
Model for the dynamics of a spherical bubble undergoing small
shape oscillations between parallel soft elastic layers

Todd A. Hay,a) Yurii A. Ilinskii, Evgenia A. Zabolotskaya, and Mark F. Hamilton
Applied Research Laboratories, The University of Texas at Austin, Austin, Texas 78713–8029

(Received 18 June 2012; revised 25 November 2012; accepted 29 November 2012)

A model is developed for a pulsating and translating gas bubble immersed in liquid in a channel

formed by two soft, thin elastic parallel layers having densities equal to that of the surrounding

liquid and small, but finite, shear moduli. The bubble is nominally spherical but free to undergo

small shape deformations. Shear strain in the elastic layers is estimated in a way which is valid for

short, transient excitations of the system. Coupled nonlinear second-order differential equations are

obtained for the shape and position of the bubble, and numerical integration of an expression for

the liquid velocity at the layer interfaces yields an estimate of the elastic layer displacement.

Numerical integration of the dynamical equations reveals behavior consistent with laboratory

observations of acoustically excited bubbles in ex vivo vessels reported by Chen et al. [Phys. Rev.

Lett. 106, 034301 (2011) and Ultrasound Med. Biol. 37, 2139–2148 (2011)].
VC 2013 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4812864]
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I. INTRODUCTION

The interaction of oscillating gas bubbles with nearby

surfaces in liquid has been of interest for nearly a century,1

and while early work was motivated by cavitation damage

on ship propellers,2 recent clinical interest in the interaction

of gas or encapsulated bubbles with biological media for

the purposes of imaging, gene or drug delivery, and tissue

ablation has motivated many experimental and theoretical

efforts. Each of these applications depends on a thorough

understanding of how the dynamics of the bubbles and the

tissue are related. In the present work an analytical model is

developed which describes the shape and translational

motion of a bubble in a channel formed by two parallel

tissue-like layers. The motion of the elastic layers is also

considered.

It is known theoretically, and has been confirmed exper-

imentally, that bubbles oscillating near rigid surfaces tend to

translate and form jets toward the interface,2,3 while bubbles

oscillating near a free surface normally do so away from

the interface (if buoyancy forces are sufficiently small).4–7

Between these two extremes, the translational dynamics of

bubbles oscillating near compliant interfaces are much more

nuanced and depend on a number of factors.8,9 With the cur-

rent expanding interest in using microbubbles to induce ther-

apeutic bioeffects in tissue there has also been interest in the

deformation of, and stresses induced within, adjacent tissue

due to the bubble motion. Previous experimental studies on

the dynamics of cells, lipid membranes, and tissue phantoms

in response to the motion of adjacent bubbles have

shown that deformation and damage of the materials may

occur.10–12 Several models have been proposed for compli-

ant planar interfaces,13–17 rigid and compliant cylindrical

interfaces,18,19 and other geometries.20–22 However, these

studies have chiefly focused on the radial dynamics of the

bubble, and not on the associated dynamics of the interface,

or have employed numerical methods23–27 which are more

flexible but less open to physical interpretation than the

approach presented here.

Until recently, observations of the transient dynamics of

microbubbles in tissue under conditions close to those used

in a clinical setting were not available. This is due to the dif-

ficulties involved in optically observing the motion of the

micron-sized bubbles inside tissue at megahertz frequencies.

The first study of microbubbles in biological microvessels

therefore relied on observing repeatable dynamics strobo-

scopically.28 In these experiments microbubbles were

observed to translate and form jets toward vessel walls, but

observations of the transient dynamics of the bubbles and

vessels remained elusive. Recently, however, experimental

observations of the translation and jetting of microbubbles,

and the accompanying vessel motion in response to transient

high-amplitude acoustic excitation in an ex vivo rat mesen-

tery model, have been reported by Chen et al.29,30 These

measurements have shown that the bubbles translate and

form jets toward the center of the vessel (away from the

wall) and that the associated vessel displacement is typically

asymmetric, with inward contraction (invagination) of the

vessel typically exceeding outward distention.

