 

15. These two factor structures are combined in Equation 16.

(14)

(15)

(16)

The specific form of these factor structures is presented in Figure 5. The first structure 

features a single between-person factor that loads on all timepoints (Bi) and two within-

person factors (Wij, Xij). The second structure includes two between-person factors covering 

the middle and endpoint items (Bi, Ci) and two within-person factors covering the first and 

last halves of the items (Wij, Xij).

The presence of different between-person (Λb) and within-person factor structures (Λw) 

presents an additional opportunities to affect the simulation. In addition to the simulation 

parameters previously used in the first simulation, the ratio of variances between the 

between-person and within-person factors was also varied, including simulated values of 

0.5, 1 and 2.

Comparison

Five different factor structures were used in models fit to the simulated data. The first is a 

one-factor model, identical to the between-person factor in Figure 5’s Data Structure 1. Two 

different two-factor models were also included: the first represented to the between-person 

factor structure in Data Structure 2, and the second represented by the within-person 

structure in both data structures. These two structures will be referred to as “2b” and “2w”, 

respectively. In addition, three- and four-factor models were created, with the ten or twenty 

items split evenly across the three or four factors and representing simple structure. Each of 

these five structures was fit to the zeroth and non-zeroth (hereafter, higher-order) derivatives 

in a 5×5 factorial design.

Results

Fit statistics for the set of higher derivatives are presented together in Table 7, while the fit 

for the zeroth derivatives are presented separately in Table 8. Each of these tables presents 

the mean fit for a particular factor structure (1, 2b, 2w, 3 or 4 factors), aggregating across all 

factor structures for the other set of derivatives. For instance, the fit statistics reported for the 

one-factor higher-order derivative models are the mean of all models with one factor per 

non-zero order of derivatives.
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The results for the higher-order derivatives in Table 7 conform to the original hypothesis. 

Regardless of the simulated between-person structure, the higher-order derivatives retain the 

two-factor (within) structure by all fit measures, at worst providing equivalent fit by CFI to 

the more complex four-factor solution when only a single between-person factor is present 

in the data.

However, the results for the zeroth derivatives do not support the original hypotheses, as the 

retained factor solutions for the two between-person structures do not reflect the data 

generation model. When a single factor governed between-person differences, the two-factor 

(within) factor structure was retained. When the two-factor (between) structure was used to 

generate between-person data, a four-factor structure was retained.

While this failure to support the original hypothesis requires revision of the interpretation of 

the zeroth derivative factors, the specific models that were retained can provide some 

insight. Figure 6 presents and alternative pair of path diagrams that are equivalent to the 

models presented in Figure 5. The models retained for the zeroth derivatives are in fact 

equivalent to a mixture of the between-person and within-person factor structure when 

described as shown in Figure 6.

The assertion that the zeroth derivatives represent a mixture of the between-person and 

within-person factor structures is testable given the existing design in this simulation. The 

ratio of between-person to within-person factor variances was a parameter in this simulation. 

If zeroth derivatives represent a mixture of two different factor structures with identical 

loading patterns and discrepant factor correlations, then the factor correlations should vary 

as a function of the ratio of factor variances. That is, the factor correlations bolded in the top 

of each diagram in Figure 6 should increase when there is more variance between 

individuals than within, and decrease when there is more variance within individuals than 

between. Regressing the affected factor correlations on the set of simulation parameters can 

aide in the interpretation of zeroth derivatives.

This regression is presented in Table 9. The largest predictor of these factor correlations was 

the ratio of between-person to within-person variance, explaining nearly all of the variance 

explainable by the simulation parameters (and thus, nearly all variation attributable to cell 

means). It appears that higher order derivatives represent within-person factor structures in 

this simulation, while zeroth derivatives represent a mixture of between- and within-person 

factor structures.

Example

The final phase of this analysis is an empirical demonstration using data from the National 

Longitudinal Survey of Youth. The NLSY 1997 sample (NLSY97) is a longitudinally-

measured sample of adolescents and young adults born between 1980 and 1984 and assessed 

from 1997 onward on a range of psychological, health and demographic variables. This 

empirical example evaluates a five-item depression scale used from the year 2000 onward, 

with each of the five items assessed with a 4-point Likert scale. All five items ask 

respondents to report how often they felt “like a nervous person”, “calm and peaceful”, 

“down or blue”, “like a happy person” and “depressed” in the last month, hereafter referred 
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to as “Nervous”, “Calm”, “Down”, “Happy” and “Depressed”. Data from the cohort born in 

1983 includes 1,397 individuals assessed longitudinally in 2000, 2002 and 2004 (ages 17, 19 

and 21). In the ensuing analyses, exploratory and confirmatory models will be fit to a data 

polychoric correlation matrix estimated from this sample. Further details about the access 

and preparation of the data and coding examples are available in the Appendix.

