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On micro scale the constitutions of porous media are effected by other constitutions, so
their behaviors are very complex and it is hard to derive theoretical formulations as well
as to simulate on macro scale. For decades, in order to escape this complication, the phe-
nomenological approaches in a field of multiscale methods have been extensively
researched by many material scientists and engineers. Their theoretical approaches are
based on the hierarchical multiscale methods using a priori knowledge on a smaller
scale; however it has a drawback that an information loss can be occurred. Recently,
according to a development of the core technologies of computer, the ways of multiscale
are extended to a direct multiscale approach called the concurrent multiscale method.
This approach is not necessary to deal with complex mathematical formulations, but it is
noted as an important factor: development of computational coupling algorithms between
constitutions in a porous medium. In this work, we attempt to develop coupling algo-
rithms in different numerical methods finite element method (FEM), smoothed particle
hydrodynamics (SPH) and discrete element method (DEM). Using this coupling algo-
rithm, fluid flow, movement of solid particle, and contact forces between solid domains
are computed via proposed discrete element which is based on SPH, FEM, and DEM. In
addition, a mixed FEM on continuum level and discrete element model with SPH par-
ticles on discontinuum level is introduced, and proposed coupling algorithm is verified
through numerical simulation. [DOI: 10.1115/1.4023776]

Keywords: coupled method, porous media, finite element method, discrete element

method, smoothed particle hydrodynamics, multiscale model

1 Introduction

The computational multiscale method is one of the powerful
approaches in modern materials science and engineering because
it can simulate accurate behaviors of real materials. This multi-
scale is conceptually categorized into hierarchical and concurrent
method according to its approach about length scale. The hier-
archical method, which is called information-passing method, is
used to develop constitutive models on a larger scale, and this is
expressed in terms of variables of smaller scale. The effective
properties from the smallest scale are defined on representative
volume element (RVE), and it is substituted into properties of a
larger scale as constitutive equations. This procedure has advan-
tages that heterogeneous properties in a smaller domain can be
homogenized, moreover as using that computational cost is rela-
tively cheaper than another multiscale method. In order to solve
behavior of porous media, a hierarchical multiscale method is
one of the interesting topics because porous media have particu-
lars: highly heterogeneous and interactional nonlinearity between
solid, fluids and gases on smaller scale. For incompressible fluid
flow in porous media, Hou and Wu [1] developed a multiscale
method for solving second-order elliptic problems characterized
by highly heterogeneous and oscillation coefficients. This method
provides a convenience to apply computational parallel algo-
rithms by fully decomposed elements. Schrefler et al. [2]
researched a multiscale method for the unsaturated porous media
for hydration. In their study, they dealt with the mixed FEM com-
prised of fluid pressure, gas pressure, temperature, and displace-
ments. Also, Arrhenius-type constitutive equation, which is
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derived by thermodynamic approach, is used to simulate long
term hydration and chemical reaction of concrete at early age. In
addition, Kippe et al. [3] reviewed with three different multiscale
methods for elliptic problems of porous media: multiscale mixed
FEM upscaling method, and the multiscale finite volume method.
Later, Hajibeygi and Jenny [4] attempted to develop a multiscale
finite volume method for compressible multiphase flow in porous
media (parabolic problems). Most recently, Zhang et al. [5],
respectively, developed the multiscale finite element method
(MSFEM) and the upscaling FEM in order to analyze consolida-
tion of coupled solid with fluid motion. The main idea of
MSFEM is to construct base functions obtained from smaller
scale information. The base functions for behavior of solid and
fluid flow are applied into mixed finite element formulation on
macroscopic. However, these hierarchical methods have a short-
coming that information lose can be occurred when homogenized
and assumed effective material properties are determined in RVE
domains.