The development of the present analytical model, pre-

sented in Sec. II, is motivated by the unexpected nature of

these observations. While the observations of vessel motion

reported in Ref. 29 are qualitatively consistent with the

predictions of a modified Bernoulli relation proposed in the

supplemental material,29 in the present manuscript the aim is

for a physical understanding of the observed bubble dynam-

ics, and a quantitative comparison with the observed bubble

translation and vessel wall displacement. Although the

geometry of the experiment (thin sections of tissue contain-

ing cylindrical vessels) differs significantly from that of the

model, simulations presented in Sec. III show behavior
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which is consistent with the measurements published by

Chen et al.,29,30 and a quantitative agreement with measure-

ments of vessel motion and bubble translation is obtained.

II. THEORY

The geometry of the problem is presented in Fig. 1. Two

parallel elastic layers with shear moduli l1 and l2 are

immersed in an incompressible liquid, positioned perpendic-

ular to the z axis, and separated by a distance z2 � z1. The

layers have finite thicknesses h1 and h2 along the z axis, but

extend to infinity in the x–y plane. The densities of the liquid

and the layers are assumed to be equal and denoted by q. A

nominally spherical bubble is positioned along the z axis

between the two layers. Symmetry about the z axis may be

assumed due to the absence of any other surfaces, and the

surface of the bubble relative to its local spherical coordinate

system may be written as

rsðt; hÞ ¼ s0ðtÞP0ðcos hÞ þ
X1
n¼2

snðtÞPnðcos hÞ
" #

er; (1)

where t is time, er is a unit vector pointing outward from the

center of the bubble at an angle h with the z axis, Pn are

Legendre polynomials of order n, and snðtÞ are time-

dependent expansion coefficients. The monopole mode

amplitude s0, hereafter denoted R, corresponds to radial pul-

sation, while the remaining amplitudes sn for n 6¼ 1 account

for deformation of the bubble surface. The dipole mode

(n ¼ 1) corresponds to translation of the local coordinate

system and is therefore omitted from Eq. (1) but is included

in the velocity boundary condition @/=@rs presented in

Eq. (19).

Lagrange’s equation describing the dynamics of the

system is

d

dt

@L
@ _q

� �
¼ @L
@q

; (2)

where L ¼ K� V is the Lagrangian, K is the kinetic energy,

V is the potential energy, and q is a generalized coordinate.

In order to apply Eq. (2) we now proceed to calculate the

potential and kinetic energies of the system. In calculating

the energies and dynamical equations, it is assumed that the

amplitudes of the surface modes are small compared to the

radius, i.e., jsnj=R ¼ OðeÞ � 1 for n � 2. In the present

work terms up to order e2 are retained.

A. Potential energy

The potential energy consists of contributions from gas

compression, surface tension, and shear strain in the elastic

layers. That due to compression of the gas in the bubble is

Vg ¼ V P0 þ
Pg

c� 1

� �

¼ 4

3
pR3

e P0 þ
Pg

c� 1

� �
; (3)

where V is the bubble volume, Re ¼ ð3V=4pÞ1=3
is the effec-

tive radius of the bubble, c is the polytropic exponent, P0 is

the ambient pressure far from the bubble, and Pg is the pres-

sure of the gas in the bubble. Equation (3) can be derived by

recalling that PVc is constant for an ideal gas and integrating

Eq. (32) in Ref. 31. The potential energy due to surface

tension is given by Vr ¼ rS, where r is surface tension,

and32

S ¼ 4p R2
e þ

1

2

X1
n¼2

ðn� 1Þðnþ 2Þ
2nþ 1

s2
n

 !

¼ 4pR2
e 1þ 2

5

s2
2

R2
e

þ 5

7

s2
3

R2
e

 !
(4)

is the surface area of the bubble to order e2.

In order to calculate potential energy due to shear strain

in the elastic layers consider the displacement of a liquid ele-

ment initially located at distance ~r from the bubble center

when the bubble has volume ~V . If the bubble volume

changes to V this liquid element will be displaced to position

r, defined by the relationship

4p
3

r3 � 4p
3

~r3 ¼ V � ~V : (5)

In other words, the coordinates of the liquid element xi (at

bubble volume V) may be related to the coordinates ~xi (at

volume ~V ) by33

xi ¼
r

~r
~xi ¼

1

~r
ð~r3 þ DÞ1=3 ~xi ; (6)

where

D ¼ 3

4p
ðV � ~VÞ (7)

with r expressed in terms of ~r and D via Eq. (5).