The first part of this example will show a conventional analysis of single occasions of 

measurement. Exploratory analyses of any single occasion of measurement show strong 

support for a unidimensional depression factor. The observed polychoric correlation matrix 

at age 17 shows a single eigenvalue greater than 1 (λ1=3.011), while the second eigenvalue 

falls well below 1.0 and any parallel analysis criterion (λ2=0.685), with comparable results 

for the other occasions. Subsequent factor models of each occasion of measurement show 

strong standardized factor loadings, with consistent positive loadings on the items 

“Nervous” (Age 17 loading=0.590), “Down” (0.812), and “Depressed” (0.732), and 

consistent negative loadings on the items “Calm” (−0.656) and “Happy” (−0.746). Despite 

the evidence for a single latent construct, fit of this model was relatively acceptable for 

single occasions (Age 17: CFI=0.907, TLI=0.814, RMSEA=0.190, SRMR=0.066), but poor 

for all three occasions assessed longitudinally (CFI=0.785, TLI=0.738, RMSEA=0.139, 

SRMR=0.076).

Residual diagnostics from the initial exploratory factor analysis show one clue to the poor 

fit. The items “Calm” and “Happy” show a consistent residual correlation between 0.10 and 

0.15 at every wave of the study. Incorporating this residual correlation into subsequent 

confirmatory factor models between these two items improved the fit for both single 

occasion ( , p<.001) and longitudinal versions of the model ( , p<.

001). While the absolute fit indices noticeably improve for the single occasion model 

(CFI=0.967, TLI=0.914, RMSEA=0.126, SRMR=0.044), and longitudinal models still show 

poor fit, with low values CFI and TLI and an increase in SRMR over the simpler model 

(CFI=0.836, TLI=0.795, RMSEA=0.123, SRMR=0.081).

While the structure of this dataset could be assessed by fitting a variety of competing 

confirmatory models, adding more residual covariances to improve fit or turning to 

modification indices, such a process would likely result in a model that included paths with 

little theoretical value or replicability. The measurement model of derivatives instead can 

directly evaluate whether the proposed structure (single factor, with or without a residual 

covariance) can explain the longitudinal associations between the five items on the 

depression scale. As the data is in the format of a covariance matrix, that matrix may be 

transformed as described in Equations 10–13 and the Manifest Derivatives path diagram in 

Figure 3, and each order of derivative analyzed in the same way a single occasion of data 

would be. The five item-level zeroth derivatives showed the same pattern of results as the 

single occasion analysis: a strong single eigenvalue greater than one (λ1,2=[3.350, 0.638]), 

poor fit without the residual correlation between “Calm” and “Happy” (CFI=0.884, 

TLI=0.769, RMSEA=0.249, SRMR=0.070), and improved fit with the residual correlation 

( , p<.001, CFI=0.963, TLI=0.906, RMSEA=0.159, SRMR=0.044). The higher 

derivatives showed similar effects, with improved fit when the residual correlation between 
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“Calm” and “Happy” was included for both the first derivatives (CFI=0.975, TLI=0.937, 

RMSEA=0.092, SRMR=0.044) and second derivatives (CFI=0.953, TLI=0.884, 

RMSEA=0.108, SRMR=0.045). Removing the residual correlation lead to a significant loss 

in fit (  =127.22, first derivatives;  =176.11, second derivatives) 

and poorer overall fit for both the first derivatives (CFI=0.907, TLI=0.815, RMSEA=0.157, 

SRMR=0.069) and second derivatives (CFI=0.828, TLI=0.656, RMSEA=0.185, 

SRMR=0.089).

The interpretation of the residual correlation for the derivative-transformed data is different 

than in other contexts. For a single timepoint, a residual correlations can be due to 

measurement artifacts or other issues not thought of as related to the construct. With 

derivative-transformed data generally and the higher derivatives specifically, the persistence 

of this residual correlation indicates that additional factors are needed. The residual 

correlation between the first and second derivatives of “Happy” and “Calm” means that 

those items change in a different way than the rest of the scale, and the changes in these two 

variables are correlated. As shown in Figure 1, this model with a single residual correlation 

can be restated as a two-factor model, with the three negative items loading on one factor 

and the two positive items loading on a second. This model fits exactly as well as the models 

with residual correlation listed in the preceding paragraphs, and their factor loadings and 

factor correlations are presented in Table 10. Single occasion analyses show that these two 

factors correlate −0.777. Looking at the derivative transformed data reveals that while the 

between person differences in these two factors (zeroth derivatives) correlate −0.804, linear 

and curvilinear changes in these variables correlate −0.720 and −0.623, respectively. While 

individuals who report negative emotions don’t report positive ones (and visa versa), the 

way that these two sets of items change from age 17 to 21 is more complex than can be 

explained by a single factor.

