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Abstract

The performance of a diagnostic test is best evaluated against a reference test that is without error.

For many diseases, this is not possible, and an imperfect reference test must be used. However,

diagnostic accuracy estimates may be biased if inaccurately verified status is used as the truth.

Statistical models have been developed to handle this situation by treating disease as a latent

variable. In this paper, we conduct a systematized review of statistical methods using latent class

models for estimating test accuracy and disease prevalence in the absence of complete

verification.
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1. Introduction

Effective medical treatment often relies upon an ability to synthesize the results of imperfect

and subjective assessments of patient status. Definitive or ‘gold standard’ tests are not

available for many diseases or may be expensive or unethical to perform without prior

determination of exposure to a risk factor. In other cases, a gold standard may, in fact, be

highly error prone when used on certain subpopulations or only be accepted as a gold

standard in conjunction with a second test. As an example of the former, it is unethical to

perform a biopsy on an otherwise healthy individual without first screening for the presence

of disease. In the latter case, the Western blot test for HIV infection is understood to be

inadequate for detection of recent HIV infections while possessing a very low false positive

rate and so is often used to confirm the results of highly sensitive enzyme-linked

immunosorbent assay screening tests. In order for imperfect test results to be weighed

properly when coming to a diagnosis or course of treatment, the performance of each test

must be determined by probabilistic estimates of its accuracy conditional on disease status.

This is straightforward when a gold standard is available for verifying disease status, but

when it is not, confirmation must somehow be obtained through the use of one or more

additional imperfect tests.
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In this review, we focus on the use of latent class models for estimating test accuracy and

disease prevalence in the absence of a gold standard. The first work published on this topic

was that of Hui and Walter in 1980 [1], and over the following decade, most publications on

this topic applied their model to data with varying numbers of tests and population groups.

During the 1990s, new methods were developed for examining the effects of dependent tests

on accuracy estimation, the use of Bayesian methods, and modeling ordinal-valued test

accuracy with receiver operating characteristic (ROC) curves. Since then, the field has

broadened further to study tests whose accuracy varies between individuals, disease status

that changes over the course of multiple tests, imputation techniques for handling

nonignorable missing data, and the increasing use of nonidentifiable Bayesian models to

avoid imposing questionable assumptions.

As the literature developed, its applications broadened from medical to veterinary testing

and then to a variety of nonmedical subjects. Among the medical applications, extensive

work has been carried out for HIV [2-8] and cancer screening [9-23] in particular. Since

2006, there has been increasing interest in studying paratuberculosis (Johne’s disease)

[24-31] and tropical diseases [32-36]. Applications beyond human and veterinary medicine

include polygraph validity [37], toxic chemicals testing [38], Social Security disability

determinations [39, 40], jury decisions [41], wildlife tracking [42, 43], asbestos fiber

detection [44], administrative records quality [45, 46], and concordance between questions

in national surveys [47].

While the breadth of applications speaks to the success of these methods, it has resulted in

the literature being spread across a large number of journals. At the same time, the models in

use have grown increasingly complex and exhibit subtleties that, while known by many

practitioners, are not always addressed directly in print. This raises the risk of duplication of

effort and slows the adoption of the best modeling practices. There have been efforts to

address some of these computational and modeling issues through small and focused

reviews using real and simulated data [48-50], but there remains a need for a broader review

to bring the disparate branches of the literature together and identify areas ripe for future

research. This review aims to fill those gaps. In addition, we present the Bayesian methods

in a framework that is intelligible to non-Bayesian audiences and provide guidelines for the

use of previously developed model structures.

1.1. Objectives

A systematized review of the literature, as defined by Grant and Booth [51], was conducted

for latent class models that have been proposed to analyze test accuracy or estimate disease

prevalences in the absence of a ‘gold’ standard or reference test without error. This type of

review describes those that nearly meet the criteria for a full systematic review but fall short

in one or more areas. In our case, only one author was in charge of the literature search, but

all other criteria for a systematic review were met. This review has the following aims:

• To give an overview of the characteristics of latent class models that have been

proposed for situations when there is no gold standard;

• To discuss the assumptions, strengths, weaknesses, and tradeoffs of existing

models;
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• To contextualize the development of the literature in terms of the tradeoffs

identified;

• To provide guidance to researchers on the least biased methods of estimating test

accuracy and disease prevalence in the absence of a gold standard.

We restrict ourselves to latent class models for estimating test accuracy. The use of

discrepant analysis, Cohen’s kappa, relative true positive fraction, expert panels, and related

methods will not be discussed as each has been covered in a separate review by Rutjes et al.

[52]. We strongly discourage the use of discrepant analysis in particular, as it has been

shown to lead to uncorrectable bias in its estimates [53-58]. Cohen’s kappa and other

correlation-type measures mistake the agreement of two tests for the truth and penalize a

new test that disagrees with the existing test even if the new test is more accurate. Expert

panels are effective for bringing together the combined knowledge of many distinguished

researchers but lack a formal data-driven methodology. If two expert panels came to

different conclusions, how should this be interpreted?

1.2. Methods

The existing literature is segmented by subject matter, with resulting differences in

terminology and a relatively sparse network of citations between clusters of authors.

Consequently, we used a two-stage process for the identification of papers that met our

inclusion criteria. The first stage accumulated all papers from two types of searches using

Scopus, PubMed, and Google Scholar. The first type of search used combinations of

keywords from the list given in the succeeding text such that at most 500 papers were

returned. In the second type of search, all papers citing or cited by articles that had already

met our inclusion criteria were identified. In the second stage, we removed papers obtained

in the first stage, which did not meet the inclusion criteria.

Our inclusion criteria are as follows:

1. Published in English in 1991 or later;

2. Has a latent class model for prevalence of a disease and estimates at least one of

sensitivity, specificity, positive predictive value, or negative predictive value for

one or more diagnostic tests with imperfect accuracy; or

3. Performs an analysis of the robustness or necessary sample sizes of existing models

or develops code implementing an existing model.

All criteria except for the lower bound on publication date were decided in advance. The

publication date criterion was chosen to avoid overlap with the thorough 1988 review of

Walter and Irwig [59], while allowing duplication with the two small 1998 reviews of Hui

and Zhou [60, 61]. This overlap in publication date range was decided after papers published

between 1991 and 1998 that had not been included in either review were identified, and the

inclusion of many papers cited in either review was deemed necessary to properly

contextualize later developments in the literature.

A publication could satisfy these criteria if either it satisfied the first two criteria or the

second criterion was not met in full perhaps because no estimation was performed, then the
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first and third criteria were satisfied. For many papers returned from keyword searches, it

was unambiguously clear from their abstract alone that the inclusion criteria would not be

met. These papers were discarded in the first stage of our process. If there was any

uncertainty on whether the criteria might be satisfied, a copy of the paper was obtained for

the closer examination of the second stage. The second stage of this process involved

reading all papers included from the first stage to determine with certainty if they met the

criteria.

Keyword searches identified 1773 papers, and searches of bibliographies and works cited

identified 3180 papers, with up to 3969 unique publications identified in total. The first

stage of the process described earlier resulted in the immediate exclusion of at least 90% of

this total. For each of the remaining papers, a PDF copy was obtained and read to determine

if it in fact met the inclusion criteria. Only 248 papers remained that met the inclusion

criteria, of which a further 13 were excluded for one of two additional reasons. These 13

either directly applied an existing model for which multiple examples were already available

among the 235 papers not excluded and which did not contain discussion of any of the

model or sample’s technical issues, or focused entirely on the well-understood fact that

estimates are biased if an imperfect test is treated as if it were a gold standard when

estimating prevalence or accuracy.

The list of keywords used for searches was initially very small. As papers were identified

that met our inclusion criteria if any of the paper’s keywords or words in its title were

relevant to the review topic and not on the list already then they were added. The initial list

consisted of only the words Hui–Walter, sensitivity, specificity, prevalence, and latent class

model. Our final list of keywords is given in the succeeding text:

Misclassification, pseudogold standard, (no) gold standard, verification bias,

imperfect reference, screening test, (diagnostic) test accuracy, sensitivity,

specificity, prevalence, ROC curve, receiver operating characteristic curve, Hui–

Walter, latent class model, nonidentified, nonidentifiable, evaluation of diagnostic

test, predictive values, dependence, dependent test.