On the other hand, the concurrent methods do not rely on any
assumptions such as RVE, boundary conditions, and do not
require a priori knowledge from physical quantities at smaller
scale. They are directly connected to different scale methods like
molecular dynamics (MD)-FEM, or DEM-FEM. Therefore, in
this method, it is main key to define connectivity between differ-
ent descriptions. However, although this method provides better
accurate results than hierarchical method, it has been less
researched because computational cost is expensive. Fortunately,
the exponential growth of computer hardware excessively spurs
the development of concurrent methods in engineering and sci-
ence now. The researches about concurrent methods for porous
media have been concentrated in the soil scope by using coupling
algorithms between solid and fluid phase. El Shamy and Zeghal
[6] and Zeghal and El Shamy [7] proposed the DEM method
using the drag forces for liquefaction of saturated porous media.
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In their research, DEM in micro scale and Navier—Stokes model
of fluid flow in meso scale are coupled with the drag forces. Fur-
ther, Elmekati and El Shamy [8] extended this method with multi
time increments between DEM and FEM. Shafipour and Soroush
[9] were also proposed fluid coupled DEM method, but they
assumed that fluid flow in porous media is dominated by Darcy’s
law in macroscopic cells. To couple between DEM and cells
fluid forces on particles are taken account in frame of Ergun’s
semi empirical relations. On the other hand, Muguruma et al.
[10], Soulie et al. [11], Abu Bakar et al. [12], El Shamy and
Groger [13], and Scholtes et al. [14] introduced fluid coupled
DEM for unsaturated porous media. They considered noncontact
forces from liquid bridges as capillary between spherical par-
ticles. This research is one of the interesting topics for unsatu-
rated porous, because constitutive equations for unsaturated
porous media in continuum level are sophisticated. However,
their approach is limited to use ideal spherical particles despite
almost natural materials have sharp corners. Consequently, ideal
spherical particles in DEM arise from uncertain behavior for po-
rous media. In addition, coupled SPH with DEM have been also
introduced by Tartakovsky and Meakin [15], Tartakovsky and
Meakin [16], and Tartakovsky et al. [17]. In their research,
coupled interactions are expressed to no-slip boundary condition,
pairwise particle forces. Especially, Li et al. [18] developed new
characteristic based SPH method in which fluid flow in pore rela-
tive to the deformed solid particles. Further, direct numerical
simulation-SPH method by Berry et al. [19] has been proposed
in frame of porous materials.

The main issue of concurrent multiscale method for porous
media is how to combine different numerical approaches with
coupling mechanism. On discontinuum level, DEM is the most
representative numerical method for simulation of solid motion,
and SPH is suited for fluid flow in pore. On continuum level, FEM
is the best solution in order to obtain fluid pressure and displace-
ments. On the other hand, DEM or SPH has an advantage that
accurate results can be obtained, but it has a drawback that it is
hard to find approaching particles called particle detection, and
numerical efficiency can be caused by this problem. Furthermore,
if DEM particles have corners, instability can be occurred at con-
tact of corner to corner.

To remedy these drawbacks, the coupling algorithm between
these numerical methods is proposed. Especially, DEM particle
embedded SPH particle is introduced and verified its excellence
for detection of near DEM particles and definition of contact
forces between DEM particles. For this, first finite element formu-
lation for saturated porous media, DEM, and SPH methods are
reviewed, then a coupling algorithm is introduced. Finally, the
proposed method is verified with numerical examples.

2 Mixed Finite Element Formulation for Saturated
Porous Media

2.1 Governing Equations for Saturated Porous Media.
The governing equations for saturated porous media can be
derived from the mass balance equation, momentum balance
equation and constitutive equations. This derivation is based
on Biot’s theory [20] represented by microscopic relationship
between constituted materials.

The momentum balance equations can be defined as follows:

V-a+pb=0 (1)

where & is the total stress tensor, p is the density on total phase,
and b is the body force vector.

In Eq. (1), the total stress tensor ¢ can be divided into effective
stress tensor ¢” represented average stress for pure solid skeleton
in saturated porous media and the fluid pressure p/ [21]

V(6" T )+ pb=0 )

where I is the identity tensor.
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In addition to the momentum balance equations, the mass bal-
ance equation of saturated porous media can be derived as starting
from equation of continuity on each phase. The equations of conti-
nuity on solid phase and fluid phase can be defined as follows,
respectively:

D1 —n)p’ ST —
T+(1—n)pv v =0 3)
D’np/

Dt

+ V- (V) +np/ Vv =0 4)

where (D*/Dr) is the operation of material time derivative on
solid phase, n is the porosity, p® is the density of solid, v* is veloc-
ity vector of solid particle, p is the density of fluid, v is the rela-
tive velocity vector represented »* = v — v*. This velocity can be
substituted by Darcy’s law

V= 5 (~VP +/g) ®)

where k is the permeability tensor, i is the dynamic viscosity for
fluid, and g is the gravity vector.