Analyzing the set of derivatives together provides two benefits. First, the fit of the two factor 

model can be assessed with the entirety of the data (CFI=0.942, TLI=0.919, RMSEA=0.063, 

SRMR=0.037), showing that two factors do a reasonably good job of explaining the 

dynamics in the data. Furthermore, we can test for factorial invariance in the derivative-

transformed space, and find that there is a significant loss of fit when factor loadings are 

constrained across order of derivatives ( , p<.001) with small changes in fit 

indices (CFI=0.936, TLI=0.917, RMSEA=0.064, SRMR=0.042). Constraining the loadings 

across the first and second derivative factors had a much smaller effect ( , p=.077), 

indicating that most of the variation in factor structures is due to differences between the 

structure of individual differences and the structure of within-person change.

Applying the retained two-factor solution to the untransformed data allows for more 

informed analysis of the longitudinal trend, as shown in Tables 11 and 12. The first 

comparisons in Table 11 shows that the two-factor model (Model 2b) provides improved fit 

over the one factor model (Model 1) by the likelihood ratio test ( , p<.001) and 

superior fit to both both one factor models (Models 1 and 2a) by CFI, TLI, RMSEA and 

SRMR. This two-factor model is shown in Figure 7, and contains no invariance constraints, 

covariances between the two factors at each occasion, and regressions between factors at 
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different occasions. Models 3–5 make restrictions on the longitudinal regressions between 

these factors, showing that the cross-factor regressions may be constrained to equality 

(Model 3c vs Model 2c: , p=.605), such that all regressions of a positive factor on 

a negative factor can be held equal to regressions of a negative factor on a positive factor at 

the same ages. Subsequent comparisons show that the autoregressive structures of the 

negative factors can be constrained to be equal to the autoregressions among the positive 

factors (Model 4 vs. Model 3c: , p=.923), but the regressions of the positive factor 

on the negative and negative on the positive could not be removed entirely (Model 5 vs 

Model 4: , p<.001).

The model parameters for Model 4 in Table 12 show relative stability in both factors from 

age 17 to 19, indicated not only by the strong autocorrelation between these ages (β=0.746), 

but also the consistency of factor loadings across these two ages. However, changes to both 

the factor structure and the dynamics of each factor appear at age 21, including significant 

increases in the factor loadings of the “Depressed” and “Calm” items on their respective 

factors, and a negative factor regression parameter (βPos19→Neg21 = βNeg19→Pos21 = −0.222) 

despite all other regressions and autoregressions being positive. The two-factor structure is 

further validated by viewing the means of all five items at each age in Figure 8. The items 

“Calm” and “Happy” show no increase or decrease with age, as indicated graphically and 

via paired t-tests comparing ages 17 and 21 (tCalm=0.96, p=.340; tHappy=−.020, p=.844, all 

df=1396), while “Nervous”, “Down” and “Depressed” show significant changes across those 

ages (tNervous=−3.01, p=.003; tDown=−3.54, p<.001; tDepressed=−5.29, p<.001). Despite the 

similarity of the dynamics of the two factors, derivative-transformed factor models, 

longitudinal analysis of raw data and a plot of item means across age show that the two 

positive items have different dynamics than the other three items.

Discussion

The preceding sections defined, tested and critiqued a measurement model of derivatives 

(MMOD). This model included two parts: a data transformation which restated longitudinal 

data as a set of derivatives or change variables, and a multidimensional factor model where 

factor structures are fit to each order of derivatives. This technique utilizes local linear 

approximation to transform observed item-level data into item-level derivatives, which 

represent the relationship of each variable such that the kth derivative can be interpreted as 

the rate of change with respect to timek. These derivatives were also designed as an 

orthogonal set of contrasts, allowing the subsequent factor model to be treated as a 

multidimensional model.

The presented simulations provide a series of tests for the proposed model. In the first 

simulation, MMOD outperformed all comparison models, specifically versions of MMOD 

and FOCUS that included non-orthogonal transformations and modeled fewer derivatives or 

change variables than timepoints. In addition, the model performed equivalently to the data 

generation model, indicating that MMOD does not bias invariant structures existing in the 

data.
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The second simulation was used to investigate the capacity for MMOD to detect the type of 

non-ergodic structures that would be undetectable with a single occasion analysis. The 

results of this simulation showed that the higher-order derivative factors indicated the factor 

structure of within-person change, while the zeroth derivative factors represent a mixture of 

between-person and within-person structures. The presence of this mixture is evidenced by 

the selection of the simplest factor structure that encapsulates the two structures, and the 

results of a regression indicating that the factor correlation structures vary as a function of 

the ratio of between-person to within-person factor variance.