After application of Eq. (6) the Cauchy-Green deforma-

tion tensor,

Gjj0 ¼
@xk

@~xj

@xl

@~xj0
dkl; (8)

may be expressed as

Gjj0 ¼ f 2
0 ð~rÞdjj0 þ

~xk~xj0

~r2
½f 2

1 ð~rÞ þ 2f0ð~rÞf1ð~rÞ�; (9)

where djj0 is the Kronecker delta function,

FIG. 1. Geometry and coordinate system for a spherical bubble with shape

perturbations at location z ¼ ZðtÞ between two elastic layers with shear

moduli l1 and l2 and thicknesses h1 and h2.
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f0ð~rÞ ¼
1

~r
ð~r3 þ DÞ1=3; (10)

f1ð~rÞ ¼ ~r
df0ð~rÞ

d~r
¼ � D

~rð~r3 þ DÞ2=3
: (11)

With Eq. (9) in hand, the Lagrangian strain tensor

Ejj0 ¼ 1
2
ðGjj0 � djj0 Þ is expressed as

Ejj0 ¼
1

2
½f 2

0 ð~rÞ � 1�djj0 þ
~xj~xj0

~r2
½f 2

1 ð~rÞ þ 2f0ð~rÞf1ð~rÞ�
� �

;

(12)

and the internal strain energy density in the jth elastic layer

may be calculated. In spherical coordinates the relevant

components of the strain tensor are

Err ¼
1

2
½f 2

0 ð~rÞ � 1þ f 2
1 ð~rÞ þ 2f0ð~rÞf1ð~rÞ�

’ � 2

3

D
~r3

þ OðD2Þ; (13)

Ehh ¼
1

2
½f 2

0 ð~rÞ � 1� ’ 1

3

D

~r3
þ OðD2Þ; (14)

E// ¼
1

2
½f 2

0 ð~rÞ � 1� ’ 1

3

D

~r3
þ OðD2Þ; (15)

and therefore the energy density is

wj ¼ ljðE2
rr þ E2

hh þ E2
//Þ

¼
2lj

3

R3
e

½j2 þ ðZ � zjÞ2�3=2
� R3

0

½j2 þ ðZ0 � zjÞ2�3=2

( )2

;

(16)

for j¼ 1, 2, where j2 ¼ ~x2 þ ~y2, Z0 is the initial position of

the bubble, and the definitions V ¼ 4
3
pR3

e and ~V ¼ 4
3
pR3

0

have been used. Equations (13)–(15) are valid when the dis-

tance between the bubble center and the layers is much

greater than the bubble radius. For very small offset distan-

ces the order D2 terms should be included, but these terms

are negligible for the cases considered here. The potential

energy in the jth layer is obtained by integrating the strain

energy density wj over the volume Vj of the layer, i.e.,

V j ¼
ð

Vj

wjdVj ¼ 2phj

ð1
0

wjjdj

¼
pljhj

3

R6
e

ðZ � zjÞ4

"

� 8R3
eR3

0

ðZ0 � zjÞ ðZ � zjÞ ðZ þ Z0 þ 2zjÞ2
þ R6

0

ðZ0 � zjÞ4

#
:

(17)

Note that if losses are ignored, the force acting on the jth
layer interface may be estimated as Fj ¼ �$V j.

Equation (17) is valid if the layers are sufficiently thin

such that the integrand wj can be considered constant over

the thickness of the layer. A Taylor series expansion of the

integrand shows that this condition will be satisfied if

3hj=jZ � zjj � 1. It is also worthwhile to note that contribu-

tions from shear and bending wave motion are neglected in

this model. Doing so is justified for short, transient excita-

tions because the bubble dynamics occur on a much shorter

time scale than the elastodynamics of the tissue. To be more

precise, the characteristic time scale of the bubble motion is

approximately tb ’ R0

ffiffiffiffiffiffiffiffiffiffi
q=Pg

p
, where Pg is the gas pressure

in the bubble. The characteristic time scale for shear waves

is ts ’ jZ � zjj=ct ¼ jZ � zjj
ffiffiffiffiffiffiffiffiffi
q=lj

q
, where ct ¼

ffiffiffiffiffiffiffiffiffi
lj=q

q
is

the shear wave speed. A quasistatic condition

tb=ts ¼ R0

ffiffiffiffiffiffiffiffiffiffiffiffi
lj=Pg

q
=jZ � zjj � 1, for which the elastodynam-

ics of the layers may be neglected, is satisfied for typical soft

tissue parameters and bubble offsets (e.g., lj � 10 kPa and

R0=jZ � zjj � 1
3
), in which case tb=ts � 0:1.

