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Abstract In this paper, input-to-state stability problems

for a class of recurrent neural networks model with mul-

tiple time-varying delays are concerned with. By utilizing

the Lyapunov–Krasovskii functional method and linear

matrix inequalities techniques, some sufficient conditions

ensuring the exponential input-to-state stability of delayed

network systems are firstly obtained. Two numerical

examples and its simulations are given to illustrate the

efficiency of the derived results.

Keywords Exponential input-to-state stability (exp-ISS) �
Recurrent neural networks � Multiple time-varying delays

Introduction

The latest few decades have witnessed the use of neural

networks in many real-world applications and have offered

an attractive paradigm for a broad range of adaptive

complex systems. Due to its wide applications in various

areas such as pattern classification, associative memory,

parallel computation, optimization, moving object speed

detection and so on, recurrent neural networks (RNNs)

have been extensively studied by researchers in recent

years (see, e.g., (Hopfield 1984; Hopfield and Tank 1986;

Grujiá and Michel 1991; Matsouka 1992; Arik 2000; En-

sari and Arik 2005; Zhang et al. 2008; Wu et al. 2008,

2010; Huang et al. 2012; Huang and Feng 2009; Ahn

2010a; Liu and Cao 2010; Ahn 2010b, c, 2011a, b, 2012a,

b, c; Sanchez and Perez 1999; Zhu and Shen 2012) and

references therein). Since time-delay is unavoidably

encountered in implementation of RNNs and is frequently

a source of oscillation and instability, the stability of

delayed neural networks has become a topic of great the-

oretical and practical importance, and many interesting

results on stability in the Lyapunov sense have been

derived (see also e.g. (Arik 2000; Ensari and Arik 2005;

Zhang et al. 2008; Wu et al. 2008, 2010; Huang et al.

2012) and references therein).

It is well known that dynamical behaviors of neural

networks are often affected by disturbances such as control

inputs, external perturbations or errors on observation.

Some methods, e.g., H? control in Huang and Feng 2009

and Ahn 2010a and state estimation in Liu and Cao

2010and Ahn 2012a), were given to discuss the influence

of disturbances for the dynamical behaviors of the net-

works. Some dynamical properties such as robustness (see,

e.g.,Wu et al. 2010; Huang et al. 2012; Ahn 2012b), pas-

sivity (see Ahn 2011b, 2012c), input-to-state stability (see

Sanchez and Perez 1999; Ahn 2010b, 2011a, b, 2010c; Zhu

and Shen 2012) also are investigated for the networks with

disturbances. Among these properties, the input-to-state

stability (ISS) are widely accepted as an important tool to

check robust stability since the ISS properties imply not

only that the unperturbed system is asymptotically stable in

the Lyapunov sense but also that its behavior remains

Z. Yang (&)

Department of Mathematics, Key Laboratory for Optimization

and Control of Ministry of Education, Chongqing Normal

University, Chongqing 400047, China

e-mail: yangzhch@126.com

W. Zhou

Department of Mathematics, Chongqing Normal University,

Chongqing 400047, China

e-mail: zhouweisong9@163.com

T. Huang

Texas A&M University at Qatar, PO Box 23874, Doha, Qatar

e-mail: tingwen.huang@qatar.tamu.edu

123

Cogn Neurodyn (2014) 8:47–54

DOI 10.1007/s11571-013-9258-9



bounded when its inputs are bounded. It also offers an

effective way to tackle the stabilization of nonlinear control

in the presence of various uncertainties arising from control

engineering applications. The concept of ISS is firstly

introduced in nonlinear control systems by Sontag (1989,

1990), and the various extension of ISS such as integral

input-to-state stability (i-ISS), finite-time input-to-state

stability and exponential input-to-state stability (exp-ISS)

have been investigated for nonlinear control systems (see

also Sontag and Wang 1995; Angeli et al. 2000; Jiang and

Wang 2001; Hong et al. 2010; Yang and Zhou 2012a,

2012b)). Due to these research background, the ISS prop-

erties of neural networks are investigated in recent years.

For example, Sanchez and Perez (1999) firstly investigated

the ISS properties and gave some matrix norm conditions

on ISS for RNNs. Ahn (2010b) proposed passivity-based

learning law to investigate the ISS for a class of switched

Hopfield neural networks with time delay. Also in Ahn

(2011a), by employing a suitable Lyapunov function, a

new sufficient condition is derived to guarantee ISS of

Takagi-Sugeno fuzzy Hopfield neural networks with time-

delay. Moreover, some LMI sufficient conditions have

been proposed to guarantee the ISS by utilizing Lyapunov

function method in Ahn (2011b). In Zhu and Shen (2012),

two new results on input-to-state stability of recurrent

neural networks with time-varying delays are given.

