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Abstract

Fractional derivatives and integrals are convolutions with a power law. Multiplying by an
exponential factor leads to tempered fractional derivatives and integrals. Tempered fractional
diffusion equations, where the usual second derivative in space is replaced by a tempered
fractional derivative, govern the limits of random walk models with an exponentially tempered
power law jump distribution. The limiting tempered stable probability densities exhibit semi-
heavy tails, which are commonly observed in finance. Tempered power law waiting times lead to
tempered fractional time derivatives, which have proven useful in geophysics. The tempered
fractional derivative or integral of a Brownian motion, called a tempered fractional Brownian
motion, can exhibit semi-long range dependence. The increments of this process, called tempered
fractional Gaussian noise, provide a useful new stochastic model for wind speed data. A tempered
difference forms the basis for numerical methods to solve tempered fractional diffusion equations,
and it also provides a useful new correlation model in time series.
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1. Introduction

Fractional derivatives were invented by Leibnitz soon after the more familiar integer order
derivatives [39, 54], but have only recently become popular in applications. They are now
used to model a wide variety of problems in physics [25, 36, 39, 52, 53, 57, 68], finance [23,
28, 44, 38, 63, 64], biology [4, 2, 22, 27, 37], and hydrology [1, 7, 8, 15, 17, 65]. Fractional
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derivatives can be most easily understood in terms of their connection to probability [47,
48]. Einstein [20] explained the connection between random walks, Brownian motion, and

the diffusion equation ap (z,t) =d2p (z, t). Sokolov and Klafter [66] review the modern
theory of anomalous diffusion, where the integer order derivatives in the diffusion equation

are replaced by their fractional analogues: 8”p (z, t) =9%p (x, t). A fractional space
derivative of order a < 2 corresponds to heavy tailed power law particle jumps

P[J>z] =z (the famous Lévy flight), while a fractional time derivative of order #< 1

models heavy tailed power law waiting times > [7>#] ~ t~” petween jumps. Hence
fractional space derivatives model anomalous super-diffusion, where a plume of particles
spreads faster than the traditional diffusion equation predicts, and fractional time derivatives
model anomalous sub-diffusion.

The goal of this paper is to describe a new variation on the fractional calculus, where power
laws are tempered by an exponential factor. This exponential tempering has both
mathematical and practical advantages. Mantegna and Stanley [41] proposed a truncated
Lévy flight to capture the natural cutoff in real physical systems. Koponen [30] introduced
the tempered Lévy flight as a smoother alternative, without a sharp cutoff. Cartea and del-
Castillo-Negrete [12] developed the tempered fractional diffusion equation that governs the
probability densities of the tempered Lévy flight. Unlike the truncated model, tempered
Lévy flights offer a complete set of statistical physics and numerical analysis tools. Random
walks with exponentially tempered power law jumps converge to a tempered stable motion
[13]. Probability densities of the tempered stable motion solve a tempered fractional
diffusion equation that describes the particle plume shape [3], just like the original Einstein
model for traditional diffusion. Tempered fractional derivatives are approximated by
tempered fractional difference quotients, and this facilitates finite difference schemes for
solving tempered fractional diffusion equations [3]. The tempered diffusion model has
already proven useful in applications to geophysics [46, 73, 74] and finance [10, 11]. In
finance, the tempered stable process models price fluctuations with semi-heavy tails,
resembling a pure power law at moderate time scales, but converging to a Gaussian at long
time scales [5]. Since the anomalous diffusion eventually relaxes into a traditional diffusion
profile at late time, this model is also called transient anomalous diffusion [74].

Kolmogorov [29] invented a new stochastic model for turbulence in the inertial range.
Mandelbrot and VVan Ness [40] pointed out that this stochastic process is the fractional
derivative of a Brownian motion, and coined the name fractional Brownian motion.
Fractional Brownian motion can exhibit a very useful property called long range
dependence, where correlations fall off like a power law with time lag. A new variation on
this model, called tempered fractional Brownian motion, is the tempered fractional
derivative of a Brownian motion [49]. Tempered fractional Brownian motion can exhibit
semi-long range dependence, with correlations that fall off like a power law at moderate
time scales, but then eventually become short-range dependent at long time scales. This
extends the Kolmogorov model for turbulence to also include low frequencies, and in fact
tempered fractional Brownian motion provides a time-domain stochastic process model for
the famous Davenport spectrum of wind speed [6, 16, 26, 55], which is used to design
electric power generation facilities.
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2. Tempered fractional diffusion

We begin by recalling the connection between random walks, Brownian motion, and the
diffusion equation (see [48] for complete details). Given a random walk of mean zero
particle jumps S(n) = Xy + . . . + Xp,, the Central Limit Theorem implies that n=/25(nt) =
B(t) in distribution. The probability density p(x, t) of the Brownian motion limit B(t) solves

the diffusion equation ap (z, t) = D%p (x, t). This useful connection between Brownian
motion, random walks, and the diffusion equation assumes finite variance particle jumps.
Power law jumps with density f(x) = Cax‘“‘ll[clla,oo)(t) for 1 < a <2 have a finite mean
but an infinite variance. Subtract the mean, and apply the extended central limit theorem [48,
Theorem 3.37] to get n=/aS(nt) = A(t). Now the probability density p(x, t) of the a-stable

Lévy motion A(t) solves the fractional diffusion equation 9,p (z,¢) =D8%p (=, t)-

Tempered fractional diffusion applies an exponential tempering factor to the particle jump
density. Consider a random walk S&(n) with particle jump density

fe (z) :C’gleo‘flef’\ml[syoo) (z) where C.=[Pz e dz (1

using the incomplete gamma function, and define the Poisson jump rate

(0%
=D———C,
A=DEa g% @
for any £> 0. To ease notation, we begin with the case of positive jumps.