With the shear strain potential energy calculated the

total potential energy of the system may now be written as

V ¼ Vg þ Vr þ V1 þ V2: (18)

B. Kinetic energy

The motion of both the fluid and the elastic layers con-

tributes to the kinetic energy of the system. However, since

the layers are assumed to be incompressible with density

equal to that of the surrounding fluid, the kinetic energy of

both the fluid and the layers may be calculated by consider-

ing the motion of an unbounded irrotational and incompres-

sible fluid surrounding the bubble. The velocity potential /
of an incompressible and irrotational liquid must satisfy

Laplace’s equation, and the application of Green’s theorem

allows the kinetic energy to be written32

K ¼ � q
2

ð
s

/
@/
@rs

dS

¼ �pq
ðp

0

/½ _rs þ UP1ðcos hÞ� r2
s sin h dh;

(19)

where the overdot denotes differentiation with respect to

time, and U ¼ _Z is the translational velocity of the bubble.

The velocity potential of the fluid may be expressed as

/ ¼
X1
n¼0

anRnþ1

rnþ1
Pnðcos hÞ; (20)

where the coefficients an are given in Ref. 34, and repeated

here for convenience:

a0 ¼ H0; (21)

a1 ¼ �
1

2
R3U þ 3

10
R2s2U þ H1; (22)

an¼�
Rnþ1

nþ1
ð2sn

_Rþ _snRÞ

þ3nRnþ1U

2

snþ1

2nþ3
�ð1�d2nÞ

sn�1

2n�1

� �
þHn: (23)

In Eqs. (21)–(23)
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Hn ¼
Rn

nþ 1

X1
l;m¼2

_R
2Dnðl; mÞ

lþ 1
� ð2lþ 1ÞCnðl; mÞ

� �
slsm

�

þR
Dnðl; mÞ

lþ 1
� ðlþ 2ÞCnðl; mÞ

� �
_slsm

�
; (24)

Clðm; nÞ is related to the Clebsch-Gordan coefficient

ðnm00jnml0Þ as Clðm; nÞ ¼ ðnm00jnml0Þ2, and

Dlðm; nÞ ¼ nðnþ 1Þ
2nþ 1

XM
k¼1

ð2m� 4k þ 2Þ

� ½Clðn� 1; m� 2k þ 1Þ
� Clðnþ 1; m� 2k þ 1Þ�; (25)

where M ¼ m=2 for m even and ðmþ 1Þ=2 for m odd.

The kinetic energy may now be calculated by substituting

Eq. (20) into Eq. (19) and integrating over h. The focus of the

present work is a qualitative description of bubble shape de-

formation, including the onset of jetting. Accounting for the

latter requires retention of at least one spherical harmonic in

Eq. (1) that is antisymmetric about h ¼ p=2, the first of which

is the octupole mode (n ¼ 3). Therefore Eqs. (1) and (20) are

truncated at n ¼ 3 to obtain, after substitution in Eq. (19),

K¼2pR2 R _R
2þ1

6
RU2þR

_s2
2

15
þ _s2

3

28

� �
�U2

10
s2

�

þ _R
2

3
s2 _s2þ

3

7
s3 _s3

� �
� U

35
2s3 _s2þ

3

2
s2 _s3

� �

þ s2
2

5R

1

3
_R

2þ27

35
U2

� �
þ s3U

35R
11s2

_Rþ9

7
s3U

� ��
;

(26)

for the kinetic energy to order �2. Since the potential energy

is expressed in terms of the effective radius the kinetic

energy should also be expressed in terms of Re. To this end,

the expression for the bubble volume,

V ¼ 2p
3

ðp

0

r3
s sin hdh (27)

¼ 4p
3

R3 1þ 3

R2

s2
2

5
þ s2

3

7

� �� �
þ Oð�3Þ; (28)

may be used to express the monopole amplitude R to order

�2 in terms of the effective radius as32

R ¼ Re �
1

Re

X1
n¼2

s2
n

2nþ 1

¼ Re �
1

Re

s2
2

5
þ s2

3

7

� �
; (29)

which is substituted into Eq. (26).