1.3. Structure of the review

Models of accuracy without gold standard differ from each other because of the objective

differences in how testing is performed and the subjective choices of model properties meant

to capture latent characteristics of the sample. Objective aspects are those variables fixed

once all data are collected and include the following: the number of tests performed,

sampling design, availability of a gold standard, and whether each test is scored on a binary,

ordinal, or continuous scale. In particular, there is a continuum between all subjects being

tested with a gold standard and its complete absence in which a percentage of all subjects

have their status verified. Subjective elements include the choice between frequentist or

Bayesian statistical methods, inclusion of covariates, the modeling of conditional

dependence between tests, and whether test accuracy is assumed to be fixed or allowed to

vary between subpopulations.
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The review is divided into five sections. Its focus is primarily on the subjective aspects of

modeling, as defined earlier, because these defy simple recommendation for best practice. In

the introduction, the criteria and methodology of the review are discussed, and the

foundational model of Hui and Walter [1] is presented. The second section considers the

main extensions of the Hui–Walter model to reduce bias, including modeling dependent

tests, test accuracy that varies between populations, and methods to handle issues that arise

from repeat testing possibly with time lapse between tests. The third section provides an

introduction to Bayesian techniques for a general audience as well as a discussion of issues

specific to nonidentifiable Bayesian models. These models often arise from attempts to

properly account for the issues discussed in the second section without resorting to

unjustifiable assumptions about the data. The fourth section examines specialized topics and

model selection techniques, such as the use of partially verified data, defining and estimating

the accuracy of a nonbinary test, sample size estimation, and the availability of code for

implementing the standard models. The final section discusses weaknesses of the review,

summarizes the active areas of research, and analyzes open problems in the field.

1.4. Terminology

Let D denote the disease of interest. It is a latent variable, meaning that its existence is not

directly measured in all subjects and can only be inferred from the results of imperfect tests

and covariates. Throughout, we assume that D is binary, representing diseased (D = 1) and

not diseased (D = 0) status. The prevalence of disease in the population is π = ℙ(D = 1).

Diagnostic tests are allowed to be binary, to be ordinal (N-valued for N > 2), or to take

values in a continuum. If the test is binary, its sensitivity is the probability of a positive test

given disease is present, denoted α = ℙ(T = 1 ∣ D = 1), and specificity is the probability of a

negative test result given disease is absent, denoted β = ℙ(T = 0 ∣ D = 0). The sensitivity and

specificity of ordinal and continuous-valued tests are defined with respect to a cutoff

threshold for positivity. Namely, for threshold τ, the test takes values Tτ = 1 if T ≥ τ and Tτ
= 0 if T < τ. Sensitivity and specificity dependent on cutoff τ are denoted ατ and βτ,

respectively, although it is customary to suppress the subscripts whenever the cutoff is clear

from context. The false positive and false negative rates are, respectively, 1 − β and 1 − α.

Some authors prefer to use the positive predictive value, PPV = ℙ(D = 1 ∣ T = 1), and

negative predictive value, NPV = ℙ(D = 0 ∣ T = 0), as these are the probabilities of concern

to a clinician when deciding on a course of treatment. Despite this, researchers focus on

sensitivity and specificity as PPV and NPV are prevalence dependent and so can give

misleading information for very low and high prevalence populations. Furthermore, PPV

and NPV can be computed from knowledge of disease prevalence, sensitivity, and

specificity, of the test using Bayes’ theorem:

The dependence of predictive values on prevalence is easily observed: if π = 0.05, α = β =

0.95, then the PPV is 0.5 and the NPV is 0.997. Even though the test is highly accurate, a

positive test outcome is at best a coin flip for determining disease status.
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A model is said to be nonidentifiable if there exist at least two choices of parameters for

which the distributions of observable data are the same, otherwise it is identifiable. Models

of accuracy are trivially nonidentifiable in that they can suffer from label switching, wherein

positive (negative) test results are interpreted as predictions of disease absence (presence).

Label swapping replaces estimation of (π, α, β) with (1 − π, 1 − β, 1 − α), and so is easily

recognizable in practice and can be prevented by imposing the condition α + β > 1. For this

reason, we will ignore label switching when discussing a model’s identifiability, although it

must be taken into account when performing maximum likelihood estimation (MLE) or

Markov chain Monte Carlo (MCMC). When a model has a number of parameters equal to

its degrees of freedom, it is not necessarily identifiable, and some authors have emphasized

these situations by calling such models weakly identifiable [62]. An educational example of

the relationship between degrees of freedom, model parameters, and identifiability is given

in the following section.

1.5. Foundational model: Hui–Walter

We introduce the methodology by which latent class models can estimate test accuracy and

disease prevalence in the absence of a gold standard through a concrete example and

conclude with a description of the foundational model of Hui and Walter. The data in Table

I were studied by Hui and Walter [1] and represent the results of two tests for tuberculosis

given to a general population group of children in a single school district (pop. 1) and to a

high-risk group of individuals at a state sanatorium (pop. 2).

In order to understand the effect of an absence of gold standard, suppose first that test T2 is a

gold standard and focus on population 1. The prevalence and properties of T1 are then

simple to determine, with prevalence π̂ = 23/555 ≈ 0.041, sensitivity α̂1 = 14/23 ≈ 0.609,

and specificity β̂1 = 528/532 ≈ 0.992. The same process could be repeated for the second

population or carried out for the combined sample.

Consider the case where neither test is a gold standard. Preliminary knowledge of the

accuracy of both tests can still be gleaned from the size of their disagreement relative to the

total sample size. If both tests are highly accurate, they will tend to correctly agree with high

probability, and so the relative frequency of off-diagonal entries in the table will be very

small. If instead the tests have poor accuracy and are independent, disagreement will be

frequent, and the relative frequency of the off-diagonal will be high. Similar comparison of

the size of the two diagonal entries gives insight into the prevalence.

Difficulties arise once we attempt to derive estimates of both tests’ properties as well as

disease prevalence without assuming that either test is a gold standard. With two tests, in a

single population, knowing three of the four cells uniquely determines the fourth because the

sample size is known. Therefore, with two tests, each distinct population provides three

degrees of freedom. When we assume that T2 is the gold standard, one population is

sufficient as its 3 degrees of freedom are all that is needed for the three parameters being

estimated. If T2 is not a gold standard, however, the two tests each have two accuracy

parameters to be estimated, for a total of five parameters including prevalence. As there are

two more parameters than degrees of freedom, this model is nonidentifiable; there will be

many combinations of test accuracy and prevalence that fit the data. The addition of a
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second population increases the available degrees of freedom by three while adding only one

parameter for the new population’s prevalence, resulting in an equal number of degrees of

freedom and parameters. The beneficial impact of studying multiple populations is one of

the key insights of Hui and Walter [1].

Their model, hereafter the HW model, assumes that each population has distinct disease

prevalence, that test sensitivity and specificity do not vary between populations, and that test

results are independent conditional on disease status. It has six parameters: two for the

disease prevalence in each population and four for the sensitivity and specificity of each test.

The likelihood of sampling nsij individuals in population s = 1, 2 with test results T1 = i, T2 =

j, for i, j = 0, 1 under the models assumptions, is

(1)

In the likelihood earlier, an individual that is positive on both tests can either be diseased or

healthy. In the former, both tests were correctly positive, and the probability of this outcome

is πsα1α2. Otherwise, both tests represent false positives with the probability of this event

given by (1 − πs)(1 − β1)(1 − β2). The other three cases proceed by similar logic. Exact

analytic solutions for two tests and two populations [1] and three tests and one population

[63] are available. The general case with n tests and g populations has 2n + g parameters and

g(2n − 1) degrees of freedom, with g parameters for prevalences in g populations and 2n for

the sensitivities and specificities of n tests.

2. Extending the HW model

Incorrectly specified latent class models may systematically overestimate accuracy rates [64,

65]. Consequently, as the HW model gained in popularity, it became necessary to examine

its robustness and develop alternative models that weakened its assumptions. The HW

model’s lack of robustness for conditionally dependent tests is well known [66, 67] and has

also been established for tests with prevalence-dependent accuracy [49]. In this section,

extensions of the HW model using conditional test dependence, explanatory covariates, and

nonconstant accuracy rates are discussed. Concern for model identifiability places limits

upon how far these assumptions can be weakened, eventually leading to a rise in the use of

Bayesian methods and model selection techniques. For the remainder of this review, we will

omit writing ‘conditional’ when discussing conditional test dependence as this is the only

type of dependence considered.

2.1. Dependence: covariance

The covariance model was introduced for a model of two tests and two populations by

Vacek [67] but with parameter constraints necessary for identifiability and later by Sinclair

and Gastwirth [68] to study survey response reconciliation bias. The model was then

generalized to arbitrarily many tests and an analysis of its properties conducted by Torrance-

Rynard and Walter [69]. Dependence is introduced through the equations
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(2)

(3)

for each pair of tests Ti, Tj. If δij = εij = 0, the tests are independent, and the HW model is

recovered. The relationship between nonidentity covariance matrices and dependent random

variables is well understood, making this dependence structure conceptually simple to

understand. The primary disadvantage of this model is that its full dependence structure uses

n2 + n parameters to model accuracy when n tests are used. In particular, identifiability

requires at least three populations and two tests, two populations and three tests, or one

population and five tests. Despite having degrees of freedom equal to its number of

parameters, the first of these three cases is nonidentifiable [70], and the last usually requires

repeat testing as few applications have more than three distinct tests. This model also

assumes that no higher order dependencies exist and in particular, that dependence between

three tests can be modeled in terms of pairwise relations.