In addition to Darcy’s law, in Egs. (3) and (4), the material time
derivatives of densities on solid and fluid phase can be represented
by constitutive equations introduced by Lewis and Schrefler [22],
respectively
D_Ypé

pS 1 DSpS DbT

Dt 1—n (“_”)ﬁ D — B (2 —n) T —(1—a)V -y
(6)

1D’ 1D’
e ™

o/ Dt K Dt

in which, « is Biot’s constant, p* is the pressure on solid phase, K*
and K/ are the bulk modulus of solid phase and fluid phase,
respectively, 5 is the thermal expansion coefficient, and T is the
temperature.

Moreover, the pressure on solid phase p® can be converted into
the pressure on fluid phase p/ with fluid saturation S for porous
media as follows:

p=ps ®)

When a porous medium is isothermal, saturated and small de-
formation, the thermal expansion coefficient * = 0 in Eq. (6),
fluid saturation " = 1 in Eq. (8), and (D*/Dt) = (0/0t). Substi-
tuting Egs. (4)—(8) into Eq. (3), we can, finally, obtain the mass
balance equation for saturated porous media as follows:

(“1;”+%)%f+av.vw%v- (%(—Vp’ﬁrpfg)) =0
€)

2.2 Mixed Finite Element Formulation. For finite element
procedure, Eqgs. (2) and (9) can be represented into mixed finite
element formulation using shape functions. First in order to derive
weak form the Dirichlet boundary conditions on displacements
boundary T* and on fluid pressures boundary I, and Neumann
boundary conditions on traction boundary I and on flux boundary
I'? are applied into these equation in the total domain Q. Second,
test functions, which are composed with shape function for solid
phase N°, shape function for fluid phase N/, approximated dis-
placements vector #* and approximated fluid pressure vector p/,
can be substituted into weak form. Finally, we can obtain mixed
finite element formulation as follows:

Ki' — C§f =f* (10

Transactions of the ASME



cr " +S%+Dpf =f

o an

where,
K= [ [(VNS)TCTVNS]dQ
JQ

is the stiffness matrix, where the Cr is the constitutive matrix,

c=|, [(VNS)TINf] dQ s the coupled matrix,
fi= J N°pbdQ — J N*tdI’
Q r
is the external force for the solid phase, where £ is traction vector
o—n
S = [Nf T( )Nf]dQ
JQ ( ) Ks + K

is the compressible matrix,

D= L {(vzvf)%vzvf} o

is the drainable matrix,
Tk q
f :J [ VN —pfg}deJ {Nf—}dl"
Q ( ) w I o'
is the external force for the fluid phase.

3 DEM. Discrete element method is a numerical method for
analysis of granular materials. Although the real material on dis-
continuum level is too complex, it can be simulated by simplified
spherical particles, and the motions of spherical particles are gov-
erned by Newton’s second law in which each particle is moved by
forces. The handle of this method is simpler than FEM, but two
issues, particle detection and contact force, should be resolved
reasonably.

3.1 Governing Equations. The governing equation for parti-
cle motion is comprised of translation and rotation. The transla-
tional motion of rigid spherical particle i can be defined as follows:

miti; = F; (12)
where m; is mass, u; is acceleration vector, and F; is total force

vector for particle 7, respectively. In addition, rotational motion is
expressed such that

(13)

in which J; is the moment of inertia, w; is the angular velocity
vector, and T is the moment vector for particle i, respectively.
The total force vector F; in Eq. (12) can be divided a variety
forces as extemal force vector F¢, contact force vector F , fluid
pressure vector F and gravity force vector F¥.
Fi=F{+) F;+F, +F¢ (14)
J

where j is expressed opposite particles in computational domain.

3.2 Contact Force F ,‘J In Eq. (14), contact force Fjj can be
decomposed into two forces according to direction; normal force
and friction force. The most common model for this is spring-
dashpot model proposed by Cundall and Stack [23]. Considering
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cohesive effect, the contact normal force Fj, and the contact tan-
gential force Fy can be defined as follows, respectively

F;, = K,u, + C,u,
[F¢|| = Kolluel| + Collae]

5)
(16)

where K, is interface stiffness in the normal direction, u, is dis-
placement, C, is a viscous damping coefficient and u, is relative
velocity in the normal direction, K, is interface stiffness in the tan-
gential direction, u, is relative displacement, C, is a viscous damp-
ing coefficient, and g, is relative velocity in tangential direction. It
is note that these relationships are instantaneously broken when
forces are over a capacity of strength [24].