The specific meaning of the zeroth derivatives merits further discussion based on the results 

of the second simulation. It should first be noted that the use of the term mixture does not 

merely connote a combination, but rather a mixture distribution. Assuming that the factor 

structures are invariant over the between-person and within-person structures (which is 

demonstrated in Figure 6), these two factors may be summed to create a single factor whose 

distribution is the sum of the between-person and within-person distributions. As both of 

these factors were drawn from independent normal distributions, this distribution should be 

normal as well, with the factor correlations reflecting the different factor correlations in the 

two underlying structures as well as their relative variances.

The regression results from Table 9 support this interpretation of zeroth derivatives as this 

combination of the two sources of variance in this simulation. The presence of this mixture 

can be understood by considering the zeroth derivative as the within-person mean. When a 

single occasion is factor analyzed, there is no way to differentiate the between-person and 

within-person effects, and the single occasion can be interpreted as a mean of that sole 

observation. As additional occasions are added, this mean becomes an increasingly reliable 

measure of between-person differences, and the effects of the within-person structures 

decrease. Were dozens of timepoints used, the zeroth derivative would likely become a more 

“pure” measure of between-person factor structure. However, using only three, four or five 

observations still allows for significant within-person effects in the same way that the mean 

of three to five observations may include a great deal of variability.

It should be further noted that this result is due in part to the lack of variance in factor 

loadings in this simulation. In the second simulation, the one-factor model describing 

between-person structures is a special case of the two-factor model for within-person 

variation. This nesting of the one- and two-factor structures only exists when the one-factor 

loading structure is proportional to the two-factor loading structure. This is unlikely to be the 

case in real-world settings, as demonstrated in the empirical example. Introducing variability 

in factor loadings in a future simulation would address this concern. Determining the correct 

conditions and associated statistical power to separate between-person and within-person 

effects is an important direction for future research.

Selecting Timepoints for Analysis

Determining the ideal number of occasions for the use of MMOD is an important question 

for future study. While the model can theoretically handle any number of timepoints, a 

measurement model to dozens or hundreds of occasions of multivariate longitudinal data 

could be difficult to write, estimate and interpret. Furthermore, the model showed decreased 
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convergence rates as additional timepoints were included. While convergence failures are 

certainly a concern, they can be explained by a feature of derivative estimation. Figure 9 

presents derivative-transformed model-implied data from a five occasion version of 

Simulation 1. The plot represents the correlation between any pair of item-level derivatives, 

which drop precipitously as the order of derivative increases.

The small correlations between the higher order item-level derivatives can explain some of 

the convergence failures seen in the simulations. Higher orders of derivatives increasingly 

represent unique factors and measurement error in this simulation, as there is little 

meaningful variance in third and fourth derivatives when data follow the autoregressive 

structure used in this simulation. Attempting to fit factor models to these orders of 

derivatives yields weak factor loadings very dependent on sample fluctuations in unique 

variance terms. However, the lack of signal in the third and fourth derivatives will not be the 

case in all datasets. Some samples may show little variance in even the first and second 

derivatives, while others may show meaningful and modelable individual differences over 

many types and scales of change.

Determining the correct number of timepoints to model is an empirical and sample-specific 

question, and the answer to that question depends in part on the number of derivatives over 

which meaningful variance. Summary statistics and plots of derivative-transformed data 

could be used to inform the correct dimensionality for their particular research question such 

that orders of derivatives with little meaningful variance can be omitted or modeled 

differently. Additionally, the effects of within-person variation on the zeroth derivative 

described in the previous section are likely to decrease with additional observations. 

Applications of this model to developmentally relevant constructs must also consider the 

correct interpretation of “time”, as age or other measures may be better suited to describe 

repeated measurements. Balancing these opposing needs is an important topic for future 

study, and answers to questions of dimensionality are likely to be sample and research 

question specific.

Selecting the number and spacing of timepoints will have impact on how the higher 

derivatives should be interpreted, and this decision should be made using a combination of 

sample statistics, knowledge of the design and the specific research questions to be asked. 

Researchers should consider diurnal, weekly and seasonal effects when relevant, as well as 

other time-varying covariates that may impact measurement structures. For example, bi-

weekly affect measurement may reveal different structures for zeroth and higher derivatives. 

This effect may reveal general differences in between-person and within-person structures, 

or may indicate different structures for the work-week and weekend depending on the 

sampling interval. When multiple timescales are available, models such as MMOD should 

be applied to varying numbers of and intervals between timepoints to greater determine the 

size, scope, and meaning of effects.