Theorem 2.1. Suppose 0 < a < 1. Given a random walk S (n) =X;+ - - - + X With
independent jumps, each having probability density function (1), and an independent
Poisson process N7 with rate (2), as € — 0 we have the convergence

ST(Ny) = A(t) @)

where the limit is a tempered stable process whose probability density function p(x, t) has
Fourier transform

B (k,1) = tPIAHT=NT )
foranyt=0.

Proof. The Poisson random variable satisfies P (N =n) =e~*<(\.t)" /n! for n 20, and then

P. (2,t) =P (5% (Nf) < 2) =) P (5% (n) < 2| Nf=n) P (Nf=n)

n=0

by the law of total probability. Apply the Fourier-Stieltjes transform f (k) = [e~*** F (dz)

where f(x) = F/(x), nothing that f_(%)™ is the Fourier transform of probability distribution of
Sé(n), to get
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~ Ea n — Act - 7
b (k) =30 Fu(kyre ot R _ord1-f)
n=0

n!
using the Taylor series for the complex exponential function. Rewrite this in the form

pe (kt) = exp [tA [ (e —1) f. (2) da

= exp [tDpitoy [T (eﬂ'kx _ 1) J P v dm} .

A straightforward computation using integration by parts and the formula for the gamma
probability density [48, Eq. (3.14)] shows that

N a oo _ —tkx —a—1
) =gy o (1-e ™) ldr for 0<a<l.

Use this formula twice to compute

ﬁfﬁo (e_“”' — 1) e Mypa—lgp— ﬁfﬁo (e_(““"'k)"” — 1) = dy — ﬁfgo (e‘kz — 1) =g

= —[Owik)® =]
when 0 < @< 1. Thenas € — 0, we get

ﬁg (k’, t) _ ﬁ (k’, t) :eftD[(A+ik)a7)\a]

foranyt=0.

It follows from Theorem 2.1 that p(k,t) = etPIA+1K)“-AT js the Fourier transform of the
tempered Lévy flight A(t), a stochastic process with tempered power law jumps. We define

the tempered fractional derivative 9> f () as the function with Fourier transform

[(A+ik)® — A°] f (k) when 0 < a < 1. Note that

atﬁ (k7 t) =-D [()‘—’_’Lk)a - Aa]ﬁ (k7 t)
and invert the Fourier transform to see that the probability density p(x, t) of the tempered
Lévy flight A(t) is the point source solution to the tempered fractional diffusion equation

O (z,t) = — DI p (z,1).

We will also define the negative tempered fractional derivative 9 f () as the function
with Fourier transform [(A — ik)? A9]f(k) when 0 < a < 1. A combination positive and
negative jumps with particle jump density

fe (@) =C [pr 0T e o) (@) Halz| e (@) @
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for p, g = 0 with p + g = 1 leads to a tempered stable limit process A(t) having both positive
and negative jumps. A simple extension of Theorem 2.1 shows that (3) holds, and now the
limit density p(x, t) solves the tempered fractional diffusion equation

Op (z,t)= — pDIY A p(z,t) — qDaa p(z,t).

To write the tempered fractional derivative in real space, use the formula (7) to see that

[(\+ik)™ = X% f (k) = >f0 (F (k) = 7™ (k)) ey~ tay

and then use the shift property of the Fourier transform [ e=*f(x-y) dx = e~1¥f(k) to see
that

N[ (z) = F(l fo (f@) —fz—y)e My ldy (g

for 0 < a < 1. A similar argument shows that

O @) =[5 (@) = f e =) e ™y Ny g

Theorem 2.2. Suppose 1 < a < 2. Given the mean-centered random walk
S® (n)=Xi+---+X; with independent jumps, each having probability density function (1)

and mean pszacj/ “/(a — 1), and an independent Poisson process N7 with rate (2), as &
— 0 we have the convergence

S%(NY) —thepe = A(t) (11

where the limit is a mean zero tempered stable Lévy motion whose probability density
function p(x, t) has Fourier transform

bk, ) —e—tP[OFik)* =X —ikar* "] (1)
foranyt=0.

Proof. An easy computation shows that the jump variable X¢ with probability density (1) has

mean y.= [z f. (r) dr= acl/“/( — 1). Then it follows from (5) that the density of
S (N7) — tA-p. has Fourier transform

p. (k, t) me~ et (1=Fe®) gmiktrcpe

for any t = 0. Rewrite this in the form

J Comput Phys. Author manuscript; available in PMC 2016 July 15.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuep Joyiny

MEERSCHAERT et al. Page 6

P (k)= exp|—tA [ (l — e*“”“—i—ikx) fe (z) dz

= exp tDloiEg_jg e (e‘ikx —-1- zkm) m_o‘_le_’\gcdx]

using the fact that I'(2 — @) = (1 — a@)T'(1 @). Use (6) and another integration by parts [48, p.
58] to see that

(ik)a_a (a B 1)

=T ) Iy (e’i’“ — 1+ikx) z ldz for l<a<?2. (13)

Let C = a(a — 1)/T'(2 - @) and compute

Cfy (e —1+iky) eNy=o"ldy= C [ (e-OHBY — 14 (A+ik) y) y~o~Ldy
Cly (G_Ay — 1+/\y) y ldy — C [ (e‘Ay - 1) ikyy~ % ldy (14)
= (A+ik)* — X —ikaX*!

using (13). Then as £ — 0, we get

ﬁE (kv t) - ﬁ (k, t) :e_tD[(AJ"ik)a—)\o‘ —'LkaAa—l]

foranyt=0.