C. Dynamical equations

With the kinetic and potential energies in hand the

Lagrangian L ¼ K� V may be calculated, and Eq. (2)

applied to obtain the dynamical equations. The dynami-

cal equation describing the effective radius of the bub-

ble is obtained by substituting q ¼ Re into Eq. (2),

yielding

Re
€Re þ

3

2
_R

2

e ¼
Pl

q
þ 1

4
U2 þ 1

2

s2
2

3
þ s2

3

4

� �
þ s2€s2

15
þ s3€s3

14
þ

€Re

Re

2

15
s2

2 þ
1

7
s2

3

� �

þ
_R

2

e

R2
e

s2
2

15
þ s2

3

14

� �
þ 2 _Re

Re

2

15
s2 _s2 þ

s3 _s3

7

� �
� 11

70

s2s3

Re

_U

� U

Re

1

5
s2 _s3 þ

3

14
_s2s3

� �
� U2

10Re
s2 þ

17

98

s2
3

Re
� 19

70

s2
2

Re

� �

�
X2

j¼1

bj

2

R3
e

ðZ � zjÞ4
� 4R3

0

ðZ0 � zjÞ ðZ � zjÞ ðZ0 þ Z � 2zjÞ2

" #
; (30)

where bj ¼ ljhj=q is a parameter depending only on the ma-

terial properties and thickness of each elastic layer. The pres-

sure Pl in the liquid at the bubble wall is

Pl ¼ P0 þ
2r
R0

� �
R0

Re

� �3c

� 2r
Re
� 4�

_Re

Re
� pacðtÞ; (31)

where � is the kinematic shear viscosity of the liquid, and

pac is an external acoustic pressure. Models for the dynam-

ics of encapsulated ultrasound contrast agents are readily

obtained by substituting an appropriate expression for Pl

accounting for the bubble shell35–37 into Eq. (30). Viscous

dissipation is taken into account for the effective radius

by the term proportional to � in Eq. (31), and is included

ad hoc.

The dynamical equation for translation is obtained by

substituting q ¼ Z in Eq. (2), which gives

2pqR2
e

1

3
Re

_U þ _ReU

� �
¼ F; (32)
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where

F ¼ 2pq �6�ReU þ R2
e

5
s2

_U þ _s2U þ 3

14
s2€s3 þ

2

7
s3€s2 þ

1

2
_s2 _s3

� �
�

_URe

35

19

5
s2

2 þ
17

7
s2

3

� �(

þ 2URe

5
s2

_Re þ
17

49
s3 _s3 �

19

35
s2 _s2

� �
�

_ReU

35

19

5
s2

2 �
17

7
s2

3

� �
� 11

35
s2s3Re

€Re þ
_R

2

e

Re

 !
�

_ReRe

5

8

7
s2 _s3 þ _s2s3

� �

þ 2R3
e

3

X2

j¼1

bj

ðZ � zjÞ2
R3

e

ðZ � zjÞ3
� 2R3

0ðZ0 þ 3Z � 4zjÞ
ðZ0 � zjÞ ðZ0 þ Z � 2zjÞ3

" #)
(33)

is the translational force. The first term in Eq. (33), which is

proportional to �, accounts for the drag force on a sphere

with a time-dependent radius, and is added after application

of Eq. (2). Formally, this expression for the drag force

is only valid for Re� 1 or ReU � 1,38,39 where Re

¼ RejUj=� and U ¼ j _Re=Uj are the Reynolds number and

ratio of radial to translational velocities of the bubble,

respectively. However, this expression has been shown to be

accurate for bubbles oscillating at megahertz frequencies38

and it is therefore used for all simulations considered here.

The primary Bjerknes force is neglected due to the fact that

in the experiments the axis of the transducer was positioned

perpendicular to the image plane, and therefore does not

contribute to the observed motion.

The dynamical equation for the quadrupole mode is

obtained by substituting q ¼ s2 in Eq. (2). The result, once

arranged in the canonical form of a harmonic oscillator, is

€s2 þ
1

Re
3 _Re þ

8�

Re
5� 16

d2

Re

� �� �
_s2

� 1

Re

€Re þ
57

10

U2

Re
� 12r

qR2
e

� 8
� _Re

R2
e

1þ 4
d2

Re

� �" #
s2

¼ 3

7Re
1þ 15

2

s3

Re

_Re

� �
s3

_U þ 1

4
_s3U

� �
� 3

4

U2

R
; (34)

where d2 is a boundary layer thickness associated with vor-

ticity,40 and the term proportional to � accounts for damping

and is added after application of Eq. (2), following Ref. 40.