It is frequently assumed that the covariance matrix has a block diagonal form, with tests

from distinct blocks independent of each other. This reduces the number of parameters

needed and is an intuitively plausible assumption when tests measure distinct biological

mechanisms [13,30, 71]. The most common version of the block diagonal method is to

assume that one test is independent of the others while allowing the full covariance matrix

between the remainder [11, 72, 73]. Alternatively, by setting εij = 0 for all i, j, dependence

between tests is restricted to diseased subjects [62].

In order to account for higher order interactions that were assumed absent by the covariance

model, Bayesian models have considered full characterization of the conditional

distributions between tests [74-79]. This requires the use of 2n accuracy parameters with n

tests and so tends to result in nonidentifiable models that necessitate the use of informative

priors, as discussed in Section 3.3. If at least one pair of tests is independent out of each

collection of three tests, this more general dependence structure reduces to the standard

covariance model [72, 80].

2.2. Dependence: random effects

The Gaussian random effects (GRE) model [7] captures conditional dependence as an

unobserved random effect common to each of the tests. This effect is designed to capture

both subject-specific characteristics not directly recorded as well as inter-rater dependence

resulting from subject-specific effects in multiple testing. In a later paper [81], observed

covariates were explicitly included, and we present that more general version here. Let Xi be

the vector of covariates associated to the ith test and t a standard Normal random variable.

The GRE model uses a probit link

(4)
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where Φ() is the distribution function of the standard Normal variate, and then integrates

over t to obtain sensitivity and specificity conditional only on Xi. If the values of the

covariates are fixed and absorbed into the aiD term, there are formulas for sensitivity and

specificity,

(5)

In a model with n tests and no covariates, GRE requires the use of 4n parameters to describe

test accuracy as opposed to the 2n parameters of the HW model. A restricted form of GRE

common in the literature assumes equal variance of the random effect across all tests,

reducing to 2n+2 parameters for test accuracy [81-85]. A general framework combining

covariance and random effects models as special cases was developed by Xu and Craig [86],

and a generalization of random and linear mixed effects with covariates by Shih and Albert

[87]. It has traditionally been assumed that all random effects are independent, but when

subject-specific and rater-specific random effects are present using a single Gaussian

random effect will result in biased estimates [88]. This bias can be minimized if a mixture

distribution is used, but in practice, it is difficult to identify the correct distribution, as we

discuss in Section 2.4. Unbiased choice of a best-fitting random effect structure can be

performed using information criteria [89], which are discussed in greater detail in Section

4.1.

The GRE model results are robust against skewness in the random effect’s distribution if the

Normal random effect is replaced with a t-distribution [90]. The random factor t and

covariates X allow sensitivity and specificity to vary between populations because of

observed and unobserved factors, generalizing HW model’s assumption of constant

sensitivity and specificity. This assumes, however, that test dependence is the result of

outcomes being drawn from the same distribution [50]. Moreover, it assumes that

unobserved factors are equally likely to positively or negatively affect the probability of a

positive test, while in practice, negative correlations between tests are virtually unknown.

Consequently, GRE may be more suitable for comparisons between labs all using a single

test than for modeling dependence between distinct diagnostic tests because differences in

training or variation in the quality of lab equipment are plausibly explained as random

effects. Random effects models using other distributions have been developed: a Dirichlet

distribution effect for studying subject-specific accuracy rates [91] and a beta binomial

effect for repeat testing dependence using a single test [2, 92].

2.3. Dependence: other structures

The first dependence model considered in the literature used a multiplicative parameter as a

measure of dependence, ℙ(T1 = i ∣ D = d, T2 = 0) = θdℙ(T1 = i ∣ D = d, T2 = 1), for d, i = 0, 1

[93]. If θd = 1, then the tests are independent conditional on D = d. While there exists a

change of parameters relating this model to the standard covariance model [94], since its

publication, this parametrization has seen limited use [14, 20, 95, 96], as the dependence

parameters of the covariance model (Equations 2 and 3) have a more intuitive interpretation.
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The finite mixture model (FMM) assumes the existence of ‘verified’ subpopulations of

healthy and diseased individuals whose disease statuses are correctly identified by all tests.

This structure was suggested by data from a study of expression levels of a tumor

suppressing protein [9] in which about half of subjects had expression levels in the 1st or

99th percentiles. FMM identifies these ranges of test values as giving verified disease status

even though the test may have significant error in an intermediate range. While FMM is a

dependence structure, it is better thought of as a model for identifying a breakdown in the

assumption of constant test accuracy across populations. Specifically, FMM describes the

case where test accuracy is constant after stratifying along verified status, with all tests

having perfect accuracy in the verified subpopulation.

As related alternatives to the full covariance model, log-linear [41] or logit functions for the

marginal distributions [97] can be used in order to capture higher order interactions. A

Bayesian variation of the latter exists as well [98]. Unless many tests and populations are

available, however, identifiability of these models requires that strong constraints be

imposed on the interactions between some of the tests in order to have free parameters for

the remaining higher order interactions. When only second-order effects are used, these

models can be viewed as reparametrizations of the full covariance model.

The use of block covariance matrix designs has been generalized by the multiple latent

variable model [83]. Tests are organized into types on the basis of the proxy variable for

disease used. Dependence structures are then imposed separately upon the collection of tests

associated with each proxy. The multiple latent variable model formalizes methods used in

earlier work [17,92,99,100] and has since been applied to the diagnosis of tuberculosis in

elephants [101].

2.4. Testing for dependence

The decision of whether to control for dependence between tests is crucial in choosing a

model of accuracy without gold standard. Statistical tests exist to aid researchers in this

choice. The first of these are the goodness-of-fit tests, such as χ2, G2, and CR. Graphical

methods have been proposed for correlation residual plots [7], biplot graphical displays

[102], or through a log-odds ratio check [103]. The effectiveness of these methods in

detecting correlations has been analyzed, finding that goodness-of-fit tests are better than

both graphical methods [104]. In particular, log-odds ratio check suffers from very low

detection rates. A statistical test for nonzero correlation under repeat testing and time-

varying disease status has also been considered [19]. MLE of the conditional covariance

[105] or kappa statistics [106] and their 95% confidence intervals have been proposed. None

of the aforementioned methods has seen much use since the rise of Bayesian methods, as

recent models tend to use information criteria to select a dependence structure or fully

characterize the conditional dependence between tests.

There is also the informal test of ‘practical significance’, where a dependence parameter

may have statistically significant difference from zero without impacting model estimates

[26]. Practical significance is not a viable method in the absence of exhaustive study of

dependence structures because model estimates can vary widely between some structures

while remaining similar for others, leaving the researcher at a loss as to whether observed
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agreement is a sign of accurate estimates. For example, consider Handelman’s dentistry data

as analyzed by Albert and Dodd in which estimates from independent and FMM are highly

similar, while GRE differs from both [82].

It should be noted that dependence testing will determine only for which pairs of tests, if

any, there is a significant level of dependence. These tests do not identify the correct

dependence structure itself. While significant asymptotic bias in prevalence estimation can

occur under a misspecified dependence structure [9, 107], there are conflicting results in the

literature showing that close agreement can exist across multiple structures despite varying

goodness-of-fit values [84, 85, 97]. Even if the true model is among those under

consideration, six tests are not sufficient to distinguish it among a finite collection of

alternatives [82]. On the other hand, partial verification models (discussed in Section 4.3)

are robust against bias from dependence structure misspecification, with bias decreasing as

the proportion of verification increases [107, 108].

Perhaps for this reason, it has become standard practice to fix a particular dependence

structure in advance and determine only which tests have dependence that must be included

under the model. This is not recommended practice. A better strategy might begin with a

careful study of the characteristics of the sample population and tests, followed by tailoring

the dependence structure to any unique characteristics identified [109]. If a choice is made

without comparison between multiple distinct structures, we recommend the use of a nested

sequence of models that allows for higher order interactions, such as those used by Spencer

[41] or Berkvens et al. [74]. Model selection methods, as discussed in Section 4.1, can then

be used to select the appropriate combination of interactions to include.

2.5. Inclusion of covariates

Covariates may be included to improve model fit under any of the existing dependence

structures by use of a link function, g, giving a relationship between an expected value and

the model’s covariate vector X,

(6)

The most frequent choices of link are the logit, inverse Normal, and probit. If a standard

Normal random variable is included in the covariate vector, then we recover the random

effect model of Equation 4.