It follows from Theorem 2.2 that p(k, t) = e~tPL0-+ik)*-1%=ika2"™!] 5 the Fourier transform of

the tempered Lévy flight A(t). We define the tempered fract[onal derivative 92 f () as the
function with Fourier transform [(1 + ik)® = X% — ikaA9~1]f(k) when 1 < a < 2. Since d;p(k,
t) = D[(\ + ik)? — 19 — ikad? 1]p(K, 1), we can invert the Fourier transform to see that the
probability density p(x, t) of A(t) is the point source solution to the tempered fractional
diffusion equation

Op(z,t) =Dd>p (z,t). (15)

Figure 1 shows a typical particle path, illustrating the effect of tempering to cool the long
particle jumps.

To write this tempered fractional derivative in real space, use the formula (14) to see that

a(@—1) 2

[()H—ik) T G 1} fR)=3 o)

iy ) 5 (7 = Lviky ) ey oty

and invert the Fourier transform to get

ala—1)

02 @) =g —oy J8 (F @ =) = F @)yl @) ey My g

forl<a<?2.
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The negative tempered fractional derivative afvm* f (z) is the function with Fourier transform
[(\ = iK)? =29 +ikaA9"1]f(k) when 1 < a < 2. In real space, we can write

a(a 1)

iy 5 (T ty) = F (@) —yf @) e My
The particle jump density (8) leads to a tempered stable limit process A(t) having both
positive and negative jumps. A simple extension of Theorem 2.2 shows that (11) holds, and
now the limit density p(x, t) solves the tempered fractional diffusion equation

Op (z,t) :pD@?’)‘p (z,t) —l—qDaf’gf‘p (z,1).

If p = g then this produces a symmetric profile, with semi-heavy tails. That is, the tails of the
probability density p(x, t) resemble a power law p(x, t) [x|~%1 for large |x| and moderate t >
0, but as t — oo the tails relax to a Gaussian profile. These semi- heavy tails are typical in
applications to finance [10, 11]. Figure 2 fits a symmetric tempered stable density function
to macroeconomic data on inflation rates. The data shows a sharper peak and a heavier tail
than the best fitting Gaussian curve.

The tempered space-fractional diffusion equation models transient super-diffusion, where a
particle plume initially spreads faster than the traditional diffusion equation predicts, but
later relaxes to a typical diffusion profile. The corresponding model for transient sub-
diffusion assumes tempered power law waiting times between particle jumps. Suppose that
the n th particle jump S(n) = X1 + - - - + X,, occurs at a random time T, =Wy + - - - + W,
where Wy, are all independent with density d(t) = Bﬁt“ﬂ_le_’ﬁl[Bllﬁm)(t) forsome 0 < < 1.
Theorem 2.1 yields random walk convergence to another stable Lévy motion D; with
Laplace transform g(3, t) = e"%P(5) where the Laplace symbol yp(s) = [(77+ s)P~ 7/7]. The
number of jumps by time t > 0 is given by the renewal process N; = max{n =0: T,, < t}, the
inverse of T, (graph T, versus n, then swap the axes, to get the graph of N; versus t). Then
the CTRW (continuous time random walk) defined by S(Ny) gives the particle location at
time t> 0.

A general result from CTRW limit theory [45, Theorem 2.1] shows that the CTRW
converges at late time to A(E;), a tempered Lévy flight with the time variable replaced by an
independent inverse tempered stable subodinator E; = inf{u >0 : D, > t}. Since

P[E; <u]=P[D, > t], we can take derivatives and then Laplace transforms to see that the
density h(u, t) of E; has Laplace transform

h(u,s)=[Ce R (u,t) dt=s"10, (s) e "¥p (),

see [45, Theorem 3.1] for details. Since x = A(u) has density function p(x, u) and u = E; has
density function h(u, t), the CTRW limit process A(E;) has density

q(z,t)=[5"p (z,u) h(u,t) du.
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Recall that the tempered Lévy density has Fourier transform p(k, u) = e"4%AK) with Fourier
symbol yua(k) = pD[(A + ik)? — 1% — ikal®1] + gD[(A - ik)* — A% + ikah® 1] for 1 < a < 2.
Take Laplace and Fourier transforms to see that

5717/}[) (s)

q (k,s)=/o°p (k,u)h (U:S)duzma

then rearrange and invert to see that the limit density solves the space-time tempered
fractional diffusion equation

8"p (w,t) =pDA%p (z,t) +q D% ,p (z,t) +6 (z) f (t) (18)

where the forcing term f(t) = ¢p(t,00) has Laplace transform f(§) =s71yn(s), see [45,
Theorem 4.1] for complete details. If 77= 0, the boundary term reduces to f(t) = t/~1/T(1-4),
as in the fractional kinetic equation of Zaslavsky [72]. Tempered jumps are the basis for the
popular CGMY model in finance [10, 11]. Tempered waiting times were applied to
problems in ground water hydrology [46], and tempering in both variables was used for
sediment transport in rivers [74]. Tempered fractional diffusion was first proposed by Cartea
and del-Castillo-Negrete [12], and developed further in [3, 46], see also [48, Sections 7.2
and 7.3]. A more general tempering scheme was developed in [13]. The theory of tempered
stable processes was developed by Rosifski [60], and an exact simulation scheme for the
sample paths of a tempered Lévy flight was presented in Cohen and Rosinski [14].