Computation Complexity

Among the potential weaknesses of this approach is the added computational demand. Many 

of the non-convergences in the presented simulations were not driven by the optimizer 

directly, but were instead errors reached when the model exceeded software memory limits. 
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Latent transformation of derivatives requires that in addition to the items*timepoints 

observed variables, the set of latent variables includes not only the common factors, but the 

set of items*timepoints derivative factors as well, leading to a number of very large matrices 

being used in the model estimation. While manual transformation wasn’t used in the first 

simulation to prevent rounding error from affecting comparisons to the reference model, 

carrying out the derivative transformation prior to analysis can greatly reduce these issues. 

Future directions for this approach should include further study of the structure of this 

model, one goal of which should be to speed up or simply covariance matrix inversion (full 

data matrix S in RAM notation, latent variable matrix Ψ in LISREL notation).

Ordinal data makes the fitting of this model more complex. Using even a few timepoints of 

item level data greatly increases the scale of the optimization and dimension of the 

multivariate integration underlying maximum likelihood estimations of categorical data. 

Applications of MMOD to categorical data with many items or timepoints will see the same 

problems facing any other categorical data SEM. As such, immediate use of this model is 

likely to utilize approaches like weighted least squares and Bayesian methods. Future 

directions for this work should include alternative ways of specifying this model, including 

but not limited to bi-factor and/or state-space models that project factors onto multiple 

timepoints of item-level data with highly constrained factor patterns and residual structures.

Summary

The results of the simulations and data analysis indicate that the measurement model of 

derivatives can identify the latent structure or structures in longitudinal data, utilizing 

information about item-level change that is not used in other measurement models. The use 

of an orthogonal derivative method transforms data into a multidimensional space where 

many of the problems associated with longitudinal data are mitigated, allowing researchers 

to more directly analyze the structure of change. If we are to continue asking questions 

about change, development and dynamics, we must maintain and expand longitudinal 

methodology to answer those questions. Evaluating the ability of the latent trait models to 

adequately describe change is one step in that direction. The proposed method is one way of 

achieving this goal, but more important than the use of this model is the understanding that 

the dynamics and changes found in latent variables must come from manifest dynamics and 

changes.
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Appendix

Additional Materials for Empirical Example

Data for this empirical example is available from the National Longitudinal Survey of 

Youth, and can be downloaded from the United States Bureau of Labor Statistics website 
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(http://www.bls.gov/nls/nlsy97.htm). The five-item depression scale measured in the year 

2000 consists of the variables “nervous00”, “calm00”, “down00”, “happy00” and 

“depressed00”; the three-occasion longitudinal data for this example came from the 2000, 

2002 and 2004 samples, with the other variables appended with the year of data collection. 

A total of 1,397 individuals who were born in 1983 completed all variables at each of these 

three waves, and thus were included in this analysis.

While full-information maximum likelihood could have been used to fit these models to raw 

data, the restriction to complete case analysis and a sample moment matrix was done for 

several reasons. The primary reason was to make an easily replicable empirical example, 

and the use of a sample moment matrix rather than raw data means that the complete dataset 

used for analysis can be included in this paper. This data matrix is printed in Table A1. 

Furthermore, using only complete cases allowed for estimation of the data’s polychoric 

correlation matrix without incurring any bias from missing data, and that correlation matrix 

could be accurately described by a single sample size of 1,397 for the estimation of model fit 

statistics.

This data is used as the input data for the following example code. Data preparation was 

done using R 2.15.3 (R Development Core Team, 2012). Exploratory factor models were fit 

using the psych library (Revelle, 2013), while confirmatory models were fit using OpenMx 

(Boker et al., 2011).

Transforming Observed Data into Derivative Data

The use of MMOD presented in this paper were fit to the transformed data matrix. Moment 

matrices may be transformed into the covariances between derivatives just as raw data can 

be reshaped into derivative-transformed data. Raw data is transformed using by post-

multiplying a data matrix Y by a weight matrix W to yield a derivative-transformed data D, 

as shown in Equation 17. If we assume that Y is centered, then Y′Y is the sums of squares 

and cross-products of Y, and  is the covariance matrix of Y, Cov(Y). By equivalent 

logic,  is the covariance matrix of D, Cov(D). We can take the transformation of raw 

data shown in Equation 17 and premultiply both sides of the equation by their own transpose 

and divide by n, as shown in Equations 18 through 20. Once the terms are rearranged in 

Equation 21 and 22, we can see that covariance matrices can be transformed as easily as raw 

data, in this case by pre- and post-multiplying the observed covariance matrix by the same 

weight matrix used for raw data.