The inclusion of covariates may reduce dependence between tests if it arises from

characteristics of subpopulations defined by these covariates. In addition, this allows disease

prevalence and test sensitivity and specificity to vary between the subpopulations defined by

each choice of covariate vector. If one or more tests have accuracy rates that vary between

subpopulations defined by known covariates, then the standard assumption of constant test

accuracy between populations can be accounted for by the inclusion of these covariates into

the model. In Section 2.6, we consider what can be carried out when there is suspected

variation in accuracy between populations but no covariates can be identified that suitably

account for this variation.
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Covariates may be used for partitioning into subpopulations in order to increase the number

of degrees of freedom available [110-114] or to better predict outcomes [35, 115-118]. A

common stratification method is to use indicator variables for high-risk subpopulation(s)

with the general population or a confirmed uninfected subpopulation as the comparison

group [119]. If such a population is not identified in advance, grouping can be performed

using ranges of values of an ordinal or continuous-valued test [120], through observed

covariates in multi-stage studies [121, 122], or, if necessary, using a correlate of disease that

is not observed until after data are collected [34].

Stratification is not always possible even when subpopulations are identified because it is

assumed that all strata have distinct prevalences. Model estimates tend to be biased when

applied to data with modest but nonzero differences in prevalence. This bias persists even as

sample size increases. For prevalence differences of less than 20%, an increase in sample

size from 200 to 2400 had minimal impact on confidence interval width in the HW model

[50]. Experience has shown that the HW model returns implausible parameter estimates or

confidence intervals that cover the entire [0, 1] interval when population prevalences differ

by less than 15%. If covariates are used only to model finer differences between the

subpopulations of a sample defined by each covariate vector, and not for stratifying the

sample into distinct populations each with their own unique disease prevalence parameter,

then these issues with stratification will not arise. In this case, there is also no increase in the

available degrees of freedom, and so the needs of the situation must be considered when

deciding how to incorporate covariates into the model.

Choosing appropriate subpopulations is particularly challenging in the study of rare

diseases. Identifiable high-risk groups may still have only moderately elevated disease

prevalence compared with that of the general population. In addition, it may be that any

variables that can be used to define strata with sufficiently distinct prevalence are achieving

this by identifying population subgroups in which one or more tests have improved

sensitivity. To properly account for this, the model should not assume constant accuracy

across all populations. We discuss methods for handling this issue in the following section,

but we first present an original example using survey data for how these models can be

inappropriate for rare conditions without careful stratification and attention to model

assumptions.

For example, the authors attempted to stratify the 1996 panel of the Survey of Income and

Program Participation into low-risk and high-risk groups for disability by the presence of

activities of daily living restrictions, using self-reported disability and disability beneficiary

status as tests of the unobserved true state (Table II). The analytic solution to the HW model

for these data claims moderate sensitivity, α1 = 0.798, α2 = 0.622, and that false positives

are very rare, β1 = 1.00, β2 = 0.980, with all confidence interval widths less than 0.025.

While the poor sensitivity of beneficiary status can be explained by not having restricted the

sample to benefit applicants, the estimated specificities are suspiciously high for both tests.

It is likely that the model has broken down because of the similar prevalences and variation

in test accuracy between the two groups introduced by stratifying along covariates correlated

with disability.
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2.6. Nonconstant accuracy

The HW model assumes that test accuracy does not vary between populations or

equivalently that it is independent of prevalence. In clinical settings when this variation

occurs, it is known as spectrum bias. Few accuracy models have considered alternatives to

the HW model assumption because of the high parameter cost of relaxing it; in its absence,

2g parameters are needed for accuracy of each test when g populations are used. This results

in a counterintuitive scenario where sampling from a larger number of populations requires

more tests to achieve identifiability. In particular, three independent tests are necessary with

one population, but five are required with two populations. In this section, we illustrate the

HW model’s lack of robustness when this assumption is violated and discuss alternative

models from the literature.

Robustness of the HW model against varying accuracy rates has been tested using simulated

data [49, 109, 123, 124]. The first of these, whose results presented in Table III, used two

independent and identical tests with population-varying sensitivities. Disease prevalence

was low, and there was a small difference of 3% between populations. True values near 0 or

1 can cause difficulties for MLE, and we have already raised concerns about the use of

population strata with near-identical prevalence. Consequently, the published results are

compared with medians computed from MCMC estimation in WinBUGS using

noninformative priors. As the true and estimated values were equal for both tests, only

results for one test are shown.

The MLE is exhibiting stereotypical ‘corner’ behavior, where estimates of one or more

parameters become pinned at an extreme value of 0 or 1 and estimated confidence intervals,

while not reported in the paper, were likely either undefined or covered the entire [0,1]

interval. The comparison to make in these situations is not between the true and MLE

sensitivity values, but rather how much the true values must change before estimates are

strictly within the interval (0,1). Except for modest overestimation of prevalence in the first

population of both data sets under MCMC, nonconstant sensitivity is only biasing sensitivity

estimates for either method. In the second data set, a best worst-case scenario is reached for

MCMC, where estimated sensitivity approximately equals the mean of the population-

specific true values.

If expert opinion is available for elucidation of informative priors, as covered in Section 3.2,

a more appropriate model when faced with nonconstant accuracy rates may be to use only

one of the populations, as in Joseph et al. [125]. As an example, we used the first population

of the first data set, with a modestly informative Beta(1,19) prior for prevalence,

Beta(9.5,0.5) for both test sensitivities, and Beta(8.5,1.5) priors for both specificities. This

resulted in significantly better median and narrower 95% credible interval estimates for

prevalence π1 = 0.049 (0.035, 0.075), sensitivity α = 0.975 (0.757, 0.999), and specificity β

= 0.850 (0.831, 0.870), despite the model’s nonidentifiability.

Some characteristics of samples that can result in population-varying accuracy rates have

been identified in the literature. When the test takes a continuum of values, unobserved

confounders unrelated to the disease can influence results, resulting in population-dependent

accuracy rates if the confounders are observed [126]. In the standard accuracy models,
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disease status is given by a binary variable, but some combinations of population and test

can be better fit by a model that includes levels of disease severity or stages of progression

[127-130]. Intermediate disease stages, such as from age-dependent testing [111, 131] or

subclinical infections and infection before immune response [27], will lead to variation in

test accuracy. This effect of intermediate disease stages is pronounced for continuous tests,

with the size of the effect depending on the threshold chosen to distinguish positive and

negative test outcomes [38]. If the threshold is set low to minimize the effect of intermediate

stages, the test’s specificity will be reduced. This issue is discussed in greater detail in

Section 4.2. In general, when considering the inclusion of a new model characteristic, such

as ordinal disease status, it is best practice to construct at least two models for its presence

and exclusion and to select the better fitting one using statistical methods for model

selection [132].

Variation in test accuracy is possible when multiple raters or labs have similar but not

identical levels of training or equipment quality and the researcher wants to estimate their

average accuracy. If all samples are tested by each rater, then a repeat testing model can be

used with each rater representing an application of a common test. Otherwise, if similarities

between raters allow them to be viewed as draws from a single population, then the use of a

random effects model (Section 2.2) for differences in rater accuracies is justified [92, 100].

Random effects models can also be used when variation in accuracy is suspected between

individuals rather than raters because of observed [5,41] or unobserved [91,133]

characteristics. When variation is suspected between individuals and between raters, the use

of two independent random effects is warranted [109]. While it was not developed to

address this situation, the multiple latent variable model [83] may be of use when tests have

a subjective aspect [13, 47], such as with survey questions where certain responses can carry

social stigma.

2.7. Repeat testing

Repeat testing models are an effective means of increasing the number of degrees of

freedom available in the absence of additional distinct tests or populations. These models

assume that one or more tests are applied to the same population multiple times. Repeat

testing models are sometimes appropriate even if, strictly speaking, distinct tests are

performed. Multiple clinicians examining the same X-ray can be modeled as repeat testing if

we assume each clinician has a similar level of training. Repeated tests are not independent

and require careful study in choosing an appropriate dependence structure.

A wide variety of repeat testing models exist in the literature. Models have been constructed

using a distribution moments method [134], through application of Bayes’ theorem to

estimate odds ratios [15], and as draws from a binomial distribution [135], although none of

these accounts for repeat testing dependence. More recently, a mixture model with repeat

test dependence was constructed, although it still assumed that distinct tests were

independent to preserve identifiability [44].

Time-dependent models consider repeat testing under the condition that disease status has a

nontrivial probability of changing between each testing time period. These models were

introduced to the accuracy literature through an application of model selection methods,
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discussed in Section 4.1, to find best-fit generalized linear or quadratic models for

longitudinal data [136]. Other linear models studied include the comparison of a naive

moving average model with an autoregressive time-lagged process [137]. Trigonometric and

quadratic models were considered by Billiouw et al. for modeling seasonal parasitic

infections [138]. Both frequentist and Bayesian versions of identifiable Markov transition

models were then published [139, 140] although the former notes correctly that the Markov

assumption will fail if an observed change in status would lead to differences in treatment. A

two-period logit model, with time interaction factor and independent tests, [141] has been

extended greatly to allow for dependent tests and time-increasing sensitivity post-infection

[142, 143]. Time-varying sensitivity has also been used with explanatory covariates for HIV

testing [144]. Norris et al. model movement between three disease states using a reversible

jump MCMC algorithm [27]. Explanatory and response covariates are chosen to inform a

change-point process [31,145], or Bayesian version of the HW model where data are treated

at the testing rather than subject level [28]. Lastly, a two-component model with

independent tests and covariate-dependent sensitivity and specificity has been proposed

[146], with variations that introduce biomarker serial correlation or delayed response after

infection.