However, to the best of the authors knowledge, there are

few results on the exp-ISS for RNNs with multiple time-

varying delays, while it attains a much faster convergence

rate.

Motivated by the above discussions, we firstly study

exp-ISS properties of RNNs with multiple time-varying

delays in this paper. By using Lyapunov–Krasovskii

functional technique, two sufficient conditions ensuring

exp-ISS are given in terms of LMIs for the delayed neural

networks and the exponential convergence rate is esti-

mated. We also provide two illustrative examples to

demonstrate the effectiveness of the proposed results.

Mathematical model and preliminaries

Let Rn denote the n—dimensional Euclidean space, Rn 9 n

be the set of all n 9 n real matrices , I denote the element

matrix. |�| denotes the usual Euclidean norm, or the induced

Euclidean norm of a matrix. Let BT, B-1, kmax(B),

kmin(B) and kBk2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kmaxðBT BÞ
p

denote the transpose, the

inverse, the largest eigenvalue, the smallest eigenvalue,

and the Euclidean norm of a square matrix B, respectively.

The notation P [ 0(C 0) means that P is real symmetric

and positive definite (positive semi-definite). The notion

X [ Y (X C Y), where X and Y are symmetric matrices,

means that X - Y is positive define (positive semi-

definite).

Let s[ 0. Denote by C([ -s, 0], Rn) (or simply denote

by C) the family continuous functions mapping the interval

[ -s,0] into Rn with the norm of an element in C by

k/ks ¼ sup
�s�#� 0

j/ð#Þj. The set of all measurable locally

essentially bounded functions u:R?? Rn, endowed with

(essential) supremum norm kuk1 ¼ supfjuðtÞj; t� 0g, is

denoted by L?
m . We recall that a function c:R?? R? is a

K—function if it is continuous, strictly increasing, and

c(0) = 0; it will be a K?—function if it is a K—function

and also c(s)?? as s ??. A function b:R? 9 R? ? R?

is a KL—function if for each fixed t C 0 the function

b(�, t) is a K—function, and for each fixed s C 0, it is

decreasing to zero as t? ?.

In this paper, we consider the following recurrent neural

networks with multiple time-varying delays:

dxiðtÞ
dt
¼� cixiðtÞ þ

X

n

j¼1

aijfjðxjðtÞÞ

þ
X

N

k¼1

X

n

j¼1

b
ðkÞ
ij fjðxjðt � skjðtÞÞÞ þ uiðtÞ; ð1Þ

where i = 1, 2, …, n, x(t) = (x1(t), x2(t), …, xn(t))T is

the neuron state vector, n is the number of neurons,

C = diag{c1, c2, …, cn} with ci [ 0, A = (aij)n 9 n [
Rn 9 n and Bk = (bij

(k))n 9 n are the connection weight

matrix and delayed connection weight matrix, respectively,

N denotes the number of delayed connection matrices,time

delay skj(t) C 0, f(x(t)) = (f1(x1(t)), f2(x2(t)), …, fn(xn(t)))T,

f(x(t - sk(t))) = (f1(x1(t - sk1(t))), f2(x2(t - sk2(t))), …, fn
(xn(t - skn(t))))T, k = 1, 2, …, N, j = 1, 2, …, n, and

u(t) = (u1(t), u2(t), …, un(t))T denotes the external

input signal to neurons. For convenience, (1) can be

rewritten as

dxðtÞ
dt
¼� CxðtÞ þ Af ðxðtÞÞ

þ
X

N

k¼1

Bkf ðxðt � skðtÞÞÞ þ uðtÞ: ð2Þ

In the network system, the external input signal u(t) is

likely to time-varying even unknown, but its varying rang

can be estimated. In this case, it is interesting to investigate

the properties of ISS or exp-ISS defined below.