Assuming that damping force does not considered, we can con-
sider a slip by normal force after cohesive effect is broken
between two particles (HF{H > Ry, R; is the limited strength for
tangential direction). Contact tangential force should be redefined
with Coulomb friction theory

F7] = w5 an
where p is the friction coefficient. However, this method has a li-
mitation that it is difficult to determined stiffness and damping
properties between two particles; therefore this method is rigorous
to use although numerical procedure is straightforward.

In addition to spring-dashpot model, Hertz [25] proposed elastic
contact force in the normal direction between spherical particles.
Since his model exhibits a nonlinear relationship, it is appropriate
to simulate large movements of particle

-1
P :i(l LA ) VRS

1
"3\ E, E, (18)

where E is elastic modulus, v is Poisson ratio for each particles a
and b, R=RaRp/(Rs+Rp) is the equivalent radius, and 0 is the
maximum overlapping distance.

4 SPH

SPH is one of the meshfree methods for obtaining approximate
solutions of fluid dynamics. In this method, characteristics par-
ticles based on Lagrangian description are defined by properties
of near particles in smoothing length as Fig 1.

4.1 Governing Equations. The formulations for SPH are
based on kernel approximation or kernel functions. This kernel
approximation can be represented with smoothing kernel function

Influence for
particle a

particle

Fig. 1

Definition of SPH particle ain volume V
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or weight function. The kernel approximation of a function f(r) in
SPH is defined as integral form over volume V

7(0) = | 7)ot = v

v

(19)

where f is a function of position vector r or ¥ over volume V, and
d(r — 1) is the Dirac delta function given by

6(r—r’):{1 r=r

0 r#vr
If the Dirac delta function is replaced by the smoothing kernel
W and a smoothing length 4, approximated function f,(r) can be
obtained

(20)

fp(r) = [ FAOW(r -7 h)dr 21)

Jv
where smoothing kernel W has to be satisfied with normalization
condition as follows:

J W(r—r h)dr =1 (22)
v

In Eq. (21), infinitesimal volume dr' can be defined follow
relationship

my = Aryp, (23)

where for location of particle a, m, is a mass of the particle, Ar, is
a finite volume, and p,, is a density. When Eq. (23) is substituted
into Eq. (21), approximated function f,(r) can be expressed sum-
mation form

L) 2> fr)W(r — 1y, h)Ar, (24)
b
This equation can be represented over |r — r'| < ih field
m
£r) =" r)W(|r — 1|, h) (25)
b Pp
where p,, is defined with smoothed kernel function
pa=Y_ mWap (26)
b
and smoothing function of particle a evaluated by particle b
Wap = W(ra —rp, h) @7

At particle a, the particle approximations for the gradient and
divergence of Eq. (25) are

Vahy(ra) = 3T () Vo (28)
b b
and
Y fy(ra) = DS () - Vol (29)
b b

Well known momentum balance equation in the Navier—Stokes
is defined as follows:

Dv(r,)

1
Dr = —V,o(r,)

a

(30)

where v(r,) is velocity vector of particle a, and o(r,) is the total
stress and it can be divided into isotropic pressure p(r,) and vis-
cous stress t(r,)

o(ra) = —p(ra) +t(ra) (€Y
and viscous stress 7(r,) can be defined with viscosity u(r,) and
shear strain rate &(r,)
©(ra) = u(ra)e(ra) (32)
Substitution Eq. (28) into Eq. (30), well known momentum bal-
ance equation in the Navier—Stokes equation are derived

Dv(r,) (O'(ra) o(rb)>
= mp + vaWuh (33)
Dt z,,: s
Using Eqgs. (30) and (31), Eq. (32) can be rewritten as follows:
Dy(r,) (p(ru) [?(I‘I,))
= — ny +—= |V Wau
Di Z,,: v P
Y m, (u(ra)j(ru) N u(m);(m)) VW
b pu pb
(34)

In Eq. (34), first RHS is approximation of pressure and second
RHS is expressed viscous force. For simplify viscosity, Morris
[26] proposed an equation

Dv(ra) p(ru) p(r)
Dt :_z,,:m'( i T p%h)v"w”h
35
+th<u<ra>+u(n,)v<ruh))(1 awa,,) G
b PaPhp |rab| arah

where r,, = r, — r} is the distance between the two particles

4.2 Smooth Kernel Function. On the other hand, the selec-
tion of smooth kernel function is very important factor in SPH
method because it is related with numerical stability and accuracy.
For this time, many smooth functions have been introduced. The
most used smoothing kernel function is B-spline function pro-
posed by Monaghan and Lattanzio [27].