3. Tempered fractional Calculus

Given any A > 0, we define the positive tempered fractional integral of a suitable function
f(x) by

IS (@) =57 [T oo f (0) (2 = w)* T X7 du, o)

L
['(a)
and the negative tempered fractional integral by

]IC_M”\f (z)= [2F (u) (u— a:)o‘_le_k(“_r)du. (20)

.
T'(a)

If X = 0, these formulae reduce to the well-known Riemann-Liouville fractional integrals
[48, 61]. Hence we will call these operators the Riemann-Liouville tempered fractional
integrals. Since these operators are convolutions, their Fourier transforms are products.
Since g(x) = x“‘le‘ﬂxl[om)(x)/r(a) has Fourier transform g(k) = (A + ik)~¢, it follows from

the convolution property of the Fourier transform that ]Iﬁ“r’A f (x) has Fourier transform (A +

ik)~9f(k). Likewise 1 f () has Fourier transform (k — ik)f(k), and when A = 0 we
recover the well-known formulae for the Fourier transform of a Riemann-Liouville
fractional integral [61].

For functions in the fractional Sobolev space
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W2 (R) = {f € L (R):f, (k)" |f (k) Pak<oo)

we define the Riemann-Liouville tempered fractional derivatives DS f () to be the
functions with Fourier transform (A + ik)“f(k). Then integration and differentiation are

inverse operators: DTS £ (z) = f () for any £ € L* (R), and 18 D2 £ (a)  f () for
any f € W**(RR), We can relate back to the normalized tempered fractional derivative

a;;jf () from Section 2 with Fourier transform [(\ + ik)? - ka]f(Ak) when 0 < a <1, so that
we can use (9) and (10) to write

DY f () =090 f (@) +A%f (z)  for O<a<l. (1)

Since ai;jf (x) has Fourier transform [(4 £ ik)* =A% ikak“‘l]f(Ak) for 1 < a2, we can also
use (16) and — (17) to write

DY f (2) =090 f (@) +A°f (z) £ X1 f (2) for 1<a<2. ()

Using the shift property of the Fourier transform, we can also relate the Riemann-Liouville
tempered fractional derivative to the (untempered) fractional derivative 5% f (=) from
Section 2. Since [ e~™Xe#f(x) dx = f(k + i)), and since 52 () has Fourier transform (ik)“f

(k) it follows that 95 [emf (I)} has Fourier transform (ik)%(k + iX). Another application of
the shift property shows that ¢ 95 [emf (ﬂf)] has Fourier transform (i(k — ix))“f((k - i) +

in) = (ik + 1) %(k) and then the uniqueness of the Fourier transform implies that Note that the
formula (37) remains valid when « is a positive integer. One can also use (37) to connect

d% f («) with the normalized tempered fractional derivative 9> f (), see [48, Section 7.2]
for details.

DI f (2) =e 752 [e’\mf (x)} for any a>0. (23)

Using the inner product (f, g) = [ f (z) g (z)dz On L? (R), along with the Plancherel
Theorem (f, g) = (f, ), it follows that

A

(D31 9) =S Ovtik)* f (6) 3 R)dk= f (k) (X = iR)G (R)dk= (£.D™"g)

so that the positive and negative Riemann-Liouville tempered fractional derivatives are
adjoint operators in the Hilbert space L*(R), Essentially the same argument shows that the

positive and negative Riemann-Liouville tempered fractional integrals are also L*(R)
adjoints. The semigroup property

a,\ A mat+BA AR rat+BA
DD =D and I F=ISTANf
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follows by another easy Fourier transform argument.

The space of rapidly decreasing functions < (R) consists of the infinitely differentiable
functions 9:R — R such that

suplz"g™ () |<oo,
zeR

where n, m are non-negative integers, and g(™ is the derivative of order m. The space of
tempered distributions <~ (R) consists of continuous linear functionals on <" (R). The

Fourier transform maps 7" (R) into itself. If /R — R is polynomial growth, so that [ [f(x)|
(1 + |x|)"Pdx < co for some p > 0, then T¢(¢) = [ f(X)p(x)dx := (f, ) is a tempered
distribution, also called a generalized function, with Fourier transform

Ty (p)= <f7 <P> = (f, @) =Ty (¢) for ¢ € - (R), See Yosida [70, Ch.VI] for more details.

For any tempered distribution f, the tempered fractional integral I[‘f“gA f(z)existasa
convolution with the tempered distribution g(x) = xa‘le"lxl[o,oo)(x)ll“(a). The same holds
for Riemann-Liouville fractional integrals (the case A = 0), since g(x) = X“=11[g,o)(X)/T'(@)
is of polynomial growth. Since G(k) = (A + ik)¢ is of polynomial growth, it is also a

tempered distribution, and hence it follows from the Fourier inversion formula on - (R)

that G = g for some tempered distribution 9 € 7 (R). Then we may define the Riemann-
Liouville tempered fractional derivative of a tempered distribution as the convolution with
this function. If n =1 < @ < n, we can also write (A + ik)“f(Ak) = (A +ik)"(\ + ik)“‘”f(k), and
inverting yields an alternative definition in terms of the Riemann-Liouville tempered
fractional integral:

a,A nATR=a,\
DY f (2) =Dy I f (=)

where D f () =" [emf (ﬂf)] ) is a tempered derivative of integer order, defined by
(23). There are many technical issues behind the fractional calculus of tempered
distributions [61, Chapter 8], and it would be interesting to extend that theory for tempered
fractional calculus.