Modeling time dependence requires the use of many parameters, as repeat testing, between-

test, and time-dependent status factors may all be involved. Consequently, identifiability of

these models is not easily achieved. If repeat testing is used specifically to achieve

identifiability so that studying time-varying status is not an explicit goal, we recommend

that multiple raters of each subject be used within a short time window. This will reduce the

number of necessary parameters in the model, a technique that has been used with some

success [23, 92, 107].

3. Bayesian models

Since the publication of the first Bayesian models of accuracy without gold standard [3, 147,

148], Bayesian methods have increasingly dominated this field. Despite their increasing

popularity, the terminology and methods used can create barriers for potential users. It

therefore appears useful to provide a framework through which Bayesian models can be

interpreted for frequentist and nonspecialist audiences.

Bayesian statistics is a theory for interweaving new and existing data by taking both sources

into account. Parameters are no longer unobserved constants but instead are given by

random variables; our uncertainty about the parameter is captured by the random variable’s

distribution. This view comes from an interpretation of Bayes’ theorem

(7)

in which X represents sample data and θ the parameters of a model. The prior distribution,

ℙ(θ), represents our belief in the plausibility of parameter values before conducting the

experiment. ℙ(X ∣ θ) is the model’s likelihood, and ℙ(θ ∣ X) is the posterior distribution, or

result of weighting our prior assumptions by the likelihood of their conforming to sampled
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data. Under reasonable conditions, as sample sizes increase, the variance of the posterior

will decay to zero and results in asymptotic agreement with maximum likelihood estimates.

3.1. Sampling from the posterior: MCMC

The likelihood equations of all but the simplest accuracy models result in posterior

distributions with a complicated relationship to the prior. Obtaining the posterior requires

the evaluation of high-dimensional integrals, which can be very difficult computationally.

MCMC attempts to sidestep the curse of dimensionality through the use of probabilistic

sampling from the posterior distribution. Monte Carlo integration is a numerical integration

method using random numbers from a probability distribution to choose points for

evaluating the integrand rather than through a regular grid. When sampling from a complex

distribution for Monte Carlo integration, algorithms such as Metropolis–Hastings are used to

preferentially sample from regions of high density of this distribution. They compare the

density at the previous sample point with a randomly chosen real number. Because only the

previous sample is used in this comparison, the result is a Markov chain of samples used to

perform the Monte Carlo integration.

The most common MCMC algorithm in Bayesian statistics is the Gibbs sampler. This

algorithm samples from the conditional distributions of parameters when their joint

distributions are unknown. It is also efficient at converging to the posterior distribution

outside of pathological cases such as when the joint distribution is multimodal with regions

of very low probability separating modes. In the worst cases, the sampler will still converge,

but the number of samples required can be computationally unfeasible. It is also an

unfortunate truth that the choice of posterior sample size is more art than science. Knowing

that a chain will eventually converge as the sample size increases to infinity does not mean

that a theoretically justified necessary posterior sample size exists for a given model. With

the computational power of modern computers, obtaining very large posterior sample sizes

from Bayesian accuracy models is practical and therefore strongly recommended. The

reader is referred to Smith and Roberts [149] for an introduction to MCMC and Gibbs

sampling, and Roberts and Smith [150] for convergence properties. Practical issues with the

use of priors, identifying autocorrelation and evaluating chain convergence in WinBUGS are

discussed in Toft et al. [151].

While sufficient levels of convergence cannot be guaranteed in advance, there are additional

procedures that can be used to give confidence that the results obtained are valid. Because

the sampling process is given by a Markov chain, there is autocorrelation between adjacent

samples that can slow the rate of convergence. This can be overcome by thinning the

sample, meaning that only every nth sample for some n is preserved when constructing the

sampling distribution so that the remainder are approximately independent samples from the

posterior. Thinning by a factor of n to achieve a final sample of 50,000 requires 50, 000n

unthinned samples to be computed. It has also been shown that using the full (unthinned)

chain can often result in better estimates of the posterior, even for the tails of the distribution

and despite the effect of autocorrelation [152]. For small samples, thinning should result in

better estimates and makes precision estimation easier as there is less bias in assuming

samples to be independent. We strongly recommend using multiple chains in order to assess
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convergence to a unique distribution for nonidentifiable models and to guard against label-

flipping in particular. This is analogous to running MLE from multiple sets of initial

conditions to attempt to determine if the results are a local or a global maximum. If all

chains give comparable results, their samples can be pooled. Standard practice recommends

that an unspecified number among the first samples taken be dropped from estimation,

called the burn-in. This is carried out under the assumption that the Markov chain will have

converged to its steady state after the burn-in, which means it has entered a region of high

density in the posterior. While starting the chain from a region of high density will improve

estimation, there is no justification available for why a particular burn-in length would

accomplish this and beginning estimation from a region of low density will only slow

convergence rates. Both problems are better solved by choosing ‘large’ samples rather than

attempting to finesse these difficulties. If the user remains suspicious of early samples, there

exist diagnostic tests for stationarity of which one of the simplest is Geweke’s comparing

the mean of the first 10% of samples with the mean of the last 50% [153].

3.2. Choice of prior

There are two approaches to prior distributions in the accuracy literature, each appropriate to

a different setting. In the first, noninformative priors are used so that posteriors are

determined by the data rather than assumptions of the prior, while in the second, highly

informative priors are used to effectively increase the number of degrees of freedom by

restricting the likely ranges of some or all parameters of the model. A prior is

noninformative if it encodes a lack of information about possible parameter values, else it is

informative.

Noninformative priors are preferred for smaller sample sizes when there is no source of

expert opinion to use for choice of priors [114]. Small sample sizes result in posteriors that

are significantly affected by the choice of prior, as the independence of posterior from

choice of prior is only guaranteed asymptotically under reasonable conditions by the

Bernstein–von Mises theorem. In some cases, expert opinion exists for a related but not

identical population, leading researchers to use a downweighted prior to account for doubts

of the direct applicability of this knowledge [3].

Informative priors are frequently used when expert opinion is available. This is particularly

useful as a means of imposing weak, probabilistic constraints on parameters in order to

compensate for a lack of model identifiability [48, 154-158]. Probabilistic constraints are

considered preferable to questionable deterministic constraints for achieving identifiability

because sharp constraints can bias other model parameters [22,63,159]. Even for identifiable

models, mildly informative priors are useful for preventing label flipping.

Beta(a, b) priors are standard in the literature for prevalence, sensitivity, and specificity with

a representing a count of successes and b of failures. The Dirichlet distribution generalizes

the Beta to the case of joint distributions, giving it appeal for nonparametric modeling of test

dependence [8, 160, 161], at the cost of being difficult to elicit properly [162]. If prior

information exists for diseased and healthy populations, then a mixture distribution prior can

capture this information [163]. Researchers have also used counts from existing studies [4,

164] or estimates from published literature [165, 166], but in these cases, it is recommended
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that priors be downweighted so that differences between study populations or estimation

errors do not propagate.

As the literature has developed, best practices for elucidation of priors have been identified.

Particularly in the case of beta priors, expert opinion is easier to obtain for prior mode and

the 5% or 95% quantiles, which are then used to derive the hyperparameters for the prior

[27, 48, 167]. When either sensitivity or specificity is known to be very close to 100%, we

recommend that a highly informative Beta prior or a uniform prior restricted to a range such

as 90–100% be used [45] instead of fixing exact values [33], as fixing values prevents

learning if the estimate is incorrect. Finally, uniform priors for one or two parameters on

large subintervals of [0, 1], as used in the noninformative case given in Table IV, are

effective for preventing label flipping.

3.3. Nonidentifiable models

As the accuracy without gold standard literature has grown, researchers have attempted to

weaken the restrictive assumptions imposed by the early models. This has led to a tension

between the number of parameters necessary to account for test dependence and, possibly,

time-varying status, and the availability of sufficient tests and populations with distinct

prevalences to obtain an identifiable model. Consequently, the use of nonidentifiable

Bayesian models has become increasingly common. Recall that a model is necessarily

nonidentifiable if its number of parameters exceeds its degrees of freedom, while if these are

equal, it is called weakly identifiable but may not in fact be identifiable. In this section, the

merits of using nonidentifiable models and the extent to which informative priors can

compensate for nonidentifiability are considered.