=) 0 -r) <

W(r—r,h) =a é(z_rf 1<(r—-r)<2
0 (r—r)=2

(36)

where factor a; is replaced by (1/h) for one dimensional,
(15/7rh?*) for two dimensional, and (3/27mA?) for three-dimen-
sional. However, this function has a shortcoming that the second
derivative of the function is linear. This leads to a nonsmoothness
problem at inflection point. For this reason, higher order smoothed
function was proposed by Morris [26]

B—(r—r))Y—62—(r—r)+151-(r-r))° 0<(r-r)<1
Wir—r\h) = a B—(r—r))]’-6(2 —S(r—r’))s 1<(r—r)<2 37)
B—(r—r)) 2<(r—r)<3
0 (r—r)>3
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where factor ay is (120/h), (7/4787h?), (3/359nh?) for one, two,
and three-dimensional, respectively.

5 Coupling Method

In order to solve behavior of saturated porous media, above
introduced mixed FEM can be used with continuum properties;
moreover DEM and SPH can be used for solving solid particle
motion and fluid flow on discontinuum level, respectively. In con-
current multiscale method, these independent numerical methods
are interacted on entire domain by coupling method. Therefore, it
is necessary to define relationships between these numerical
approaches. In this paper, we introduce meshed discrete element
which is based on FEM, DEM, and SPH. The main idea is that
SPH particles are superposed with a discrete element and its
motions are governed by the Newton’s second law. This approach
has following advantages;

(1) Arbitrary shape element can be used to describe solids on
discontinuum level: In the early DEM, the shape of par-
ticles are rigid disk or rigid spherical, and that should be
clustered by constitutive relationship between particles;
however this is not enough to represent real solid phase in
porous media because it is difficult to define constitutive
relationship by forces. On the contrary, the proposed dis-
crete element is no limitation to apply complex shape since
it can be express that via mesh generation.

(2) It is not necessary to develop detection and contact algo-
rithms for approaching particles: The detection of general
DEM spends much computational time in order to calculate
contact forces; moreover, contact forces can be missed
when large time increments are used because near particles
are moved fast. In computational point of view, numerical
inefficiency can be occurred from this problem. The pro-
posed discrete element can overcome this limitation with-
out contact detection algorithm because SPH particles
placed in discrete element play a role to detect approaching
elements in their smoothed length. According to this pro-
cess, repulse forces are generated, and this can be converted
contact forces in a discrete element.

5.1 Meshed Discrete Element. The concept of the governing
equations is started from the equation of motion for DEM. Assum-
ing that not only an individual particle i in DEM is composed with
FE but also damping effect is not considered, Eq. (12) can be
defined as follows:

m,-iii + k,-ul- = F,‘ (38)
where £; is stiffness for a particle 7, u; is displacement for the in
particle.

In general, if discrete elements, which have arbitrary shape, are
contact, singularity at corners can be occurred during solving con-
tact force F' jj in Eq. (17) because surface normal vector is not
defined on all surface points (Fig. 2). This problem is more severe
in arbitrary three-dimensional elements which have more corners.

NV

Fig. 2 A variety of contact (left) corner to line, (center) line to
line, and (right) corner to corner
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In order to overcome this problem, the concept of repulse force
in SPH particles is used to a meshed discrete element. Namely,
contact force is occurred by dense SPH particles in a meshed dis-
crete element when other discrete elements including SPH par-
ticles are approaching.

In order to define contact force F,‘/ between discrete elements,
the concept can be started from relationship between surface trac-
tion of solid boundary ¢ and prescribed fluid pressure p (positive
in compression) as follows:

t = —pn; = pn 39)
where n; is the outward normal vector to the solid phase and n is
the outward normal vector to the fluid phase as Fig 3.

Since the proposed discrete element can be divided into meshed
finite elements, the governing Eq. (38) including external force,
contact force, and gravity force can be represented into weak form
in finite element procedure with test functions for solid displace-
ments ou*, which is derived by Dirichlet boundary conditions for
displacements of discrete elements and Neumann boundary condi-
tions for prescribed traction, as follows:

aou*

5 S . S
[ o w12

= fJ ou’ - tdT’ +J ou’ - npdl +J pou’ - bdQ  (40)
I I, Q

:o}dQ

where p, is density of solid, #* is acceleration vector, & is stress
tensor, b is body force vector, Q is solid domain, and I'; is bound-
ary on solid phase.