4. Tempered fractional Brownian motion

As noted in Section 2, a random walk S(n) = X; + - - - + X, with mean zero, finite variance
particle jumps converges to a Brownian motion B(t). For this Gaussian stochastic process,
B(0) = 0, B(t + s) — B(s) has the same density function as B(t) (independent increment

property) and B(t + s) — B(s) is independent of B(s) (independent increment property). The

stochastic integral [ f(x)B(dx) is defined for any / € L? (R) as a Gaussian random variable
with mean zero and variance (f, f) = [ f(x)2dx, such the the It6 isometry holds: the stochastic
integrals [ f(x)B(dx) and [ g(x)B(dx) have covariance (f, g) = [ f(x)g(x)dx. See [62] for more
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details. Then for any H > 0 and A > 0 we can define the tempered fractional Brownian
motion

By, (t) = [ [e Mt — o) = e O (0 - 2) T2 B () o)

where (X)+ = 1[0,)(X), and 00 = 0. The Gaussian stochastic process (24) has mean zero, and
its increments are stationary, but not independent. Using the fact that B(c dx) ~ c1/2B(dx)
(same distribution), it is not hard to check that tempered fractional Brownian motion has a
nice scaling property: By j(ct) ~ cHBHM(t) foreveryc>0.If A =0and 0 <H <1 (required
to keep the integrand in £ (R) when % = 0), we get the fractional Brownian motion with
Hurst index H. Kolmogorov [29] proposed this process with H = 1/3 as a model for
turbulence. Mandelbrot and VVan Ness [40] established the connection between fractional
Brownian motion and fractional calculus. Next we explain that connection in the tempered
case.

Stochastic integrals with respect to Brownian motion can also be constructed using white
noise theory. Heuristically, one writes [ f(x)B(dx) = f(x)W (x)dx where the white noise W (x)
= B’(x) is the (weak) derivative of the Brownian motion. This integral does not exist path-
wise, since the paths of a Brownian motion are not differentiable. However, we can define
W (f) := [ f(x)W (x)dx = (f, W) as a random distribution (generalized function) on L*(R) by
specifying that this object has the same (Gaussian) distribution and covariance function as |
f(x)B(dx) [31]. Taking f(x) = 1[g (x), it follows that B (¢) :ﬁ)W (x) dz, and in this sense,
the white noise W (x) is the (distributional) derivative of B(x). Suppose that H > 1/2, and
compute

]I}_:I_l/zz/\l[o’t] (.’II)—/\]II_—I+1/27)\1[0¢] (II?) :e—)\(t—w)+ (t _ l')f_l/z—e_/\(o’_w>+ (O _ m)f_1/2

for any t > 0. Using the fact that positive and negative Riemann-Liouville tempered

fractional integrals are L*(R) adjoints, we can therefore use white noise theory to write

By, ()= (1o () L 2MW (2) = XITH/2MW ()

which shows that tempered fractional Brownian motion with H > 1/2 can be obtained by
integrating a linear combination of tempered fractional integrals of a white noise. The same
is true for 0 < H < 1/2, if we interpret the tempered fractional integral of negative order as a
tempered fractional derivative, see [51] for more details. Now if we take A =0and 0 < H <
1, we recover the fact that fractional Brownian motion is the fractional integral of a white
noise [40, 56].

Fractional Brownian motion with 1/2 < H < 1 is a popular model for long range dependence.
The increments X, = By(n) — By(n — 1) form a stationary time series of Gaussian random
variables with mean zero, and the covariance between X, and Xpj falls off like [ji?H 2 as j
— 00 [62, Proposition 7.2.10]. Tempered fractional Brownian motion with a small
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tempering parameter A /2 0 exhibits semi-long range dependence. The increments X, =

B, 1(n) — By a(n — 1) form a stationary Gaussian time series, the covariance between X and
Xn+j falls off like li[2H =2 for moderate values of j, but then tempering makes the covariance
fall off faster (short range dependence) as j goes to infinity. When 0 < H < 1/2, both
processes exhibit negative dependence, with a negative covariance between X, and X+ for
all j sufficiently large. See [49] for further details.

5. Tempered fractional difference operator

Tempered fractional derivatives can also be defined as the limit of a tempered fractional
difference quotient.

Theorem 5.1. If f and its derivatives up to order n > 1 + o exist and are absolutely
integrable, then the Riemann-Liouville tempered fractional derivative

DS (2) =limh ™AL (2)  (25)
where

a > (-1)T (1+a)

i“f(m)=iwje‘”hf(:v—jh) with wj := <—1>f<j =-
j=0

JIT (1+a —j)

Proof. The proof is similar to [48, Proposition 2.1]. The fractional binomial formula

> ( . ) F=(142)"

k=0

holds for any @ > 0 and any complex |z| < 1. Since e~ 1KiPf(k) is the Fourier transform of f(x -
jh), the Fourier transform of A=*A$ f (z) is

B (4 )emennion
i=0 J

7=0 J
_pa (1 _ ef(Mik)h)af (k) — (A+ik)*f (k)

as h — 0, using a Taylor expansion of the complex exponential function. Since f and its
derivatives up to order n > 1 + ¢ exist and are absolutely integrable, we have f(R) <C1 +|
KI") for some C > 0 [48, Lemma 2.4], and so (1 + iK)%(k)| < C(\2 + k2)@2/(1 + |k|"). Hence (A
+ ik)af(Ak) is absolutely integrable, and then the inversion formula for the Fourier transform