(17)

(18)

(19)
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(20)

(21)

(22)

The weight matrix can be created as described in Equation 9; a function to create this matrix 

is available both in Deboeck’s (2010) paper and via his web resources for this paper6, 

though the referenced equation demonstrates the three-occasion case for this example. It 

should be noted that Deboeck’s Contrasts function creates an L matrix as described in 

Equation 11, so the resulting matrix should be both inverted and transposed to create the 

weight matrix. This matrix may be expanded for the five-variable scale by taking the 

kronecker product of this matrix and a 5 × 5 identity matrix. The code below demonstrates 

data import and formatting for both raw and covariance matrix data, assuming both datasets 

are contained in at or text files.

# load required libraries

require(OpenMx)

# load raw and covariance data

rawData <− read. table(”nlsyRaw. txt”)

covData <− read. table(”nlsyCov. txt”)

# make weight matrix with Deboeck ’s functions

source(”GOLD.R”)

weight <− t (solve (Contrasts (1:3, 2)))

# make weight matrix without Deboeck ’s functions

weight <− matrix(

c(1/3, 1/3, 1/3,

−1, 0, 1 ,

1/2, −1, 1/2),

nrow=3, ncol=3)

# expand weight matrix for full data

fullWeight <− kronecker (weight, diag (5))

# transform the data

rawDeriv <− rawData %*% fullWeight

covDeriv <− t(fullWeight) %*% covData %*% fullWeight

dimnames(covDeriv) <− dimnames(covData)

6http://people.ku.edu/pascal=Papers_&_Code_files=GOLD.R
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Fitting MMOD to Transformed Data

Once the data is transformed, model fitting proceeds like any other factor model. The 

transformation did not affect the variable names, so the column and variable name 

“nervous00” refers to the age 17 value of “nervous” in the untransformed data, but the 

zeroth derivative of “nervous” in the transformed data. The code below first creates a vector 

of variable names, which keeps us from typing the same fifteen variable names over and 

over. Next, an object called mmod1 is created, which will contain the MxModel object and 

store our model. Data is added with the mxData function, and type="RAM" is added so that 

we can specify this model with paths. The manifest and latent variables are declared, then a 

series of mxPath statements specify what parameters are in the model. The first mxPath 

statement creates five factor loadings from the latent variable “F0” to the five item-level 

zeroth derivatives. Subsequent statements add the rest of the factor loadings, fix the factor 

variances to identify the model, add factor correlations, and add residual variance terms. 

Finally, the model is run using the mxRun command, and its results viewed using the 

summary function.

# one factor MMOD model, transformed data

obsVar <− colnames(covData)

mmod1 <− mxModel(”One Factor MMOD”,

mxData(covDeriv, type=”cov”, numObs=1397),

type=”RAM”,

manifestVars=obsVar,

latentVars=c(”F0”, ”F1”, ”F2”),

# factor loadings

mxPath(from=”F0”,

to=c(”nervous00”, ”down00”, ”depressed00”, ”calm00”, ”happy00”),

free=TRUE),

mxPath(from=”F1”,

to=c(”nervous02”, ”down02”, ”depressed02”, ”calm02”, ”happy02”),

free=TRUE),

mxPath(from=”F2”,

to=c(”nervous04”, ”down04”, ”depressed04”, ”calm04”, ”happy04”),

free=TRUE),

# factor variances

mxPath(from=c(”F0”, ”F1”, ”F2”),

arrows=2, values=1, free=FALSE),

# factor correlations

mxPath(from=c(”F0”, ”F1”, ”F2”),

arrows=2, connect=”unique. bivariate”, free=TRUE),

# residual variances

mxPath(from=obsVar, arrows=2, values=1)

)
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mmodRes1 <− mxRun(mmod1)

summary(mmodRes1)

Fitting MMOD to Untransformed Data

When the measurement model of derivatives is fit to untransformed data, the derivative 

transformation must be done in latent space. To do this with a path model, one must create a 

set of new latent variables corresponding to the derivatives. These latent derivatives predict 

the observed variables with fixed loadings set to the values of our weight matrix. This can be 

done with the following mxPath statement:

longWeight <− as. vector(t(solve(weight)))

mxPath(from=c(”nerv0”, ”nerv1”, ”nerv2”),

to=c(”nervous00”, ”nervous02”, ”nervous04”),

connect=”all. pairs”,

free=FALSE, values=longWeight)

First, we need to turn our weight matrix into a set of loadings. As described in Equations 10 

and 11, these loadings can be found in the L matrix, which is the inverse of our weight 

matrix. The object longWeight inverts the weight matrix, then turns it into a vector of 

loadings, such that the first three elements of the vector correspond to the zeroth derivative, 

the next three to the first derivative, and the final three to the second derivative. The ensuing 

mxPath statement lists the three latent derivatives in the from argument, and the three 

observed items in the to argument. The connect argument is used to state how the set of 

from variables relates to the set of to variables; in this case, we want all possible 

combinations ("all.pairs"). This will create nine paths: from nerv0 to nervous00 

(latent zeroth derivative to first occasion), then from nerv0 to nervous02 (latent zeroth 

derivative to second occasion) and so on until from nerv2 to nervous04 (latent second 

derivative to third occasion). These latent derivatives (nerv0, nerv1, and nerv2) then 

stand in for the manifest variables in the rest of the model.