Then, using the Galerkin discretization method, Eq. (40) can be
expressed into discrete formulation as follows:

Mii' + Ku' = —F¢ +Qpf + F? 1)
where

M= | (N) p’N°dQ

Q
K= [(VNSCT(VNS))T] aQ

Q

F¢=| N'tdU
1—‘/

Q= J (N*)'nN/ dT
l—‘r

F? :J N*pbdQQ
Q

Fig. 3 Relationship between surface traction vectors
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where the shape functions for fluid phase N/ is identical with N*
because fluid pressure at SPH particles is applied into each node
in a finite element mesh. Moreover, contact force vector can be
defined as F° = Qp/. This plays a role a conversion fluid pressure
of SPH particles to surface traction of discrete element.

For more detail description of the coupled matrix Q, assuming
that discrete element is generated by a 4-node isoparametric ele-
ment, and 4 SPH particles are placed at each node as Fig 4.

Shape functions for the elements can be defined

N'=N =[N, N, N3 N4] 42)
where
M= -n)(1-9)
No=(+n)(1-9)
Na:%(1+'1)(1+é)
No= (1 =n)(1+0)

The contact force vector F¢ can be represented on each bound-
ary condition line
for B.C. line O:

I—n

2
R e A R
0 2 ), |1+ noy 2 2 " p

(43)

+ o

=

where /, is thickness of an element, /y is the length of between
two adjacent node 0 and node 1, ng, and ny, is elements of normal
vector on local boundary condition line 0

for B.C. line 1:

¢ _
— 0
1 0 1-<
F{_hdll[ ) nix 1-¢ 1+¢ dsd Pt
1 2 ). 1+¢ 0 niy 2 2 D2
2 L4e
+
0 =
L 7
(44)
¢
Uz, P2

uz, p3 _node 3

node 0

Uo, Po

ng U1, p1

Fig. 4 Displacements and fluid pressures in natural coordinate
n—¢&
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for B.C. line 2:
14 _
0
2
. 0 147
F('.—hdlzj T Nox IL+n 1—9 d P2
27— T4 1—7 _— S
2 ), 1 0 noy 2 2 P3
2 1
-1
0 _— 1
L 2
45)
for B.C. line 3:
S _
— 0
2
! 0 14+ &
Fﬂihdhjf D) N3y 1+¢ 11— dsd P3
37— T~ 1—¢ _ S
2 ) S 0 n3y 2 2 Po
1-¢
L 2

(46)

These forces are applied into each node in an element, and this is
deformed or moved by Eq. (41). The accurate forces can be
obtained when dense SPH particles are placed into the discrete
element.

On the other hand, fluid pressure vector F/ in Eq. (14) between
fluid particle and DEM element can be ignored in this method
because the interaction between fluid particle and imposed par-
ticles are already applied into contact forces. The concept of pro-
posed discrete element is showed in Fig 5. Approaching discrete
elements are detected by embedded SPH particles, and conversed
contact forces by coupling matrix coupled matrix Q are responded
to opposite discrete elements.

5.2 Time Integration. In order to perform dynamical analy-
sis for proposed contact method, the explicit time integration by
predictor-corrector time scheme (explicit method) is used. The
predictor-corrector method is similar to the Newmark time inte-
gration which is implicit methods, and the most popular for
dynamic analysis. However, this scheme has limited to choose
small size time increment in order to numerical stability. The
predictor-corrector method is used in proposed SPH and DEM
method, respectively, as follows:

Fig.5 Discrete element embedded SPH particles
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B.C : Fluid velocity = 0

0.1lmm
N
F—
Solid Fluid Solid 0.lmm
F— A B
0.lmm 0.1lmm

B.C : Fluid velocity = 0

Fig.6 Two discrete elements and SPH particles

Step 1: The acceleration and density in SPH, and lumped mass
matrix, stiffness matrix, and force vector in DEM are calculated.

Step 2: In predictor step, predict velocity 1, is evaluated by
calculated velocity u, and acceleration i, in previous step 7.

. . Ar,
Upre = Uy +—=u,

47
) 47
where At is a time increment.