[48, Theorem 1.4] implies that there exists a function ]Di“ff (z) with this Fourier transform.
Then the continuity theorem for the Fourier transform [48, Theorem 1.3] implies that (25)
holds.
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The tempered fractional difference quotient can be applied to develop simple, effective
numerical schemes to solve the tempered fractional diffusion equation. For physical reasons
[7, 8, 17, 65], the most important case in applications is 1 < a < 2. Consider the tempered
fractional diffusion equation with drift

Op(z,t)=—v(z)Oyp(z,t) +D (z) 3% p (z,t)+f (z,t) (26)

where 1 < a <2, v(x) 20, and D(x) = 0 on a finite domain a < x < b, with initial condition
p(x, 0) = po(X), boundary conditions p(a, t) = 0 and p(b, t) = B(t), and forcing function f(x, t)
for all t = 0. Using Theorem 5.1 along with (22) and the fact that h=a(1 — e~ ") af(x) —
Laf(x) as h — 0, it follows that

«

A £ (g ao‘*llz:imfo‘oo— ‘
B[ () +aX* T f (2) =Limh ;f 1>J<]

> e f (z— jh)—h (1= e M) f ().

To write the details of our numerical code, set tj = IAt, xj = a + jAX, h = Ax, pjj = p(Xj, tj), D;
= D(X)), vj = v(xj + Djar=1, and fjj = f(xj, ;). It is natural to consider the implicit Euler
scheme

J
Pit1,j — Pi+1,5-1 _
Pit1,5 — Pij= {_Uj%"‘Djh azgmpiJrl,jfm‘f‘fijJ At

m=0

using the weights

wje_jhA for j>1,
9= wie IMA — (1 - e*h’\)a for j=0.

However, this implicit scheme is unstable. The proof is very similar to [43, Proposition 2.3].
The explicit Euler scheme (replace i + 1 by i on the right-hand side) is also unstable. The
proof is essentially identical to [43, Proposition 2.1].

In order to obtain a stable convergent numerical method, it is necessary to use a shifted finite
difference approximation

0PN () +aX U (@) =limh ™Y gif (x = (G =D h), ()
j=0

where the exponentially tempered Griinwald weights are defined by

wje_(j_l)hA for j+#1,
9i= (28)

wl—ehk<1—e_h’\)a for j=I1.

The proof that (56) holds is similar to Theorem 5.1, see [3, Proposition 3] for details. Now
consider the implicit Euler scheme
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j+1
Pi+1,5 — Pit+1,5—1 _
Pit1,j — Pij= —Uj%ﬂ%h > gmPit1j-me1 i | At (29)
m=0

Theorem 5.2. The implicit Euler scheme (29) for the tempered fractional diffusion equation
(26) using the weights (28) is consistent and unconditionally stable.

Proof. The proof is similar to [43, Theorem 2.7]. The main difference is that the Griinwald
weights w; are replaced by the tempered weights g;. It follows from the fractional binomial
formula that

o e} . .
jgogj:ehxjgo(_l)] ( ? >eﬂhx _eh)\(l _ efh)\)a: 7

and hence this numerical method mass-preserving. Since 1 < a < 2 we have wy = —a and w;
>0 forall j#1,sothatg; <0and gj>0forall j#1. Then

K
Zgj<0
§=0

for any finite number K. The implicit Euler scheme can be written as a linear system of
equations APj,q = P; + FjAt in matrix form where P; = [pio, . . ., Pin]’, Fi = [fio, - - -, fin] % N

K
= (b — a)/h, and the inequality Zj:09j<0 implies that every eigenvalue ¢ of the implicit
iteration matrix A satisfies |{] = 1. Hence the spectral radius of the inverse matrix p(A~1) <1,
and the result follows.

Note that the shifted finite difference approximation (27) is essentially a convolution with
the exponentially tempered Griinwald weights. An application of Stirling's formula shows
that Wy, ~ —am™ 2" LT (1 - @) as m — oo [48, Eq. (2.5)], and this connects the finite
difference scheme (29) with the probability model from Section 2. In the probability model,
the tempered fractional derivative codes power law jumps with density function f(x) ~
x~a~1e~* for x large. In the finite difference approximation of the tempered fractional
derivative, the particle flux into location x from location x — jh follows the same tempered
power law model. Between time t; and time t; + At, the mass at location x; is reduced by an
amount proportional to the current particle mass density p(x;, t;) at this location, and
increased by an amount proportional to the mass at other locations x; — mAx with a weight g
= wpe "X that falls off like a tempered power law with distance mAx.

Example 5.3. Consider the tempered fractional diffusion equation (26) with v(x) =0, x €
[0,1], @= 1.5, A = 0.5, initial condition u(x, 0) = x®*~*/1'(f+ 1) with #= 2.5, diffusion
coefficient c(x = x41 + - @)/T'(f + 1), forcing function
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(z,1) w1 (A48 —a) <(1 —a) AagatB  gpa—lpatp-l 928 >
qg\zr,t)=e

T (511) TG+ | T  T(6-a

and boundary conditions u(0, t) = 0 and u(l, t) = B(t) := e 4"YT'(8+ 1). The exact solution is
given by u(x, t) = x%e~*YT(1 + f). A similar example was considered in [3, Example 7].
Set Fi_: fir, .. . fin—2, fin—1 + Dn—1h" 9oB(ti+1)]% pio = O, pi.n = B(ti), and letA denote the
(N =1) x (N - 1) matrix with entries

14+v;h At — D;A"%Atg; when j=i,
—v;h YAt — D;hm%Atg,  when =i —1,

A=Y Do Atgs 4 when j<i—1 or j=i+l,
0 otherwise.
Then the vector of interior points Pi_: [Pi 1, - ... PiNn—1]/solves the iteration equation APi;1

= Pi_+ Figt. The additional term in the last entry of F;j accounts for cutting off the super-
diagonal entry of the full iteration matrix A. The algorithm was implemented in MATLAB
(code is available from the authors upon request), see Table 1 for a summary of results.

