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Abstract

We derive new representations of the efficient score for coarse data problems based on Neumann
series expansion. The representations can be applied to both ignorable and nonignorable coarse
data. An approximation to the new representation may be used for computing locally efficient
scores in such problems. We show that many of the successive approximation approaches to the
computation of the locally efficient score proposed in the literature for coarse data problems can
be derived as special cases of the representations. In addition, the representations lead to new
algorithms for computing the locally efficient scores for the coarse data problems.
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1 Introduction

Coarse data (Heijtan, 1991; Heijtan, 1994) are commonly occurred in biomedical data.
Likelihood approach are often the method of choice in analyzing such data. One of the
problems in using the maximum likelihood approach is that additional high dimensional
nuisance models may need to be specified. Misspecification of those models is of concern in
practice. To address this concern, semiparametric models may be used and the efficient
estimation procedure may be considered. The semiparametric estimation of model
parameters with coarse data has been extensively studied. See for examples Bickel, et al.
(1993), Robins, Rotnitzky, and Zhao (1994 Robins, Rotnitzky, and Zhao (1995), Rotnitzky
and Robins (1997), Scharfstein, Rotnitzky, and Robins (1999), van der Laan and Robins
(2003) among others. It is well known that the problem of finding the semiparametric
efficient estimator for coarse data problem is inherently complex. Even when a
representation of the semiparametric efficient estimating score is obtained, deriving the
locally semiparametric efficient estimator from the score representation can still be
computationally challenging.

The approach proposed by Robins and coauthors to finding the efficient score for coarse
data problems is through augmented weighted estimating equations. Many useful estimating
methods were generated from their approach. However, the efficient score represented in
their approach usually involves an integral equation which is hard to solve (Nan, Emond,
and Wellner, 2004; Yu and Nan, 2006). As a result, successive approximation algorithms
were proposed. Substantial analytical effort may be required in deriving their algorithm. In
this article, we derive new representations of the efficient score, which are simpler to obtain,
for the general coarse data problems based on Neumann series expansion. Approximations
to the locally efficient score can be naturally obtained from the representations. Furthemore,
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most of the successive approximation approaches proposed in the literature to finding
locally efficient scores with coarsening data can be derived as special cases of the proposed
approaches. We concentrate on the general representations of the efficient score in this
article and leave the development of theories for estimation and inference based on the
approximate score for future studies. Note that Chen (2008) presented such a theory for a
special case of the general representations discussed in this paper.

The remainder of the article is organized as follows. In section 2, we introduce the
semiparametric estimation problem with observed coarse data. New representations for the
semiparametric efficient score based on the Neumann series expansion are derived in section
3. The new representations are then applied to both ignorable and nonigorable missing data
problems to obtain successive approximation algorithms proposed in the literature. Some
new algorithms are also derived from the representations. The article is concluded with a
discussion on the use of the approximation in practice.

2 The semiparametric problem for coarse data

Let Y be the full data and R be the coarse data variable. Let g be a known vector function
defined on R and Y such that Z = g(R, Y) is the observable coarsen data. For the missing data
problem, R is the missing data indicator and g(R, Y) = {R, R(Y)}, where a component of R
takes value 1 if the corresponding component of Y is observed, 0 otherwise, and a
component of R(Y) equals the corresponding component of Y if the corresponding
component of R takes value 1, and is missing (takes the set value (—oo, +00)) if the
corresponding component of R takes value 0. For censoring data, R is the censoring variable
and g(R, Y) = {1gy<r}, Min(R, Y)}.

Let the density of the distribution for (R, Y) with respect to x, a product of count measures
and Lebesgue measures, be z(R|Y,a,9)f(Y,5,0), where (a.,f) € Q, (£,0) € E x @. (a, p) are the
parameters of interest and are usually Euclidean parameters. (&, 6) are nuisance parameters,
which are usually of infinite dimension. Let # = (a, f, &, 6) and let = denote the collection of
all the models P, with € Q x = x @. Suppose that each of Q, &, and © is a subset of a
Hilbert space. Let

H=t{h= (hy, hy, h3, hy) |P,]+h"/ﬁ € L, h, — hin the product norm of Q X E x 6}.

Assume that H = Hy x Hy x Hg x Hy, where Hy = {hy|h = (hq,hp,h3,h4) € H} is a Hilbert
space under the inner product of the corresponding (Hilbert) parameter space, k=1, 2, 3, 4.
Denote the inner product in space Hy by < -, - >Hy, fork =1, 2, 3, 4. Assume that H; x H,
does not change for any € Q x = x @. Note that both H3 and H4 may depend on #. But the
inner product, and thus the derived norm, on Hs and H, does not depend on 7. Assume
further that {z (R|Y, a, &) f(Y, A, 6)}Y/2 is Frechet differentiable with respect to 5 in L2(u).
Following the convention (Begun et al., 1983, Bickel et al., 1993), let the derivative be
denoted by

1 2
S\T(RIY, @, £)f (Y, 5, OV 2 {A 1y (h1)+Any(ho)+Asy(h3)+Asy(ha))},

where h, € Hy, for k=1, 2, 3, 4. The score operator at  with (R, Y) observed is defined as
the Fréchet derivative times 2{z(R|Y, a,£)f(Y,5,6)} /2, which is,
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A,]IZZA“]('IZ])+A3,7(/’12)+A3,7(h3)+/44,](114).
The actual observed data are Z = g(R, Y). The density for the observed data is

Tt yretrspea™ 1Y . XS (Y. B, .