Researchers have in the past been wary of nonidentifiable models for several reasons: their

posterior distributions will not asymptotically converge [168, 169], they may produce

posterior estimates worse than that of the prior [170], or they may have weak estimability

because of wide credible intervals [74, 171]. Despite these weaknesses, nonidentifiable

models are not without merit: information in the data set leads to partial updating of

posteriors [125], a nonidentifiable model may still be valid [103], and stratifying the sample

to obtain identifiability may not improve estimates [172]. The posteriors of an identifiable

model may also fail to converge as sample size increases [173], and so failure to converge

should not by itself discourage us from considering nonidentifiable models. In some cases,

partial updating of posteriors results in a subset of parameters converging fully, while the

rest remain uninformative [174]. In general, indirect learning may occur for nonidentifiable

parameters as a result of learning in the identifiable part of the model when such a change of

variables does not exist [172]. Measures of Bayesian learning are available and include the

difference in precision, the reciprocal of variance, between posterior and prior distributions

for Normal distributions, or more generally the Kullback–Leibler divergence of posterior

and prior distributions [175]. Consequently, the question of whether or not a nonidentifiable

model is appropriate should be answered on a case by case basis after taking into account

the characteristics of the data.

When a nonidentifiable model is deemed appropriate, every effort should be made to obtain

informative priors for model parameters as highly informative priors serve to narrow the
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parameter ranges searched by MCMC. The strength of the constraint imposed by choice of

priors is measured by a summand of the deviance information criterion (DIC) called the

effective number of parameters and denoted pD [176]. The relationship between informative

priors and pD can be observed by their relation to the width of credible intervals for the

model’s parameters, as illustrated in Table IV. The data for this table were taken from a

myocardial infarction data set [113], after collapsing across weight and gender covariates

and treating subsequent events as a third imperfect test. A nonidentifiable Bayesian

covariance model was used with three tests and one population, with subsequent events

assumed independent of the other two tests, for a total of 7 degrees of freedom and nine

parameters.

Bayesian inference using Gibbs sampling was performed in WinBUGS [177], and in each

case, four chains with a posterior sample size of 100,000 were obtained without burn-in or

thinning and with randomly generated initial values. Label flipping was prevented in the

uninformative case by restriction of the prevalence prior: π ~ Unif[0, 0.4]. In the moderately

informative case, Beta(a, b) priors on π, α, β are chosen for tests 1 and 2 with means in close

agreement with the estimates from the noninformative case, and such that 14 ≤ a + b ≤ 18:

Informative priors were not used for the third test as subsequent events were not used to

predict disease in the paper. Highly informative priors were obtained by multiplying the

counts in all beta priors above by 3. Covariance priors were chosen using uniform

distributions over the possible range between perfect negative and positive correlations,

although similar results are obtained if the standard practice of restricting to nonnegative

correlation is followed [178]. Note that all choices of prior are made solely to demonstrate

the effect of choice of prior and not to claim that this example illustrates a valid method for

elicitation of priors.

The credible intervals for all parameters show consistent narrowing between the

uninformative and highly informative cases. Credible interval narrowing is not, however,

distributed evenly across all parameters. In particular, with the exception of β1 and β3, all

parameters show a decrease in credible interval width of at least 0.158, while for these two,

a reduction of not more than 0.033 was observed. Finally, we note that the property of

indirect learning introduced by Gustafson [172] is unambiguously active in the case of α3,

whose credible interval narrowed dramatically even though its prior was uninformative and

unchanged in all cases.

4. Special topics

4.1. Finding the best fit: model selection

Researchers may find that there is no a priori best model for their data, and so they need an

unbiased method for assessing the tradeoffs between different sets of modeling assumptions.

These tradeoffs exist in two types: first, as in statistical modeling generally, a decision of

which covariates to include to improve model fit while avoiding overfitting, and second, a
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decision of how far to weaken the assumptions of the HW model to reduce bias while

avoiding nonidentifiability or limiting its negative effects. In other words, this is a problem

of model selection.

The problem of model selection is one of balancing efforts to reduce model variance and

model bias. Increasing the number of parameters in a model can reduce modeling bias but at

the cost of increased variability in estimates due to sampling variation. Information criteria

seek to balance these competing objectives by penalizing a goodness-of-fit measure with a

measure of complexity. The Akaike information criterion (AIC) and Bayesian information

criterion (BIC) both penalize twice the model’s log-likelihood ℓ(M) with a multiple of its

number of parameters dim(M),

(8)

where n is the sample size. Despite its name, BIC does not require a Bayesian model. The

DIC, DIC(M) = D(θ̄) + pD, however, is truly a ‘Bayesian’ criterion, where D(θ̄) is the

Bayesian deviance at the posterior mean of the parameters [176]. Smaller values of each

criterion correspond to models that better fit the data without overfitting, although the

reported values have no meaning in themselves as they are not on an absolute scale, and

values from different criteria are not comparable.

In practice, it is recommended to compute both AIC and BIC for frequentist models. AIC

and BIC have different asymptotic behaviors: AIC will choose the model that minimizes

mean squared error, while BIC chooses the model with minimal Kullback–Leibler distance

to the true model [179]. While all three criteria can be appropriate for comparing Bayesian

models, DIC is recommended if informative priors are used in any of the models so that the

number of parameters is penalized properly to allow for an informed decision of the

tradeoffs between possible prior misspecification and reduction in pD. DIC has the added

advantage of being directly estimable from the results of MCMC, while AIC and BIC

require a follow-up computation of the log-likelihood. For additional details on the

definition and construction of each criterion and their asymptotic behavior, refer to

Claeskens and Hjort [179].

Information criteria have found use in the accuracy literature primarily as tool for choosing

between multiple dependence structures. In a typical application, a subset of all possible

covariance structures between a collection of tests is decided in advance, the model resulting

from each choice is determined, and the criteria then used to select candidates

[18,34,41,76,85,132,180,181]. Other applications include analysis of prior information as in

Table IV [74, 75], fine-tuning time-dependence effects [139, 146], or choosing between

nonignorable missing data models [182].

It can occur that the smallest value of AIC, BIC, or DIC is proportionately nearly identical

to that of one or more other models. On Table IV, the noninformative prior model has DIC

less than 3% larger than with highly informative priors. In this situation, all models with

criterion values approximately equal to the minimum can be accepted and the conclusions

obtained from each discussed [83], or a composite constructed using Bayesian model

averaging. Bayesian model averaging uses posterior probability-weighted averages of model
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estimates to arrive at composite predictions [183]. This method is computationally feasible

for large collections of models if the collection is first winnowed using information criteria.

For smaller classes of models, Bayesian model averaging can be used as an alternative to

information criteria without increasing estimation bias [108, 171, 184].

4.2. Methods for nonbinary tests

All of the methods considered thus far assume that test outcomes are binary. In practice,

many of the commonly used tests, such as enzyme-linked immunosorbent assays and

antigen level tests (e.g., prostate-specific antigen), are nonbinary. There are a variety of

methods in use for this situation, which we will consider in order of their complexity.

To obtain a binary outcome, a threshold for positivity can be imposed (we will assume that

larger test values are associated with disease). As shown in Figure 1, the choice of threshold

determines the false positive and false negative rates, where increasing the threshold

decreases the false positive rate at a cost of increasing the rate of false negatives.

If true status is also ordinal, a series of thresholds are imposed to first dichotomize true

status and then threshold the test [129, 130]. Choosing an optimal threshold will depend

upon the test’s use: screening in or out, minimizing total error, or confirmatory testing after

screening. For example, screening in requires a highly sensitive test so that few true

positives are misclassified while still preserving moderate specificity to reduce the burden

on the confirmatory test.

The optimal choice of threshold can be modeled by a cost function [185, 186]. Geisser [185]

did not explicitly consider thresholds, but their method can be applied to compare the merits

of two distinct choices of threshold for the same test. The methods of both papers require,

however, that the costs of true positive, true negative, false positive, and false negative test

results be understood. Carefully addressing this issue is often difficult, as a survey of the

research on quality-adjusted life years or rationing of medical care will show. An alternative

is to characterize the distributions of healthy G1(x) and diseased G2(x) test scores from the

mixture distribution of the whole sample F(x) = (1 − π)G1(x) + πG2(x) [187]. This approach

is effective if the distributions are known to belong to particular families or if very large

samples are available.

The ROC curves are a method of comparing sensitivity and specificity across a range of

possible thresholds rather than fixing a threshold in advance. To be precise, an ROC curve

graphs sensitivity as a function of the false positive rate (1 - specificity) and can be

determined by estimating sensitivity and specificity at a large number of thresholds, as

illustrated in Figure 2.