Definition 2.1 The delayed recurrent neural networks of

(2) is said to be input-to-state stable if there exists a KL—

function b: R? 9 R? ? R? and a K—function c(�) such

that the solution x(t;n, u(t)) satisfies

jxðt; n; uðtÞÞj � bðknks; tÞ þ cðkuk1Þ; ð3Þ

for any n [ C, u(t) [ L?
m and t C 0.
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Definition 2.2 The delayed recurrent neural networks of

(2) is said to be exp-ISS, if there exists a k[ 0 and

two K—functions b, c such that the solution x(t;n, u(t))

satisfies

jxðt; n; uðtÞÞj � bðknksÞe�kt þ cðkuk1Þ; ð4Þ

for any n [ C, u(t) [ L?
n and t C 0.

Clearly, exp-ISS implies ISS. To obtain the exp-ISS

properties, we need the following basic lemmas involving

linear matrix inequalites (LMIs).

Lemma 2.3 (Zhang et al. 2008) Let X and Y be two real

vectors with appropriate dimensions, and let Q and P be

two matrices with appropriate dimensions, where Q [ 0.

Then, for any two positive constants m [ 0 and l [ 0, the

following inequality holds

�mXTQX þ 2lXTPY � l2YTPTðmQÞ�1PY :

Lemma 2.4 (Horn and Johnson 1991) Given any matrix

X, Y, and K with appropriate dimensions such that K ¼
KT [ 0 and any scalar e[ 0, then

XT Y þ YT X� eXTKX þ 1

e
YTK�1Y :

Main results

In this section, two sufficient conditions ensuring the

exponential input-to-state stability property are presented

for the neural network system (2).

In order to obtain our main results, we always suppose

that

(A1). there exists hj [ 0 such that 8h; q 2 R; 0�
fjðhÞ�fjðqÞ

h�q � hj, and fj(0) = 0, j = 1, 2, …, n.

(A2). 0� skjðtÞ� sjðtÞ\s; 0� _skjðtÞ� lkj\1; k ¼ 1; 2;

. . .;N; j ¼ 1; 2; . . .; n.

The above assumption (A 1) can be satisfied for some

typical sigmoid activation functions, for example, fiðxiÞ ¼
ai

1þe�bixi
given in (Matsouka 1992).

Theorem 1 Let (A1) and (A2) hold. Then the delayed

neural network of (2) is exponentially input-to-state stable

if there exist L = diag{l1, l2, …, ln} [ 0 and

Qk = diag{qk1, qk2, …, qkn} [ 0, k = 1, 2, …, N, satisfy

G :¼LAþ AT L� 2LCD�1

þ
X

N

k¼1

1

ck

LBkQ�1
k BT

k Lþ Qk

� �

\0;
ð5Þ

where ck ¼ min
1� j� n

ð1� lkjÞ;D ¼ diagfh1; h2; . . .; hng.

Proof Let Pk = diag{pk1, pk2, …, pkn} satisfy

Pk � 2NBT
k Bk� 0: ð6Þ

From (5), we choose a constant a[ 0 and a small enough

e [ 0 satisfying

aGþ AT Aþ
X

N

k¼1

1

1� l
Pk þ eaI\0; ð7Þ

and

� 1

2
þ �þ �qþ

X

N

k¼1

ðaqki þ
pkj

1� l
Þh2

i �se�s� 0; ð8Þ

where

q :¼ max
1� i� n

ðci þ alihiÞ[ 0;

0\l :¼ sup
1� k�N

max
1� j� n

ðlkjÞ\1:

h

Construct a positive definite and radically unbound

Lyapunov functional

VðxðtÞ; tÞ ¼xTðtÞCxðtÞ þ 2a
X

n

i¼1

li

Z

xiðtÞ

0

fiðsÞds

þ
X

N

k¼1

X

n

j¼1

1

1� l

Z

t

t�skjðtÞ

pkjf
2
j ðxjðsÞÞds

2

6

4

þa
Z

t

t�skjðtÞ

qkjf
2
j ðxjðsÞÞds

3

7

5

:

ð9Þ

The derivative of (9) along the trajectories of (2) is

obtained as follows:

_VðxðtÞ; tÞ jð2Þ � 2xTðtÞC½�CxðtÞ þ Af ðxðtÞÞ

þ
X

N

k¼1

Bkf ðxðt � skðtÞÞÞ þ uðtÞ�

þ 2af TðxðtÞÞL½�CxðtÞ þ Af ðxðtÞÞ

þ
X

N

k¼1

Bkf ðxðt � skðtÞÞÞ þ uðtÞ�

þ
X

N

k¼1

½ 1

1� l
f TðxðtÞÞPkf ðxðtÞÞ

� f Tðxðt � skðtÞÞÞPkf ðxðt � skðtÞÞÞ
þ af TðxðtÞÞQkf ðxðtÞÞ
� ackf Tðxðt � skðtÞÞÞQkf ðxðt � skðtÞÞÞ�:

ð10Þ

From Lemma 2.3 and (6), we have
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� xTðtÞCCxðtÞ þ 2xTðtÞCAf ðxðtÞÞ
� f TðxðtÞÞATAf ðxðtÞÞ;

� 1

N
xTðtÞCCxðtÞ þ 2xTðtÞCBkf ðxðt � skðtÞÞÞ

� 2Nf Tðxðt � skðtÞÞÞBT
k Bkf ðxðt � skðtÞÞÞ

� f Tðxðt � skðtÞÞÞPkf ðxðt � skðtÞÞÞ;
� ackf Tðxðt � skðtÞÞÞQkf ðxðt � skðtÞÞÞ
þ 2af TðxðtÞÞLBkf ðxðtÞÞ

� a
ck

f TðxðtÞÞLBkQ�1
k BT

k Lf ðxðtÞÞ: ð11Þ

According to (A1), then

�af TðxðtÞÞLCxðtÞ� � af TðxðtÞÞLCD�1f ðxðtÞÞ: ð12Þ

Using Lemma 2.4 with e[ 0 given in (7) and (8), we have

2xTðtÞCuðtÞ� exTðtÞxðtÞ þ uTðtÞCCuðtÞ
e

; ð13Þ

2f TðxðtÞÞLuðtÞ� ef TðxðtÞÞf ðxðtÞÞ þ uTðtÞL2uðtÞ
e

: ð14Þ

Substituting (11)–(14) into (10), we obtain

_VðxðtÞ; tÞ jð2Þ � f TðxðtÞÞ½AT Aþ
X

N

k¼1

1

1� l
Pk

þ
X

N

k¼1

aQk þ 2aLAþ
X

N

k¼1

a
ck

LBkQ�1
k BT

k L

� 2aLCD�1 þ eaI�f ðxðtÞÞ

� ð1
2
� �ÞxTðtÞxðtÞ þ 1

e
uTðtÞðC2 þ aL2ÞuðtÞ

� g�jf ðxðtÞÞj2 � ð1
2
� �ÞjxðtÞj2 þ n�juðtÞj2;

ð15Þ

where n� :¼ max
1� i� n

1
e ðc2

i þ al2
i Þ; g� :¼ �kmaxðaGþ AT Aþ

P

N

k¼1

1
1�l Pk þ eaIÞ, and n *, g* [ 0 from (7).

Then, deriving the derivative of ee tV(x(t), t), we get

dðe�tVðxðtÞ; tÞÞ
dt

jð2Þ¼�e�tVðxðtÞ; tÞ þ e�t _VðxðtÞ; tÞ jð2Þ

� �e�tfxTðtÞCxðtÞ þ 2a
X

n

i¼1

li

Z

xiðtÞ

0

fiðsÞds

þ
X

N

k¼1

X

n

j¼1

½ 1

1� l

Z

t

t�skjðtÞ

pkjf
2
j ðxjðsÞÞds

þ a
Z

t

t�skjðtÞ

qkjf
2
j ðxjðsÞÞds�g

þ e�t½�g�jf ðxðtÞÞj2 � ð1
2
� �ÞjxðtÞj2 þ n�juðtÞj2�:

Since

2
X

n

i¼1

li

Z

xiðtÞ

0

fiðsÞds� xTðtÞLDxðtÞ;

then

dðe�tVðxðtÞ; tÞÞ
dt

jð2Þ � e�t½�g�jf ðxðtÞÞj2

þ
X

n

i¼1

ð�ðg� � �Þ þ �ðci þ alihiÞÞjxiðtÞj2

þ
X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

j e
Z

t

t�sjðtÞ

jxjðsÞÞj2dsÞ

þ n�juðtÞj2�:

when t C s, integrating both sides of (16), we can obtain

e�tVðxðtÞ; tÞ�Vðxð0Þ; 0Þ � g�
Z

t

0

e�sjf ðxðsÞÞj2ds

� ð1
2
� �� �qÞ

Z

t

0

e�sjxðsÞj2ds

þ
X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

j �

Z

t

0

e�s
Z

s

s�s

jxjðfÞj2dfds

þ n�
Z

t

0

e�sjuðsÞj2ds:

ð16Þ

By exchanging the integrals, we have

X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

j �

Z

t

0

e�s
Z

s

s�s

jxjðfÞj2dfds

¼
X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

j �

�
Z

t

�s

jxjðfÞj2
Z

minðt;fþsÞ

maxð0;fÞ

e�sdsdf

�
X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

i �

Z

t

�s

se�ðfþsÞjxjðfÞj2df

�
X

N

k¼1

X

n

j¼1

½ðaqkj þ
pkj

1� l
Þh2

j �se�s
Z

0

�s

jxjðsÞj2ds

þ ðaqkj þ
pkj

1� l
Þh2

j �se�s
Z

t

0

e�sjxjðsÞj2ds�: ð17Þ
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Substituting (17) into (16), when t C s, then we have

e�tVðxðtÞ; tÞ�Vðxð0Þ; 0Þ � g�
Z

t

0

e�sjf ðxðsÞÞj2ds

þ
X

n

i¼1

½� 1

2
þ �þ �qþ

X

N

k¼1

ðaqki þ
pki

1� l
Þh2

i �se�s�

�
Z

t

0

e�sjxiðsÞj2ds

þ
X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þ � h2

j �se�s
Z

0

�s

jxjðsÞj2ds

þ n�
Z

t

0

e�sjuðsÞj2ds:

From g* [ 0 and (8),

VðxðtÞ; tÞ� ½
X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

j �se�s
Z

0

�s

jxjðsÞj2ds

þ xTð0ÞCxð0Þ þ 2a
X

n

i¼1

li

Z

xið0Þ

0

fiðsÞds

þ
X

N

k¼1

X

n

j¼1

1

1� l

Z

0

�skjð0Þ

pkjf
2
j ðxjðsÞÞds

þ
X

N

k¼1

X

n

j¼1

a
Z

0

�skjð0Þ

qkjf
2
j ðxjðsÞÞds

þ
X

n

i¼1

n�
Z

t

0

e�sjuiðsÞj2ds�e��t

� ½
X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

j �se�s
Z

0

�s

jxjðsÞj2ds

þ
X

n

i¼1

qijxið0Þj2

þ
X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

j

Z

0

�sjð0Þ

jxjðsÞj2ds�e��t

þ nn�

�
kuk2

1:

According to the definition of V(x(t), t), then we have

jxðtÞj2� ½q
c�
jxð0Þj2

þ 1

c�

X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

j �se�s
Z

0

�s

jxjðsÞj2ds

þ 1

c�

X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

j

Z

0

�sjð0Þ

jxjðsÞj2ds�e��t

þ nn�

c��
kuk2

1;

where c� ¼ min
1� i� n

ci. This implies that

jxðtÞj � e�
�
2
t½ q

c�
jxð0Þj2

þ 1

c�

X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

j �se�s
Z

0

�s

jxjðsÞj2ds

þ 1

c�

X

N

k¼1

X

n

j¼1

ðaqkj þ
pkj

1� l
Þh2

j

Z

0

�sjð0Þ

jxjðsÞj2ds��
1
2

þ
ffiffiffiffiffiffiffi

nn�

c��

r

kuk1:

Defining the following functions:

bðrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

c�

X

N

k¼1

X

n

j¼1

h2
j ðaqkj þ

pkj

1� l
Þð�se�s þ 1Þ þ qr

c�

v

u

u

t ;

cðrÞ ¼r

ffiffiffiffiffiffiffi

nn�

c��

r

:

Clearly, bð�Þ; cð�Þ are K—functions. Let k ¼ e
2
; then we

have

jxðtÞj � bðknksÞe�kt þ cðkuk1Þ: ð18Þ

From the definition, the delayed recurrent neural network

(2) is exponentially input-to-state stable. The proof is

complete.

Remark 1. Theorem 1 reduces to sufficient condition

ensuring exponential stability of the zero solution for

delayed recurrent neural network (2) when the input

u(t) = 0.

Remark 2. Recently, some results on ISS or IOSS were

obtained in (Sanchez and Perez 1999; Ahn 2010b, 2011a, b,

2010c). However, these results were restricted to non-delay

or constant delay. In contrast to the results (Sanchez and

Perez 1999; Ahn 2010b, 2011a, b, 2010c), we consider

dynamical neural networks with multiple time-varying

delays which may be more accurate to describe the evolu-

tionary process in some real systems. Furthermore, we

firstly investigates the exp-ISS of the RNNs, which attains a

much faster convergence rate. In fact, an estimation of the

exponential convergence rate � can be given by (7) and (8).