The implicit Euler method in Theorem 5.2 has error O(Ax + At), consistent with Table 1. A
Crank-Nicolson method for solving the tempered fractional diffusion equation (26) with 1 <
a < 2 is developed in [3]. The method is stable and consistent, and second order convergent
in time. However, because the finite difference approximation (27) is only first order
accurate, the method is O(At? + Ax). An application of Richardson extrapolation yields
O(At? + Ax?), see [3] for more details. It is also possible to construct particle tracking
solutions based on the Monte Carlo simulation scheme in [3, Section 4], see [46, 74]. A
wide variety of effective numerical methods have been developed to solve fractional
diffusion equations, see for example [18, 33, 34, 35, 21, 59, 67, 71]. It would certainly be
interesting to extend these methods to tempered fractional diffusion equations. Even in the
untempered case, many interesting open problems remain, including a rigorous proof that
fractional boundary value problems are well-posed, see [19] for a nice discussion.

6. ARTFIMA model

Another useful application of the fractional difference operator arises in time series analysis.
Given a sequence of independent Gaussian random variables Z,, with mean zero and
variance o2 (white noise sequence), a fractional noise sequence can be constructed by setting

Xn:A*“Zn:i(—Uj ( _ja ) Zn ;i

Jj=0

where typically —=1/2 < a < 1/2. Since A% = A%+F in general (this follows from the
fractional binomial formula), one can also write Z,, = A%X,,. Since the fractional difference is
the discrete analogue of the fractional derivative, a fractional noise is closely related to
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fractional Brownian motion. Indeed, the sum X1 + - - - +X; &~ By(t) when H + a = 1/2. More
precisely, we have

n~H (Xl—i— e +X[nt]) = B, (t) as m — 0o

for all t > 0, see [69, Theorem 4.6.1]. The fractional noise can also exhibit long range
dependence. The covariance between Xj and Xj, falls off like [j?H~2 as j — oo. In
applications, a fractional difference is applied to a time series data set, and the order a of the
fractional difference is chosen to remove long range correlations from the data. See [50] for
a recent application to ground water hydrology.

Fractional differencing can be combined with the standard ARMA(p, q) model for time
series, to yield the ARFIMA(p, a, q) time series model. The ARMA(p, q) model is

p q
Xy = 6 X =2+ 071
7j=1 =1

and we say that X; follows an ARFIMA(p, a, q) if AX; follows an ARMA(p, g) model. The
spectral density fy(k) of a stationary time series X; is the discrete Fourier transform of its
covariance function. If ¢«(h) is the covariance between X; and X+, the spectral density

1 = ikh
S (B) =g 3 oy (h).

j=—o0

The spectral density of the noise sequence Zj, is a constant f,(k) = 0?/(27), which is the
reason for the term “white noise,” as all frequencies have equal weight. Using the backward
shift operator notation BX; = X;—1, one can write the ARMA(p, ) model in the compact
form ®(B)X; = ©(B)Z; where (2) =1 - ¢z — -+ — gpzPand ©(z) = 1 + G4z + - - - &% Then
it follows from the theory of linear filters that the spectral density of an ARMA(p, q) time
series is given by

o (e )|’
ky=—> 2 _¢ (k
P )= T e )

using the complex absolute value. Indeed, for any time invariant linear filter X; = jyZ—j a
standard argument shows that fx(k) = [w(e™™)|? fz(k) where y(z) = jyj2), see for example
[9]. For an ARMAC(p, q) time series, the filter function is y(z) = ©(z)/®(z). Since

A=Y (1) ( . ) Bj=(1- B)®

Jj=0
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in operator notation, a similar argument shows that the spectral density of an ARFIMA(p, a,
q) time series is given by

. 2
020 (e7*)]

2a
21 [ (emik) | ‘

|1 _ e*ik -

fx (F)

As k — 0, the fractional term |1 — e7K|=2@ ~ |k|=2@ blows up at a power law rate. This
spectral density is the hallmark of long range dependence.

The tempered fractional difference

X, =A$Z, =3 (~1) ( @ > e Nz,

j=0 J

can provide a more flexible model for (semi-)long range dependence. We say that X; follows
an ARTFIMA(p, a, 4, q) if AS X, follows an ARMA(p, ) model. Since

a=Sewy (4 )emi=(i- )

i=0 J

in operator notation, it follows that the spectral density of an ARTFIMA(p, a, 4, q) time
series is given by

2
2@ e—ik o
f (k):a—uu_e*(*“m 2o (30
* 27 | P (e=ik) ?

For small values of the tempering parameter A ~ 0, this spectral density grows like a power
law as k decreases, but then remains bounded as k 0 because of tempering. More details on
ARTFIMA(p, a, 4, q) time series will be included in a forthcoming paper by the authors.

7. Turbulence

Kolmogorov [29] invented fractional Brownian motion as a model for turbulence in the
inertial range. The main idea is that the spectral density grows like a power law as the
frequency decreases, and a scaling argument leads to H = 1/3. This anti-persistent model has
been verified in many real world experiments, for a range of frequencies. Davenport [16]
modified this model in his study of wind speed at low altitudes, recognizing that the
observed spectral density cannot actually diverge at low frequencies, outside the inertial
range. The Davenport model for wind turbulence is sy = {1 + X; where = [ s,] is the average
wind speed, and the stochastic process X; has the normalized spectral density

2

xT
o e—_—
4800D Vi )7 31)
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where V1q is the mean velocity (m/sec) at an altitude of 10 meters, D is the corresponding
drag coefficient, and x = 1200k/V1g where k is the wave number, see also Li and Kareem
[32].