The area under the ROC curve (AUC) is then a measure of the average accuracy of the test;

a perfect test has an AUC of 1, while a coin flip has AUC of 0.5. While AUC is the average

accuracy, a fixed threshold must be set in practice when using a test, so we do not find it to

be the most efficient measure of test value. Optimal choice of this threshold will instead

depend upon the relative cost, whether monetary or through health outcomes, of false

positive and false negative tests. If both error types are treated equally, the optimal threshold
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can be determined by the Youden index or minimization of the distance from the ROC curve

to the point (0,1), which corresponds to perfect sensitivity and specificity. The Youden

index maximizes the vertical distance between the ROC curve and the line y = x, the line on

which false positive rate equals true positive rate. Equivalently, the Youden index equals

max(α + β) − 1 over all possible thresholds.

More generally, if we have an estimate of the relative cost of a false positive 1 − β compared

with a false negative 1 − α, labeled by c, we can minimize the resulting cost function Cc(β)

or weighted distance Dc(β)

(9)

(10)

This method gives rise to simple conditions upon the slope dα/dβ of the ROC curve at the

maximum:

(11)

(12)

Concavity of ROC curves implies that, with either condition, as c increases, α must decrease

and β increase. This is to be expected as larger values of c correspond to higher costs from

false positives and therefore a need for greater specificity. Utility of medical procedures has

been considered as a measure of cost in the context of ROC curve analysis [188].

An early application in this literature used summary ROC (SROC) curves to perform a

meta-analysis of cervical cancer data with a frequentist parametric model [189]. Since then,

development has been rapid as new dependence structures, semiparametric and

nonparametric models of test scores, and Bayesian techniques were applied to ROC curve

analysis. In particular, ROC curves have been determined using covariates and a parametric

model of test outcomes for diseased individuals with covariates [29], semi-parametric

models of test outcomes both with [190] and without covariates [191], and nonparametric

models of test outcomes with independent [30] or correlated tests [23, 24]. The effect of

nonignorable verification bias resulting from partial verification designs, covered in Section

4.3, has been well studied [192-196], and AUC estimated in a frequentist model under

verification bias [197]. Bayesian meta-analysis of tuberculosis testing using summary ROC

curves in a model with dependent tests has also been performed [198]. When a test has

upper or lower detection limits, such as polymerase chain reaction for detecting viral loads,

its extreme results must be treated as censored data to avoid bias and the likelihood function

adjusted to compensate during estimation of the ROC curve [199]. These models are

efficient in that they estimate a large, finite number of points of an ROC curve at once. It is

possible, however, to create an ROC curve by applying any of the accuracy models
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discussed previously in this review at each of a number of test thresholds, one at a time [120,

181].

In some testing designs, a combination of tests is used to make a single prediction, often by

defining their combination to be either the minimum or maximum observed after

thresholding. These extremes of test combination may not be ideal, and so there is interest in

finding an optimal combination. Under the assumption that all tests have normally

distributed values in each of the healthy and diseased populations, there exist optimal

combinations of the tests to maximize AUC [200] or AUC restricted to a range of specificity

[201]. A more general method that allows for inclusion of correlated tests through observed

covariates exists, although optimality of its combinations was not guaranteed [202]. Finally,

Jin and Lu have proposed the use of noninferiority testing to determine if a given

combination of tests has AUC no worse than a theoretical combination optimizing the

likelihood ratio [203].

The inclusion of multiple latent classes for intermediate stages of disease, or levels of

disease severity, was recommended early in the literature to sharpen the distinction between

extremes of health status [204, 205] or as an alternative to using a test dependence structure

[206]. Thresholds are chosen to maximize the separation between extreme stages. Both

independent [127,207] and correlated [208] tests have been considered in this framework.

When three stages are used, these models are similar to the FMM, discussed in Section 2.3,

except that residual error is allowed in extreme stages after a threshold is chosen. This use of

FMMs was previously discussed in relation to nonconstant accuracy rates in Section 2.6.

The choice of dependence structure must be carefully considered as in the case of binary

tests, for incorrect specification may result in biased estimates of AUC [209].

In fact, with the use of semiparametric and nonparametric models, thresholding can be

avoided entirely. A Dirichlet process model for continuous test outputs has been used [210,

211] to allow data to be drawn from any distribution sufficiently close to a fixed baseline.

The process is controlled by the choice of baseline distribution and a precision parameter,

where increasing the precision narrows the divergence possible between baseline and

sampling distributions. As precision increases to infinity, the model reduces to a parametric

model such as the FMMs of Uebersax and Grove [212]. The flexibility of Dirichlet

processes can unfortunately result in convergence difficulties when practical sample sizes

are used even though their asymptotic convergence properties are well established, for

example, Ghosal and van der Vaart [213]. Kernel density estimation methods were used in

the past for nonparametric ROC estimation [214, 215] but have received less attention of

late.

4.3. Partially verified data

It is not uncommon for highly accurate (confirmatory) tests to exist but to be expensive,

time-consuming, invasive, and inappropriate for use on the general population. This has lead

to interest in finding optimal testing designs [216-221], including pooled samples for rare

disease testing and the use of screening tests to determine if confirmatory testing is

necessary [12, 222]. These testing designs are efficient but result in only partial verification

of disease status within the sample, as individuals testing negative on one or more screening
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tests do not have their disease status verified. The missing data from partial verification

designs are nonignorable, and so care must be taken when drawing conclusions about test

accuracy. Even if the confirmatory test is a gold standard, naive estimates in this design are

biased because of the failure to verify the screening test’s negative results [10]. The most

common design, used in cancer screening and HIV testing, is illustrated in Figure 3

Significant attention has been given to methods for addressing verification bias. Imputation

estimators have found use [43, 121, 223, 224] for missing at random (MAR) covariates and

are effective if confirmatory testing is carried out completely at random [21, 225]. These

methods apply more generally to nonignorable missing data, where verification is given by a

parametric model as a function of latent disease and observed covariates independent of

disease status using independent tests [11, 193, 196, 226-228]:

(13)

If δ = 0, the verification mechanism is MAR, else there is nonignorable verification bias. In

particular, when verification depends upon prior test results, the MAR hypothesis will be

invalid unless the prior test is not more accurate than a coin flip. Positive and negative

predictive values, however, have been shown to be unbiased for partially verified data under

the assumption of independent tests [229]. The probability of verification, given the test

score and observed covariates, is called the propensity score and captures the key

information about verification in a single value. Propensity scores were used by He and

McDermott to stratify the verified sample in order to perform numerical integration of a

test’s PPV and NPV [230].

As dependence structures and other methods were developed in the literature, applications

were made to partial verification designs. Expert knowledge can be incorporated, as in

Section 3.2, into a parametric Bayesian model to improve estimation [167]. Dependence

structures have been introduced with parametric models for partial verification designs using

the Bayesian covariance [14, 18, 95, 162], frequentist random effects and FMM structures

[107, 231], or Bayesian random effects [232] models. Partial verification models have been

applied to data in which each population receives a subset of a large number of available

screening tests [16] and to cost-effective testing for rare diseases through the use of pooled

sample testing designs [4, 6, 36, 118, 163]. Tang et al. examined the effectiveness of a

number of maximum likelihood-derived statistics for prevalence estimation under partial

verification using simulated data [233]. When verification is independent of disease status, a

verification rate-weighted ratio of verified true positive rates has also been proposed for

comparing two tests [234] as well as formulas for necessary sample size to detect a

difference from unity in this ratio [235]. This ratio method does not, however, take into

account any information from nonverified individuals as it avoids estimation of likelihood

functions.

Nonparametric partial verification models have not yet received much attention in the

literature. A nonidentifiable semiparametric method was proposed by Pennello [182] to

estimate PPV and NPV under the assumption that screen positives have a binomial

distribution, and that the triplet of verified negatives, verified positives, and unverified
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individuals form a multinomial distribution. Simplifying assumptions can render the model

identifiable or even reintroduce the MAR hypothesis. The test ignorance region was

proposed by Kosinski and Barnhart [236] to describe all possible accuracy estimates

independent of a verification mechanism. This is determined by considering the ranges of

sensitivity and specificity possible if the ui unverified individuals with screening test score T

= i had their status verified as positive uiD or negative ui − uiD. The region is then given by

the graph of sensitivity against specificity across all combinations of (u1D, u0D) in the square

[0, u1] × [0, u0]. This method allows nonparametric modeling of the verification mechanism

and allows one to visually assess the extent to which estimates are robust to the assumptions

of a particular verification model.

There is still significant room for development of partial verification screening designs and

addressing the resulting estimation issues for test accuracy without gold standard. Devising

optimal screening designs and analysis of the resulting partially verified data is an old

problem [237] that has not been fully explored. Semiparametric and nonparametric models

of verification are underutilized, and the value of the test ignorance region has only begun to

be assessed [238]. Models that consider the possibility of error even with a so-called gold

standard test have also only begun to be explored. On this last point, while it is almost

universally assumed that verification is perfect, it is not strictly necessary to do so, and in

practice, it may be preferable to avoid this assumption [78, 239]. For example, biopsy is

accepted as a gold standard for cancer diagnosis, but incorrect results are possible if the

sample is taken from the wrong site, if not all abnormal sites are biopsied, or if treated as an

ordinal test to study rates of inaccurate cancer grading. The low rates of error resulting from

imperfect application of gold standards can be modeled by strongly informative priors for

sensitivity and specificity of the confirmatory test, leading to a minimal increase in the

number of effective parameters (Section 4.1) and therefore not significantly impacting

precision of model estimates.