Assuming that vorticity generated by viscous stresses

remains local to the surface of the bubble in a small bound-

ary layer, viscous losses may be included in a straightfor-

ward manner to order d�, where d is the ratio of the

boundary layer thickness to the bubble radius.40

Setting q ¼ s3 in Eq. (2) gives the dynamical equation

for the octupole mode:

€s3þ
1

Re
3 _Reþ

10�

Re
7�30d3

Re

� �� �
_s3

þ 2

Re

17

35

U2

Re
� €Reþ

20r
qR2

e

þ10� _Re

R2
1þ6

d3

Re

� �" #
s3

¼ 3s2

5Re

_Uþ28s2

5R2
e

_ReU� _s2U

5Re
; (35)

where d3 is another boundary layer thickness associated with

vorticity. The boundary layer thicknesses d2 and d3 in Eqs.

(34) and (35) are approximated as40

dn ¼ min

ffiffiffiffi
�

x

r
;

R0

2n

 !
: (36)

Note that the dynamical equations for the surface

modes, Eqs. (34) and (35), do not contain terms involving bj,

and therefore do not depend directly on the presence of the

elastic layers. Deformation of the bubble surface is driven by

the translational motion of the bubble, which in turn depends

on shear strain energy stored in the elastic layers.

D. Layer displacement

The velocity potential due to radial and translational

motion in the vicinity of the bubble is

/ ¼ �R2
e

_Re

r
� R3

e

2r3
ðU � rÞ; (37)

where r is a vector pointing outward from the bubble center.

Therefore, the ith component of the velocity vector for a

point located on the surface of the jth layer is given by

vi ¼ ð$/Þi ¼
R2

e
_Re

r3
j

½xi � ðZ � zjÞ diz�

� R3
eU

2r3
j

diz �
3

r2
j

½xi � ðZ � zjÞ diz� ½z� ðZ � zjÞ�
( )

;

(38)

where rj is the distance from the bubble center to the point

on the jth layer surface. Equation (38) may be integrated

numerically to obtain an estimate of the layer displacement.

III. SIMULATIONS

Simulation parameters are selected to correspond to a

gas bubble oscillating in a blood vessel. Following Ref. 21

the viscosity and surface tension of the liquid are set to

g ¼ 5 mPa � s and r ¼ 0:06 N/m. Figures 2 and 3 show the

dynamics of a bubble with equilibrium radius 1.5 lm, ini-

tially placed a distance Z0 � z1 ¼ 1:5R0 from the left layer

interface in a channel of width z2 � z1 ¼ 5R0, and driven by
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2.5 cycles of an external sinusoidal acoustic pressure source

½pacðtÞ in Eq. (31)] with amplitude 330 kPa and frequency

2.9 MHz (the natural frequency of the bubble). The value of

b for the vessel walls (elastic layers) is b1 ¼ b2 ¼ 1 lm3/

ls2. Figure 2(a) shows the time evolution of the amplitudes

of the effective radius, quadrupole and octupole modes. The

position of the bubble is shown in Fig. 2(b), and the displace-

ment of the layer interface points coincident with the z axis

are shown in Fig. 2(c). Snapshots of the system at times t
¼ 0, 0.45, and 0.79 ls are shown in Fig. 3, corresponding to

the initial state [part (a)], first [part (b)], and second [part

(c)] collapses of the bubble. The curves for z1 and z2 shown

in Fig. 2(c) correspond to the displacement of the points

indicated by the black and white dots, respectively, in Fig. 3

from their initial state [Fig. 3(a)].

As Fig. 2 shows, maximum bubble translation occurs

when the bubble radius is small. These points in time also

correspond to peaks in the amplitudes of the surface modes

s2 and s3, indicating the formation of a jet [Fig. 3(b)] point-

ing toward the center of the channel. An examination of Fig.

2(b) shows that the bubble tends to translate toward the

center of the channel [dashed line at Z=R0 ¼ 2:5 in Fig.