Step 3: Acceleration (Dv(r,)/Dt) in Eq. (35) and i, are eval-
uated. The predict velocity . is substituted into the velocity in
viscosity term in Eq. (35). Moreover if damping effect is ignored
in proposed analysis, the acceleration of proposed discrete ele-
ment is straightforwardly obtained through lumped mass matrix in
Eq. (41) as follows:

ihy =M, [} (—F +Qp +F* — Ku') “8)
where mass matrix M has only lumped diagonal density.

Step 4: Velocity @, and displacements u,| for step n +1 are
calculated by following equations:

Finally, positions of SPH particles and nodes of discrete element
are updated by calculated displacement u,,. .

6 Numerical Examples

The verification of the proposed coupling method is performed
by developed C++ codes, and the total of two models considering
coupling relationship between meshed discrete elements and SPH
particles are simulated. For this, in early introduced discrete ele-
ment, which is embedded by SPH particles, is used.

6.1 Two Rigid Discrete Elements and SPH Particles. In
this example, a coupled problem between two rigid discrete ele-
ment for solid and SPH particles for fluid is simulated. Moving
rigid discrete elements are interacted with SPH particles. Pressure
for internal SPH particles in discrete element is applied into fluid
particles of SPH, and fluid particles also transfer its pressures to
another discrete element. In Fig. 6, fluid phase is closed by solid
phases and boundary condition. The rigid discrete elements have
one mesh, which has 4 nodes, and each discrete element has 81 in-
ternal SPH particles and 4 external SPH particles. Moreover, 83
SPH particles are placed in fluid phase. Space of internal SPH par-
ticles, external SPH particles, and fluid particles are 0.02 mm,
0.1mm, and 0.02mm, respectively. Moreover, the total of 62
boundary particles of which fluid velocity is zero are imposed top
and bottom, and it has 0.02 mm interval. Material properties for
solid are that the elastic modulus is 1 x 10 Pa, the Poisson ratio
is 0.48, and the density is 2000 kg/m?, moreover for fluid are that
density of fluid is 1000 kg/m? and viscosity is 1 x 10~'kg/m s.
External forces 0.0001 N are prescribed on left side of left solid
phase after SPH particles are a steady state condition. For explicit
time integration, time increment At is used as 0.001 second for
total time 60 seconds.

Figure 7 shows that the fluid pressure increment according to

) . At . elapsed time at point A and point B in Fig 6. Two rigid solid dis-
Upi1 = Upre + Eunﬂ (49)  crete elements are first prescribed by fluid pressures of SPH par-
5 ticles during 20 seconds, and then the discrete elements are under
) 2 - e - i
Unit =ty + Attty + iy (50) @ steady state condition as results.o.f NF point A in Fig 7. The rea
2 son of this phenomenon is that initial arranged SPH particles is
004
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Fig. 7 Fluid pressure for elapsed time at point A and point B (the F-point A and the F-point B
are results of model prescribed external force, and the NF-point A is result of model without pre-

scribed external forces)
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spread by repulse forces, which is occurred from relationship
between boundary SPH particles and fluid SPH particles, to reach
the steady state condition as from Figs. 8—10. After a steady state
condition, a left rigid discrete element in Fig 6 is moved by pre-
scribed external forces. However, since there are no boundary
conditions for moving discrete element, pressures at both point A
and point B are nearly identical. This means that velocity of rigid
discrete elements and SPH particles are almost the same. Figures
11 and 12 show that displacements of both discrete elements are
almost identical, as well.

Figure 13 shows velocity at point A and point B. Until about
16 seconds, velocity at point A is nearly identical with velocity at
point B. After that, the aspect of graph for two points is similar to
the aspect of NF-point A, but the gap between two particles is
larger. The reason of difference velocity between point A and
point B is related with denseness of SPH particles. This problem
can be resolved by increasing SPH particles and boundary condi-
tion in order to prevent penetration of SPH particles; however,
much computational cost can be occur.