4.4. Sample size estimation

When two binary tests are applied to a fully verified population, there exist multiple

methods for determining sufficient sample sizes in a power analysis, such as McNemar’s

test. These estimates are, however, highly biased for incomplete verification designs [240].

In addition, infinite sample sizes may be necessary when the widths of confidence intervals

are asymptotically bounded above zero, as in the case of Bayesian nonidentifiable models

(Section 3.3). Given these difficulties, this section considers the strengths of the available

methods for power analysis from the no gold standard literature.

When powering a study, the minimal sample size N necessary to obtain a fixed interval

length ℓ for a parameter θk at coverage probability 1−γ must be determined. The estimate of

θk, however, depends upon the observed data x, which is of course unavailable to the

researcher at this stage. In order to proceed, a criterion must be chosen for obtaining sample-

independent estimates. Three such criteria are given in the succeeding text.

The average coverage criterion fixes ℓ and averages the coverage probability 1 − γ over data

x. The value of N chosen is the minimum such that the averaged coverage is at least 1 − γ.

The average length criterion, conversely, fixes the coverage probability and allows interval
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length to vary with N chosen so that the average interval length over all data x is no larger

than ℓ. The worst outcome criterion (WOC) chooses N such that the infimum of coverage

probabilities over all data x is at least 1 − γ. Unfortunately, this infimum tends to be infinite

for many applications because of the existence of low probability subsets of possible data

with poor coverage. It is recommended that a modified WOC be used instead, which

requires only that the WOC holds on some subset S of high probability in the space of all

possible data sets [241]. Of these, the average length criterion may be the most commonly

used because it corresponds well to standard practice with fixing coverage rates for

confidence intervals. The criteria can be estimated by repeated simulation studies across a

range of sample sizes in Bayesian models [242, 243].

The existing publications on sample size estimation broadly cover the full range of accuracy

models appearing in the literature. For the closely related question of obtaining a minimum

number of diseased subjects, ad hoc methods such as prevalence-inflated sample sizes were

found to largely agree with formal estimates [244]. This method focused on powering to

distinguish unequal sensitivities and specificities and did not consider confidence interval

widths. In the ideal case when the HW model applies, by taking advantage of the exact

solution in the two-sample two-test case, an Excel spreadsheet for sample size estimation

has been developed [245]. If the test population is small, however, prevalence estimates can

become biased, and a sampling design must be chosen with care [246]. Sample size

estimation for partially verified samples has been considered under the assumption of

independent [247] and dependent tests [94]. In the absence of a gold standard and with

dependent tests, sample size estimates are available for the inclusion of covariates and a

Bayesian power criterion [248] or continuous-valued tests [249]. Nonparametric sample size

estimates for ROC curves have been estimated using a Dirichlet process [210].

Nonidentifiable models complicate sample size estimation. Dramatic improvement in

credible interval width, and hence necessary sample size, was found to result from the

inclusion of a third independent test for identifiability when a single sample was available

[250]. It has been suggested for nonidentifiable models that because the credible intervals

for some parameters will not shrink arbitrarily small as sample size increases, a comparison

should instead be made between prior and posterior variances using a loss function [251].

This is carried out to focus attention on the ratio of credible interval width to its asymptotic

lower bound and therefore on the diminishing returns provided when increasing sample size

beyond a certain point. The question of how to determine minimum sample sizes for

nonidentifiable models has not been fully resolved at this time and will only increase in

importance as these models find wider use.

4.5. Computing the model

Code is available from the author implementing MLE and the analytic solution of the Hui–

Walter model in Stata as well as WinBUGS code for a number of covariance models and

data sets from the literature. Hui–Walter estimates are also available from the ‘TAGS’

program [252], which was implemented in R and S-Plus, and an Excel spreadsheet exists for

its sample size calculations [245]. SAS code for misclassification in logistic regression is

available [5]. Some authors have included their WinBUGS code in an appendix [28, 72, 76,
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154, 163, 253-256], and code for multiple models from the papers of Branscum et al. [48]

and Choi et al. [24] is available at http://www.epi.ucdavis.edu/diagnostictests/software.html

5. Conclusion

In this review, we have presented all recent work on the subject of measuring diagnostic test

accuracy in the absence of a gold standard using latent variable models. Researchers

working on this subject tend to approach it within the context of a particular application,

such as medical diagnosis, commercial agriculture, or industrial chemistry, and so there is a

risk of the limited communication between fields slowing the development and adoption of

new methods. To address this issue, we systematically gathered the published literature and

identified the major lines of research, their motivation, complications, and how these factors

inform the process of modeling for a specific data set.

We recognize several limitations of this review. We restricted ourselves to the English

language literature even though a small number of non-English papers were found during

our literature search. It is possible that this restriction masked a parallel literature with

significant findings. This field is currently active, and so while every effort has been made to

include all research meeting our criteria, it is possible that papers published because the last

4 months of 2012 were not included. Finally, we acknowledge that our recommendations for

modeling and estimation techniques may be biased by our own experiences. In particular,

we have recommended against the use of burn-in or thinning with MCMC because neither

have shown to improve estimates in any of the Bayesian models we have considered. Other

researchers may reach the opposite conclusion. Ultimately, it is the data that will determine

the best approach.

In presenting the current state of the research, it has become apparent that further research is

required in multiple areas. Virtually, none of the models in use has analytic solutions or, for

Bayesian models, conjugate priors, and so numerical methods must be used. Bayesian

methods have flourished despite these conditions, aided by the ease of use of programs such

as WinBUGS for numerical estimation, while frequentist methods have suffered from a lack

of off-the-shelf code for estimation and the increased interest in studying nonidentifiable

models that are generally ill-posed problems from the perspective of frequentist modeling.

This state of affairs has also resulted in a lack of comparisons between frequentist and

Bayesian methods in the literature [255, 257] with which researchers could assess the merits

of each approach.

Some tests have accuracy rates that vary between populations because of observed and

unobserved characteristics of the test-subject interaction. It is common in the literature to

use a random effects model in these cases, asserting that averging over possible random

effects, the variation is accounted for by the model. The robustness of this approach has not

been inspected in detail, and alternatives have not been fully considered. We proposed in

Section 2.6 that each population be modeled separately using a possibly nonidentifiable

model, if modestly informative priors can be elucidated, but this criteria will not always be

met. Informative priors may be impossible to obtain or the covariates defining the

subpopulations may be unknown, and in these cases, a subtler approach must be found.
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There has been a small but significant amount of work carried out with the assumption of an

ordinal-valued true disease status. This concept has clear relevance for modeling methods to

predict patients’ status along an unobserved risk spectrum, as this is a natural goal of clinical

medicine that has been largely ignored by studies of diagnostic accuracy [52]. Existing

methods for modeling ordinal-valued true status have approached this in a weak sense by

including only an intermediate category of ambiguous disease status and then applied a

threshold to lump all ambiguous cases into either the nondiseased or diseased subgroups to

study the effect this has upon estimates of test accuracy. While this may uncover more

information than a strictly binary disease model, in the same sense that ROC curves for

continuous-valued tests are an improvement over using a single threshold for binary testing,

it does not make full use of the concept of an ordinal disease variable. Furthermore, this

approach does not generalize to the case of categorical disease, such as in psychometric

testing or rheumatology, where multiple diseases can present with similar symptoms for

which the available tests are not always able to provide a unique diagnosis. If one is to

assess the accuracy of a test for schizophrenia, say, that can give ‘false positives’ by also

returning positive when the patient has bipolar disorder, then our latent disease variable has

three states of healthy, bipolar, and schizophrenia, but without an ordering between the two

disease states. Assessing the accuracy of such a test must take into account the differential

diagnosis because the two types of false positive, for healthy and bipolar subjects, should

not receive the same statistical treatment [258]. If the tests are continuous, then an ROC

(hyper)surface could be constructed by comparing accuracy of the test for all diseases as the

threshold varies. This will raise problems of interpretation when more than two diseases are

considered as the resulting hypersurface cannot be easily displayed.

Finally, extensive work is needed on the topics of screening designs and combinations of

tests. The existing publications on screening focus on choice of assumptions necessary to the

model the partially verified data provided by these designs. Little work has been carried out

by models that do not assume full verification to determine optimal frequency of screening

or by improving prediction through weighted combinations of tests. The latter issue has been

considered at length in the genetic biomarker literature under the assumption of full

verification [259-261] but has not fully explored in the absence of full verification.
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Figure 1.
Threshold determines false positive and negative rates.
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Figure 2.
Two ROC curves.
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Figure 3.
A typical screening design.
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