Theorem 2: Let (A1) and (A2) hold. Then delayed

neural network of (2) is exp-ISS if there exist positive

diagonal matrices D ¼ diagfd1; d2; . . .; dng;Pk ¼ diagfpk1;

pk2; . . .; pkng;Qk ¼ diagfqk1; qk2; . . .; qkng; k ¼ 1; 2; . . .;N,

such that

ci � 2
X

N

k¼1

pki [ 0; i ¼ 1; 2; . . .; n; ð19Þ
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X :¼DAþ AT D� 2DCD�1

þ
X

N

k¼1

ð 1
ck

DBkP�1
k BT

k Dþ QkÞ\0;
ð20Þ

where

ck ¼ min
1� j� n

ð1� lkjÞ;

D ¼diagfh1; h2; . . .; hng;
Qk ¼diagfqk1; qk2; . . .; qkng[ BT

k P�1
k Bk:

ð21Þ

Proof We construct a Lyapunov functional

VðxðtÞ; tÞ ¼xTðtÞxðtÞ þ 2a
X

n

i¼1

di

Z

xiðtÞ

0

fiðsÞds

þ
X

N

k¼1

X

n

j¼1

1

s

Z

0

�skjðtÞ

Z

t

tþh

pkjx
2
j ðsÞdsdh

þ
X

N

k¼1

X

n

j¼1

ðaþ 1

1� l
Þ
Z

t

t�skjðtÞ

qkjf
2
j ðxjðsÞÞds;

where l ¼ sup
1� k�N

f max
1� j� n

lkjg. The remain proof is similar

with one of Theorem 1 and we omit it here. h

Illustrative examples

In this section, some examples are demonstrated to show

the efficiency of the criteria derived in the Section 3.

Example 1 Consider the delayed neural networks (2) with

parameters C ¼ 1 0

0 2

� �

; A ¼ 1 �1

�0:5 2

� �

; B1 ¼

B2 ¼
0:1 0:5
0:2 0:4

� �

, where f1ð#Þ ¼ 3ðj#þ1j�j#�1jÞ
20

; f2ð#Þ ¼
ðj#þ1j�j#�1jÞ

5
; # 2 R; s11ðtÞ ¼ s12ðtÞ ¼ et

1þet ; s21ðtÞ ¼ s22

ðtÞ ¼ t
2þt
; t� 0; u1ðtÞ ¼ sin et; u2ðtÞ ¼ cos et: Obviously,

h1 ¼ 0:3; h2 ¼ 0:4; i:e:D ¼ 0:3 0

0 0:4

� �

; 0� _sðtÞ� 0:5.

Using MATLAB, we can choose

L ¼
1:1 0

0 0:8

� �

; P1 ¼ P2 ¼
0:5 0

0 1:2

� �

;

Q1 ¼ Q2 ¼
1:1 0

0 1:5

� �

:

It follows from Theorem 1 that the delayed neural

networks (2) with N = 2 are exponentially input-to-state

stable. Taking the initial condition x1ðsÞ ¼ �0:5;

x2ðsÞ ¼ 0:5; s 2 ½�1; 0�, we give the simulation results of

Example 1 in Fig. 1, 2, 3. Figure 1 shows the time

responses and Fig. 2 shows the phase graph of the system

(2), which illustrates the feature of ISS that its behavior

remains bounded when its inputs are bounded for the

delayed neural networks. Furthermore, when u(t) = 0,

Fig. 3 shows the global exponential stability of the origin

for the networks.

Example 2 Consider the delayed neural networks (2) with

N = 2 described by C ¼ 3 0

0 4

� �

; A ¼ 2 1

�1 �1

� �

;

B1 ¼ B2 ¼
0:2 0

0 0:3

� �

, where f1ð#Þ ¼ tanh# ¼ ðe
#�e�#Þ
ðe#þe�#Þ ;

f2ð#Þ ¼ ðj#þ1j�j#�1jÞ
2

; # 2 R; sijðtÞ ¼ 1� 1
2ðiþjÞ e

�t; i ¼
1; 2; j ¼ 1; 2; t� 0; u1ðtÞ ¼ sin t5; u2ðtÞ ¼ cos t3: Obvi-

ously, h1 ¼ h2 ¼ 1; i:e:D ¼ 1 0

0 1

� �

; 0� _sðtÞ� 1.