2(b)]. This tendency may be understood by considering the

initial translational force for a bubble initially spherical in

shape and at rest. In this case sn, _sn, €sn, and U are zero and

Z ¼ Z0. Assuming small periodic spherical bubble pulsa-

tions, i.e., substituting

Re ¼ R0 þ n0 sin xt; n0 � R0; (39)

into Eq. (33) and averaging over one acoustic cycle yields

hFi ¼ 8pqR4
0n

2
0

b1

jZ0� z1j5
� b2

jZ0� z2j5

 !
þOðn4

0Þ (40)

for the initial time-averaged translational force. Therefore,

for b1 ’ b2 the translational force will tend to push the bub-

ble toward the center of the channel, accompanied by jet for-

mation in the same direction. It is interesting to note that the

time-averaged translational force acting between a pulsating

bubble and a rigid spherical particle of radius Rp and density

qp is22,41

hFparticlei ¼ 4pq
R4

0n
2
0

d5

q� qp

qþ 2qp

� �
R3

px
2; (41)

FIG. 2. Mode amplitudes (a), position (b), and displacement of the adjacent

elastic layers (c) for a bubble with equilibrium radius R0 ¼ 1:5 lm driven

by five cycles of an external sinusoidal pressure source with amplitude

330 kPa and frequency 2.9 MHz. The bubble is initially at rest and posi-

tioned at z ¼ 1:5R0 in a channel of width 5R0 formed by two elastic layers

with b1 ¼ b2 ¼ 1 lm3/ls2. Displacements z1 and z2 in part (c) correspond

to the black and white dots, respectively, shown in Fig. 3.

FIG. 3. System state at time equal to (a) 0, (b) 0.45, and (c) 0.79 ls for the

simulation data plotted in Fig. 2.
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where d is the distance between the centers of the bubble

and particle, and has the same functional dependence on R0,

n0 and d (or jZ0 � zjj) as indicated in Eq. (40). This is note-

worthy since in the former case the force is due to a large,

soft layer while in the latter case the bubble is influenced by

a compact, rigid particle.

Note also in Figs. 2(c), 3(b), and 3(c) that the vessel

walls have moved inward toward the center of the channel.

These trends are consistent with laboratory measurements

reported by Chen et al.,29 who observed that maximum inva-

gination of the vessel exceeded the accompanying distention

in 60 of the 70 cases analyzed (85%). In order to make direct

comparisons with the results reported in Ref. 29 the dynam-

ics of a single spherical translating gas bubble between the

elastic layers is simulated over the range of channel widths

and pressure amplitudes reported in the experimental study.

Surface modes sn are neglected in these simulations because

at these higher pressure amplitudes used in the experiments

the surface mode amplitudes often become large, thereby

violating the assumption that jsnj=R� 1. The channel width

is randomly chosen between 10 and 100 lm, and external

pressure source amplitudes chosen between 0.8 and 7.2 MPa.

In each case the excitation is two cycles of a sinusoidal pres-

sure source with frequency 1 MHz. The elastic properties of

the vessels and the initial offset distance between the bubble

and the vessel wall were not reported in Ref. 29, so educated

guesses are used to bound both of these parameters. In

the simulations the value of b is chosen between 5 and

10 lm3/ls2, and the initial bubble-layer offset distances

chosen between 1.5 and 15 lm. Each randomized parameter

is chosen from a uniform distribution.

One thousand unique simulations were run and cases in

which a bubble-layer collision occurred were discarded, with

82 simulations remaining for analysis. The values of b, Z0,

W and drive pressure amplitude in these remaining cases

span the complete ranges for each parameter. The maximum

values of invagination and distention are shown by the black

dots in Fig. 4. Data from the experiments reported in Ref. 29

are plotted with diamonds. Of the 82 simulations,

FIG. 4. Comparison of channel invagination and distention for 82 simula-

tions (dots) chosen to correspond to the conditions in Fig. 2 of Ref. 29 (dia-

monds) due to the forced dynamics of a single spherical gas bubble with

R0¼ 1.5 lm. Each point represents the maximum inward or outward dis-

placement of the layers for an individual simulation.

FIG. 5. Percent of cases in which invagination due to the dynamics of a bub-

ble with equilibrium radius 1.5 lm exceeded the associated distention for

elastic layers having b1 ¼ b2 ¼ b between 0.1 and 10 lm3/ls2. One thou-

sand simulations were run for each value of b with channel widths ranging

between 10 and 100 lm, pressure amplitudes between 0.8 and 7.2 MPa, and

initial bubble-layer distances between 1.5 and 15 lm.