6.2 Coupling With Mixed FEM, Discrete Elements and
SPH Particles. In this example, a saturated porous medium con-
sidered both continuum level and discontinuum level is simulated.
For this, the simulation of interaction between early introduced
mixed FEM, proposed discrete element and SPH particles is car-
ried out. In Fig 14, zone 3 composed with proposed discrete ele-
ment and SPH particles is closed by two porous media on zone 1
and zone 2 as well as boundary conditions.
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In zone 1 and zone 2 for continuum level, porous media are
assumed the nearly incompressible and impermeable conditions,
and mixed FEM is used. In mixed FEM, because this assumption
can bring numerical instability, such as element locking by incom-
patibility condition between finite elements, we use mixed FEM
proposed by Park and Tak [28] and Tak and Park [29]. In this
mode, total 808 nodes and 600 finite elements are used. Left side
of zone 1 is permeable condition, but other sides are impermeable
condition. For nearly incompressible condition, both bulk modu-
lus K* and K/ at compressible matrix in Eq. (11) are used
1 x 10' Pa, and Biot’s constant o = 1. In addition, porosity # in
Eq. (11) is used as 0.3. In addition, for nearly impermeable condi-
tion, permeability parameter which is diagonal entries of perme-
ability tensor k at drainable matrix D in Eq. (11)is 1 x 10~'7 m/s.
Other properties are used that elastic modulus is 3 x 107 Pa, Pois-
sion ratio is 0.48, density of solid is 2000 kg/m?, density of fluid
is 1000 kg/m?, and viscosity is 1 x 10~'kg/ms.

In zone 3, solid motion and fluid flow are modeled by proposed
discrete element and SPH particles, respectively. Material proper-
ties for solid are that the elastic modulus is 1 x 10° Pa, the Pois-
son ratio is 0.48, and the density is 2000 kg/m?, moreover for
fluid are that density of fluid is 1000 kg/m?® and viscosity is
1 x 107! kg/m s. On this phase, there are 3 solid discrete elements
which are arbitrary shapes, and it is divided by finite element
mesh. In each mesh, 16 internal SPH particles are placed. In addi-
tion, total 167 SPH particles for fluid flow and 81 SPH particles
for boundary condition are used. It is assumed that solid is rigid
body and fluid is incompressible. Material properties of discrete
element and SPH particles are same as that of previous introduced
example. External force F¢ = 1Pa is applied into left side on zone
1, and it is prescribed at time 0. Time increment At is used as
0.0005 seconds.

Figure 15 shows that fluid pressure for elapsed time. In theoreti-
cal view point, for nearly incompressible and impermeable condi-
tion, fluid pressures that occur in a porous medium are identical to
applied pressure. Namely, fluid pressure on a total domain should
be 1Pa of which magnitude is same as external force. The results
at F-point A and F-point B are presented fluctuation, but the pat-
tern is similar. Especially, before 10 seconds, the quantity of fluid
pressure increment nearly agrees with results without external
forces. However, the difference between fluid pressure with forces
and it without forces becomes larger during time increment; also,
fluid pressure is not converged to 1Pa. This problem is related
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B.C : Fluid velocity = 0 Sm -
F N =, Condition pressible and impermeable condition. The discrete elements in
zone 3 are interacted with SPH particles and that are moved and
Permeable Porous A B porous defqrmed in spite of high §1astic modqlus and Poissqn ratio 0.48
Condition Medium Solid + Fluid ¥ Medium 100 m as Figs. 16-19. In fact, rigid body motion on discontinumm level
can be simulated by using higher elastic modulus and poisson ra-
Zone 1 Zone 3 Zone 2 tio 0.5. However if stiffness of discrete elements is infinite, SPH
F N particles are unstable condition because repulse force becomes
5m 100 m B.C : Fluid velocity = 0 p . . . .
also infinite. Consequently, appropriate material properties for

solid should be carefully chosen to escape the instability.

Fig. 14 Two discrete elements and SPH particles
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7 Concluding Remarks

In this paper, coupling method to interact between FEM, DEM,
and SPH was introduced. For this, we first reviewed mixed FEM,
DEM as well as SPH method, and then we introduced coupling
method based on discrete element. Moreover, in the simulation of
porous media, this discrete element was showed good and reason-
able results via simple models. Especially, proposed discrete ele-
ment could be resolved contact problems with SPH particles on
discontinuum level. However, numerical instability was occurred
when mixed FEM on incompressible and impermeable condition
is interacted. This is the reason why proposed discrete element
cannot be supported to high compress on closed situation without
free surface. Namely, the instability is related with deformation of
solid phase. Therefore, it is necessary to develop a method to
choose appropriate material properties in order to escape numeri-
cal instability.

The proposed method has many advantages that material crack,
crumbing, concrete flow, and soil can be easily demonstrated if
connect forces between proposed discrete elements are deter-
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mined; however, previously a new parallel method suitable to the
proposed method should be developed and verified through large
size computational models.
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