The full model is presented in the final section of code. In addition to a vector of variable 

names, we also create a vector of latent derivatives for easy reference elsewhere in the 

model. Data are loaded, options set and variables declared just as with the first model, but 

the set of latent variables includes not only the three common latent variables, but also the 

vector of 15 latent derivatives. The first five mxPath statements transform each of the five 

items. The subsequent mxPath statements have the exact same function as they did in the 

first model, but the latent derivatives replace the observed variables. The model is then run 

and viewed using mxRun() and summary().

# one factor MMOD model, untransformed data

obsVar <− colnames(covData)

latDeriv <− c(”nerv0”, ”down0”, ”dep0”, ”calm0”, ”happy0”,

”nerv1”, ”down1”, ”dep1”, ”calm1”, ”happy1”,
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”nerv2”, ”down2”, ”dep2”, ”calm2”, ”happy2”)

longWeight <− as. vector(t(solve(weight)))

mmod2 <− mxModel(”One Factor MMOD 2”,

mxData(covData, type=”cov”, numObs=1397),

type=”RAM”,

manifestVars=colnames(covData),

latentVars=c(”F0”, ”F1”, ”F2”, latDeriv),

# transformation

mxPath(from=c(”nerv0”, ”nerv1”, ”nerv2”),

to=c(”nervous00”, ”nervous02”, ”nervous04”),

connect=”all. pairs”,

free=FALSE, values=longWeight),

mxPath(from=c(”down0”, ”down1”, ”down2”),

to=c(”down00”, ”down02”, ”down04”),

connect=”all. pairs”,

free=FALSE, values=longWeight),

mxPath(from=c(”dep0”, ”dep1”, ”dep2”),

to=c(”depressed00”, ”depressed02”, ”depressed04”),

connect=”all. pairs”,

free=FALSE, values=longWeight),

mxPath(from=c(”calm0”, ”calm1”, ”calm2”),

to=c(”calm00”, ”calm02”, ”calm04”),

connect=”all. pairs”,

free=FALSE, values=longWeight),

mxPath(from=c(”happy0”, ”happy1”, ”happy2”),

to=c(”happy00”, ”happy02”, ”happy04”),

connect=”all. pairs”,

free=FALSE, values=longWeight),

# factor loadings

mxPath(from=”F0”,

to=c(”nerv0”, ”down0”, ”dep0”, ”calm0”, ”happy0”),

values=0.5, free=TRUE),

mxPath(from=”F1”,

to=c(”nerv1”, ”down1”, ”dep1”, ”calm1”, ”happy1”),

values =0.5, free=TRUE),

mxPath(from=”F2”,

to=c(”nerv2”, ”down2”, ”dep2”, ”calm2”, ”happy2”),

values =0.5, free=TRUE),

# factor variances

mxPath(from=c(”F0”, ”F1”, ”F2”),

arrows=2, values=1, free=FALSE),

# factor correlations

mxPath(from=c(”F0”, ”F1”, ”F2”),

arrows=2, connect=”unique. bivariate”, free=TRUE),
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# residual variances(only for latent derivatives !)

mxPath(from=latDeriv, arrows=2, values=1)

)

mmodRes2 <− mxRun(mmod2)

summary(mmodRes2)

While not presented, there are many additional ways to specify this model in OpenMx. 

When raw data is used, item means should also be specified. Categorical raw data would 

further demand both that thresholds be specified and identification criteria be met for each 

ordinal variable. Beyond path modeling, models may be presented using whatever matrices 

the user pleases. This is especially convenient for the measurement model of derivatives, as 

whatever user-defined algebra is used to create an expected covariance could simply be pre- 

and post-multiplied by an explicit weight matrix, making transitions between transformed 

and untransformed analysis as simple as adding or removing a single fixed matrix from the 

model.