Suppose that the Fréchet derivative with respect to 7 in L2(x) exists. This has been verified
in missing data and in censoring data problems (Bickel et al., 1993). Denote the score
operator by

Br]h:qu(h] )+BZI](’72)+B3r](113)+B4q(h4)a

where By,hy = E,{Ax,Nl9(R, Y)}, for k=1, 2, 3,4. The semiparametric efficient score for
estimating («, ) with observed data Z = g(R, Y) can be expressed as

Proj, [ B1y(h1)+Bay(ho)l{ B3y (H3)+Bay(H)} 1,

where {B3, (H3)+B4, (Ha})* denotes the orthogonal complement of the linear space

B3,(H3)+ By,(Ha) in L%(P,). Let &, (h1,hp) = By,(hy) + Bz,(h2) and £y, (h3,hg) = By (hs) +
B4, (h4). From the existence of projection, for any fixed (hy, hy) € Hy x Hp, there exists an

u € By, (Hs x Hy), the closure of the linear space #p,, (Hz x Hy), such that

<Bu1](hl 5 h:) —u, B],,](h3, h4)>

2(Py) =0,

for all (h3, hg) € Hz x Hy. If we assume further that £, (Hz % Hy) is a closed linear space,
there exists an (/3. /23) € Hs X Ha such that u=By, (k3. k). It follows from the assumption
that

Proj, [Buy(h1, ho)l{Buy(H3 X Ha)Y 1=Bay(hi, h2)—Proj, [Buy(h1, h2)|Bpy(H3xHa)l,
Py Py

or equivalently that

<Bur](hl s hl) - Bbq(h;a h:): Bbl](h:" h4)>12‘p ) =0.

)

Note that for any bounded linear operator A mapping Hz x Hy to LZ(P”), andany S € LZ(PW),
< S,A(h3,hg) > 2(p) defines a linear functional on Hz x Hy. By Riesz representation

theorem, there exists a unique (12(3), hg) € H3 X Hy such that
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<S.A(h3.ha)>,  =<(h3,h}). (h3, hy)>
=(Py) B

HayxHy*

The adjoint operator of A, denote by A*, is defined as the map from LZ(P,?) to Hy x Hy

satisfying A"S = (hg, /12). By applying this definition of adjoint operator to #y,, it follows
that

0 = <Buy(hi, ha) = By (3, By), Biy(hs, ha)>

_ *
- <BI71]

L2(Py)

(Buy(h1, ) = By, ), (hs, ha)>

HyxHy?

for all (h3, hg) € H3 x Hy, where BZ,, is the adjoint operator of 5y,,. It can now be seen that

(K3, h3) € Ha x Hay satisfies the normal equation

B;, By (5. h)=B}, Buy(h1. ).

When BZ,]BI;,;, as a map from Hg x Hy to itself, is continuously invertible,
(B h3)=(B;, Biy) ™' B}, Bup(h1. h2).

The projection can now be expressed as

Bal](h] B hz) _Bbq{(Bz,}an)_ : B;,IBZII](h] > h'.’)]:{l_ B[)I](BZ,]BI;U)_ : B;n; }Bul](hl B hZ)-

3 New representations of the semiparametric efficient score

Note that 5, and BZ,, are relatively easy to find. In comparison, the primary difficulty in

finding the projection is to find the inverse of BZ,,Bin;. Neumann series expansion can be
used to eliminate the necessity of finding the inverse as follows.

For a positive constant c, notice that

<(h3, ha), (I = 1B} Buy)(hs, ha)>,, .

=lhs, Iy, = £<(h3, ha), B}, Byy(h3, ha)>

B, Boyll )
x
> {1 _ (—H} ||(h3,h4)|!1'hx“4,

HyxHy

and

Ann Inst Stat Math. Author manuscript; available in PMC 2011 August 1.



1duosnuey JoyIny vd-HIN 1duosnuey JoyIny vd-HIN

1duosnuey JoyIny vd-HIN

Chen Page 5

min

B B

by bn 2
<1 == s b,

min

where /IB;,,B,,,, is the minimal spectral point of BZ,,an,. The constant ¢ can be chosen

1.
sufficiently large such that / — =B, Buy is a positive definite operator with norm in Hz x Hy
less than 1. Suppose that ¢ has thus been chosen. Notice that

. o1 1, T 1., k
(anBb’l) :; I=\I- ;BqubU ZZZ I_EBIn,BbII >

and that

k

¢ k
1 1, .1 . 1 .
ZB};,] (1 - ;Bbr/Bbll) an:;Bb’IBbI} (1 - ;B]’”Bbl]) -

By applying those equalities, it can be seen that the projection operator can be rewritten as