FIG. 6. Bubble translation distance as a function of normalized initial dis-

tance from the layer interface jZ0 � z1j=Re for a bubble with equilibrium ra-

dius R0 ¼ 2 lm positioned in a channel of width 80 lm and driven by two

cycles of a sinusoidal pressure source with amplitude 1 MPa and frequency

1 MHz. Results are shown for layers with b¼ 0.5, 1, and 5 lm3/ls2.

Simulation parameters were chosen to correspond to the experimental condi-

tions reported in Fig. 4 of Ref. 30, replotted here (diamonds).

FIG. 7. Bubble displacement distance as a function of shear strain energy

for the cases considered in Fig. 6.
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invagination is larger than distension in 60, or 73%, of the

cases, which is comparable to the experimental observations.

However, the likelihood of invagination being greater

than distention is dependent on the value of b. To illustrate

this point, the simulations described above, and reported in

Fig. 4, are repeated for various fixed values of b. One thou-

sand simulations were performed for each value of b, with

Z0, W, and the acoustic pressure amplitude chosen randomly

over the same ranges. The number of cases in which maxi-

mum invagination exceeded the maximum distention was

recorded for each value of b and plotted in Fig. 5. The simu-

lations suggest that invagination may be expected to exceed

distention if b is greater than approximately 2 lm3/ls2.

Finally, simulations are compared with the measure-

ments of microbubble translation reported by Chen et al.30

in their Fig. 4. The dynamics of a spherical translating bub-

ble with equilibrium radius 2 lm between two elastic layers

forming a channel of width 80 lm was simulated in response

to two cycles of a sinusoidal pressure source of amplitude

1 MPa, and frequency 1 MHz. Surface modes sn were

neglected in this case for the same reasons cited in the dis-

cussion of Fig. 4. For elastic layers with b ¼ 0.5, 1, or

5 lm3/ls2 the initial distance of the bubble from the nearest

layer jZ0 � z1j was varied from 3R0 to 15R0 and the maxi-

mum translation distance is determined in each case. Figure

6 shows the translation distance as a function of the initial

standoff distance normalized by the maximum radius

attained by the bubble, jZ0 � z1j=maxðReÞ, and experimental

observations from Ref. 30 are also plotted. Note that the gen-

eral trend observed in experiments is captured in the simula-

tions. The experimental points for which jZ0 � z1j=maxðReÞ
< 1 are difficult to simulate because a collision between the

bubble and layer often occurs in these cases. However, the

slopes of the three simulated curves is consistent with the ex-

perimental measurements taken for jZ0 � z1j=maxðReÞ < 1.

The data in Fig. 6 show that for a given initial standoff dis-

tance the bubble will translate more for a larger value of b.

Some insight into this trend can be gained by examining

the strain energy. As Eq. (17) shows, the strain energy is pro-

portional to b and therefore the bubble should translate far-

ther for larger b. Figure 7 shows the translation distance for

the same cases considered in Fig. 6 plotted instead as a func-

tion of the maximum value of the strain energy stored in the

layers. Note that the three curves for different values of b
nearly coincide, suggesting that translation is chiefly a func-

tion of the shear strain energy stored in the vessel walls.

The right endpoints of the three curves plotted in Fig. 7

correspond to the left endpoints in Fig. 6 near

jZ0 � z1j=maxðReÞ ¼ 1.

IV. CONCLUSIONS

Dynamical equations for the motion of a pulsating and

translating gas bubble with small shape deformations in a

channel formed between two parallel elastic layers are

derived using the Lagrangian formalism. Quadrupole and

octupole spherical harmonics are included to model defor-

mation of the bubble surface. An expression for the liquid

velocity at the interface between the liquid and the layers

yields an estimate of the layer displacement in response to

the bubble motion. Simulations performed with the model

equations show that a bubble initially positioned off center

in the channel will tend to translate toward the center while

initiating a jet in the direction of translation. The direction of

jet formation in the simulations is qualitatively consistent

with experimental observations. Simulations of bubble trans-

lation and vessel motion are compared to experimental

measurements and quantitative agreement is demonstrated.
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