The above model could easily be specified in a variety of other software packages. The 

added complexity of the measurement model of derivatives makes only two added demands 

beyond conventional longitudinal models. First, the package must support the added latent 

variables for derivative transformation. While most if not all packages should allow this, the 

added variables may slow down optimization for some models. Second, ordinal data 

versions of the measurement model of derivatives must allow for observed variables to have 

a residual variance of zero, as all observed variables are fully explained by the set of latent 

derivatives. Some software packages have default values for the mean and residual variance 

of manifest ordinal variables of zero and one, respectively. These defaults must be removed 

for the use of this technique on raw ordinal data.
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Figure 1. 
Comparison of Two Factor Models

Note. Path diagrams for two equivalent factor models with varying substantive 

interpretations. Factor and residual variance terms may be assumed to unity without loss of 

generality.
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Figure 2. 
Comparison of Two Factor Models

Note. Path diagrams for extensions of Figure 1 models to two occasions.
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Figure 3. 
Two Presentations of the Measurement Model of Derivatives

Note. Path diagrams for two versions of the measurement model of derivatives. The manifest 

derivatives version uses the data transformation shown in Equation 12, while the latent 

derivative version uses the model specification found in Equation 13.
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Figure 4. 
Data Generation Model for Simulation 1

Note. Factor-at-timepoint model used for data generation and model fitting in Simulation 1. 

Presented version includes a single factor at each of three timepoints and ten items.
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Figure 5. 
Data Generation Models for Simulation 2

Note. Path diagrams for two data generation models for Simulation 2. Factors subscripted 

with only i indicate factors that vary between individuals but are fixed longitudinally, and 

appear above the items they load on. Factors subscripted ij vary both between and within 

individuals, and appear below the items they load on.
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Figure 6. 
Alternate Specification of Simulation 2 Data Generation Models

Note. Path diagrams showing alternate forms of data generation models Simulation 2. 

Factors subscripted with only i indicate factors that vary between individuals but are fixed 

longitudinally, and appear above the items they load on. Factors subscripted ij vary both 

between and within individuals, and appear below the items they load on.
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Figure 7. 
NLSY97 Two-Factor Model for Depression at Ages 17, 19 and 21

Note. Longitudinal common factor model for five-item NLSY97 depression scale. Positive 

and negative factors correlate at each age, and all factors at ages 19 and 21 are regressed on 

all previously measured factors. Factors at age 19 were offset not to indicate difference in 

parameters, but only to make the set of factor regressions more legible.
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Figure 8. 
Mean Trends for Depression Items

Note. Longitudinal means for each of the five items in the NLSY97 depression scale. Items 

“Calm” and “Happy” were found to load on the positive factor, while items “Nervous”, 

“Down” and “Depressed” loaded on the negative factor. All items were scored on a 4-point 

Likert scale, and the two positive items were reverse-scored so that increases in item means 

indicated increased depression.
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Figure 9. 
Intercorrelation Between Increasing Derivative Orders

Note. Expected inter-derivative correlations for the zeroth through fourth item-level 

derivatives. Expected data generated from Simulation 1 condition with five timepoints, one 

common factor with an autoregression of 0.8, and factor loadings of 0.4, 0.6 and 0.8 

constant across all items. Neither the sample size nor the number of items affect the 

expected correlation between like-orders of item-level derivatives.
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Table 1

Equivalence of One- and Two-Factor Models

One-Factor Model Two Factor Model

λ1–3 = λ1–3

λ4 = λ4 * σϕ

λ5 = λ5 * σϕ

σ4,5 = λ4 * λ5 * (1 − (σϕ)2)

Note. Transformation of model parameters from a one-factor model with a single residual covariance between items 5 and 6 and a two-factor model 
with a factor covariance. λx=factor loading for variable(s) x; σ4,5=residual covariance between items 5 and 6 in one-factor model; σϕ=factor 

covariance from two-factor model.
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Table 2

Data Generation Parameters for Simulation 1

Parameter Levels Values

Timepoints 3 3, 4, 5

Items per Timepoint 2 10, 20

Factors per Timepoint 3 1, 2, 3

Loadings (Standardized) 3 .4, .6, .8

Factor Autocorrelation 2 .4, .8

Sample Size 3 250, 500, 1000
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Table 3

Loading Matrices for GOLD, GLLA & FOCUS Derivative Methods

Method GOLD GLLA FOCUS

Loading Matrix(L′)

SSCP (L′L)

Note. Loading or L matrices for measurement model of derivatives, GLLA and FOCUS models. SSCP refers to the sums of squares and cross-
products of each of the presented L matrices.
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Table 6

Data Generation Parameters for Simulation 2

Parameter Levels Values

Structure 2 1/2, 2/2

Timepoints 3 3, 4, 5

Items per Timepoint 2 10, 20

Loadings 2 .6, .8

Ratio of B/W Variances 3 .5, 1.0, 2.0

n 3 250, 500, 1000
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