Using MATLAB, we can choose D, Pi, Qi, i = 1, 2, as

follows:

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3
−0.3

−0.2
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0

0.1

0.2

0.3

0.4

0.5

0.6

x
1

x 2

Fig. 2 The phase graph of the neural networks in Example 1
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Fig. 1 The time responses of the neural networks in Example 1
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D ¼ 0:56 0

0 0:85

� �

; P1 ¼ P2 ¼
0:54 0

0 0:46

� �

;Q1

¼ Q2 ¼
0:08 0

0 0:20

� �

:

From Theorem 2, we can say that the delayed neural

networks (2) with N = 2 are exponentially input to stable.

Taking the initial condition x1ðsÞ ¼ 0:6; x2ðsÞ ¼
�0:2; s 2 ½�1; 0�, we give the simulation results of

Example 1 in Fig. 4-6. Figure 4 shows the time responses

and Fig. 5 shows the phase graph of the system (2), which

illustrates the feature of ISS that its behavior remains

bounded when its inputs are bounded for the delayed neural

networks. Furthermore, when u(t) = 0, Fig. 6 shows the

global exponential stability of the origin for the networks.

However, the above results cannot be obtained by using

criteria on ISS in existing publications (e.g., Sanchez and

Perez 1999; Ahn 2010b, 2011a, b, 2010c; Zhu and Shen

2012).

Acknowledgments The work is supported partially by National

Natural Science Foundation of China under Grant No.10971240,

National Priority Research Project of Qatar under Grant No.4-451-2-

168 and No.4-1162-1-181, Key Project of Chinese Education Min-

istry under Grant No.212138, the Program of Chongqing Innovation

Team Project in University under Grant No.KJTD201308, Natural

Science Foundation of Chongqing under Grant CQ CSTC

2011BB0117, Foundation of Science and Technology project of

Chongqing Education Commission under Grant KJ120630. We also

would like to thank the referee for valuable suggestions.

References

Ahn CK (2010a) An H? approach to stability analysis of switched

Hopfield neural networks with time-delay. Nonlinear Dyn 60(4):

703–711

Ahn CK (2010b) Passive learning and input-to-state stability of

switched Hopfiled neural networks with time-delay. Inf Sci 180:

4582–4594

0 2 4 6 8 10
−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

t

x l, x
2

Fig. 6 The time responses of the neural networks with u(t) = 0 in

Example 2

0 50 100 150 200
−0.5

0

0.5

1

t

 x
1

0 50 100 150 200
−0.4

−0.2

0

0.2

0.4

t

 x
2

Fig. 4 The time responses of the neural networks in Example 2

−0.4 −0.2 0 0.2 0.4 0.6
−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25

x
1

x 2

Fig. 5 The phase graph of the neural networks in Example 2

0 5 10 15 20 25
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

t

x

x
2

x
1

Fig. 3 The time responses of the neural networks with u(t) = 0 in

Example 1

Cogn Neurodyn (2014) 8:47–54 53

123



Ahn CK (2010c) L2 � L1 nonlinear system identification via

recurrent neural networks. Nonlinear Dyn 62:543–552

Ahn CK (2011a) Some new results on stability of Takagi-Sugeno

fuzzy Hopfield neural networks. Fuzzy Sets Syst 179: 100–111

Ahn CK (2011b) Robust stability of recurrent neural networks with

ISS learning algorithm. Nonliear Dyn 65:413–419

Ahn CK (2012a) Switched exponential state estimation of neural

networks based on passivity theory. Nonlinear Dyn 67(1):

573–586

Ahn CK (2012b) Linear matrix inequality optimization approach to

exponential robust filtering for switched Hopfield neural net-

works. J Optim Theory Appl 154 (2): 573–587

Ahn CK (2012c) An error passivation approach to filtering for

switched neural networks with noise disturbance. Neural Comput

Appl 21 (5): 853–861

Angeli D, Sontag ED, Wang Y (2000) A characterization of integral

input to state stability. IEEE Trans Automat Contr 45:

1082–1097

Arik S (2000) Stability analysis of delayed neural networks. IEEE

Trans Cricuits Syst I: Fund Theory Appl 47: 1089–1092

Ensari T, Arik S (2005) Global stability analysis of neural networks

with multiple time-varying delays. IEEE Trans Autom Contr 50:

1781–1785
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