The spectral density of a stochastic process is the Fourier transform of its covariance
function. The increment process X; = By 4(t + 1) — By 4(t) of a tempered fractional
Brownian motion has spectral density

Cle=ik — 1|7
h (k) NS 32
for all real k, where C > 0 is some constant [49, Remark 4.3]. Since ek — ~ —ik as k — 0,

this leads to the low frequency approximation

k2

h (k) ~ 04()\2_’_]{2)H+1/2 )

which shows that the stochastic process X; has the Davenport spectrum with H="5/6 and A =
V10/1200. The process X; is called a tempered fractional Gaussian noise.

Figure 4 plots the spectral density of this tempered fractional Gaussian noise, along with the
corresponding fractional Gaussian noise (the case A = 0). Here we take A = 0.01 to represent
an average wind speed of 12 m/sec. The low frequency range corresponds to large eddy
production. In the high frequency range, energy is dissipated via shear stress. In the
intermediate (inertial) range, energy is transferred from smaller to larger eddies, and this is
where the Kolmogorov model pertains. In that model, the spectral density is proportional to |
k|2~2H for moderate frequencies. For more details, see for example Beaupuits et al. [6].

In the inertial range, it can be seen from Figure 4 that the spectrum of tempered fractional
Gaussian noise is almost indistinguishable from that of (untempered) fractional Gaussian
noise. However, there is a significant difference at low frequencies. The spectral density of
fractional Gaussian noise diverges to infinity, which is not physical. However, the spectral
density of tempered fractional Gaussian noise remains bounded, providing a more
reasonable model for turbulence, consistent with the Davenport spectrum.

The Davenport model for wind turbulence is widely used to design windmill farms, offshore
oil platforms, and large antennae [6, 16, 26, 55], but to date the model provides only a
spectrum for wind speed data. Tempered fractional Gaussian noise, the increments of a
tempered fractional Brownian motion, provides a stochastic process model in the time
domain, which can also be useful in applications. For example, it can be used to simulate
realistic wind speed data. It may also be useful to apply tempered fractional Brownian
motion with H ~ 1/3 as a model for turbulence in a more general setting. In the inertial
range, it agrees well with the original Kolmogorov model (fractional Brownian motion), but
it would seem to provide a more reasonable physical model at low frequencies.
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The ARTFIMA process from Section 6 is the discrete time analogue of a tempered
fractional Gaussian noise. Hence it could also provide a useful model for turbulence, when
applied for example to a time series of turbulent velocities. From (30) we see that the
ARTFIMA(O, a, A, 0) spectral density is proportional to |1 — e~(4*1k)| =2 and so, for small
values of the tempering parameter \ ~ 0, the spectral density is approximately |k|=2H for
small frequencies k, recalling that @ = 1/2 — H. As k — 0, the spectral remains bounded,
because of the tempering.

8. Summary

Fractional calculus is a very useful analytical toolbox, with many diverse applications to all
areas of science and engineering. This paper is promoting a new variation called tempered
fractional calculus, as a more flexible alternative with considerable promise for practical
applications. A fractional derivative (or integral) is a (distributional) convolution with a
power law. A tempered fractional derivative multiplies that power law kernel by an
exponential factor. Fractional diffusion equations govern random walks with a power law
probability density for the particle jumps. Multiplying that power law by an exponential
tempering factor leads to a tempered fractional diffusion equation. Point source solutions to
those equations are tempered stable probability densities, with semi-heavy tails that
transition from power law to Gaussian. The emerging theory of tempered fractional calculus
provides a sound mathematical basis for applications. Tempered fractional Brownian
motion, the tempered fractional derivative or integral of a Brownian motion, extends the
popular fractional Brownian motion, and provides a flexible model for semi-long range
dependence that transitions from long to short range correlations. The tempered fractional
difference operator can provide the basis for effective numerical schemes to solve tempered
fractional differential equations. It is also useful as a model for time series analysis, where
ARTFIMA(p, a, 4, q) models incorporate semi-long range dependence in a natural way.
Tempered fractional Brownian motion provides a new stochastic process model for
turbulence, consistent with the Davenport spectrum that extends the Kolmogorov theory of
turbulence beyond the inertial range, and the ARTFIMA(p, a, 4, q) model provides a useful
discrete time analogue.
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Figure 1.

Tempered fractional diffusion particle paths with with a = 1.2, from [3], showing the effect
of tempering on long particle jumps.
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Figure 2.
Symmetric tempered stable model fit (solid line) with ¢ = 1.1, A = 12, D = 0.1 to one-step

bilinear ARMA forecast errors for annual inflation rates. The best fitting normal density
(dotted line) fails to capture the sharp data peak.
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Figure 3.

Spectral density of tempered fractional Gaussian noise with H = 5/6 and A = 0.01 (solid line)
and of the corresponding fractional Gaussian noise with H = 5/6 (dotted line).
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Comparison of maximum errors and error rate for Example 5.3 at time t = 1.0.

At AX Max error | Error rate
.05000 | .05000 .003560 -
.02500 | .02500 .001900 1.87
.01250 | .01250 .000982 1.94
.00625 | .00625 .000499 1.97
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