« B _ Ip. © 1R+ L
I- BI”I(BquI”l) Bhl] =1- ;B]HIIE:() (1 - :BIJI]B}"I) Bb}]

N-1 k 00 k
- 1 1 p* * 1 1p* 1y %
=1- ;B[”I 1\210 (1 - ;Bln]B[”I) Bbl] - ;Bb’lng (I - ;Bbr]Bl”l) Blnl'

It can be seen that

1 N-1 1 k 1 N
I- ;B;,,]Z (1 - EBZ,]B,,,,) B}, = (1 - EBZ,,,B;,]) .
k=0

Further
1 S 1 ks 1 ® Les N .
ES — iB* < ES R
1EBuy 3 (7= B, Bun) Biyll < CBul,, %= BBl B
L=(Py) .
LiByll 1B}
S T e 1
e by O, 1—\11—}37,,,13;,,,"”“”4
- Oas N — oo.

It can now be seen that
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N
1 .
I- B[?I](Bh,,BIN]) B],,]_ 111T1 ( - ;B[H]BI:U) s

where the limit is in the sense of induced L2(P,7) norm for the operators. This leads to a
representation of the semiparametric efficient score as

N
. 1 .
“3232\) (1 - ;B])I]Bb]]) B(H](h| )

(1)

The foregoing derivation requires that ¢ be greater than the norm of BZ,]Bb;] and the inverse

of BZ,,an; exists. In fact, neither condition is necessary for the expansion, as we see in the
following Theorem.

Theorem 1. Suppose that #y,, is a bounded linear operator on Hz x Hy, a Hilbert space.

L The projection of E,{A1,h1 + A,ho|g(R, Y)} to the null space of By, By, is (1),

where ¢ is a constant such that |1 — A/c| < 1 for all A, the nonzero spectral points of

B b,]BIn;.

When the normal equation B}, Buyh2=B;,, E;{A1yh1+A2,holg (R, Y)} has at least one
solution, (1) is also the projection of E{A, h1 + Ay, hylg (R, Y)} to By, (H3 X Ha),

3. Asufficient condition for the normal equation to have at least one solution is that
5y, (Ha X Hyg) is a closed linear space. A sufficient (and necessary) condition for

5, (H3 X Hy) to be a closed linear space is that BZ,,an; is continuously invertible.

The proof of the theorem is given in the Appendix. Note that in the foregoing theorem, ¢

needs to be greater than 5 |B1,,,an|| To achieve a better convergence rate in the
approximation, ¢ should?be chosen in such a way that |1 — A/c| < 1 and as small as possible

for all nonzero spectral points. If we know the maximal value (Amax|IB}, By ll) and the
minimal nonzero value (Amin) Of the spectral points, the choice of ¢ = (Amax + Amin)/2 yields
the best geometric rate of convergence as (Amax — Amin)(*max + *min)- In many applications,
we do not know either Amax OF Amin. In those cases, an upper bound on the spectral points is
enough.

The foregoing theorem can be generalized as follows. For any self-adjoint nonnegative
definite operator W from Hg x Hj to itself, w1/2 is defined and is also a self-adjoint
nonnegative definite operator from Hs x H4 to itself. If the range of #p, W 12 js the same as
the range of By, i.e., Bp, WY2(Hg x Hy) = &p, (Hz x Hg), we can redefine & by S £, W12

and replace B,,,, by wi? “Bb,, to obtain a useful variation of Theorem 1. Note that ¢ can be
absorbed into w.

Theorem 2. Suppose that #y,, is a bounded linear operator on Hz xHy, a Hilbert space.
Suppose also that W is a self-adjoint operator from Hz x Hy to Hz x Hy satisfying &y,
WY2(Hg x Hy) = 51, (Hg xHy).

L The projection of E,{A1,h1 + Ag,h2lg(R, Y)} to the null space of By W5, is

Ann Inst Stat Math. Author manuscript; available in PMC 2011 August 1.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Chen

Page 7

. « \V .
[\lll«r;nw(l - B[)I](M/B])]’) Bu}](hl 5 h.’l)s

(2)

where |1 — A| < 1 for all A, the nonzero spectral points of W]/zBZ,]BquI/z.

2. When the normal equation By, Buy (h3, hs) =By, Ex{A1,h1+A2halg (R, Y)} has at least
one solution, (2) is also the projection of E{A,hi+Az,halg (R, Y)} t0 Bﬁ,, (H3 X Hy),

Proof: Only the second claim requires a proof. The second claim is proved if we can show
that

W'2B;, By W' (h5, hy)=W' B}, E {A1)hi+Asholg(R, Y)}

has at least one solution in Hz x Hy if and only if
By, By (13, ha) =B, Ey{A1,h1 +A2yholg (R, Y)} has at least one solution in Hg x Hy. Note that
w!/2B* Bqu”2 (hg, hZ) =W!/?B* E{A1yhi+Axyhalg (R, Y)} for an (h: hj) € Hy x Hy

by by
implies that

<Buy W' (3, 1) — EglArghi+Azyl2lg(R. V). By W' 2 (3, ha)> =0

for all (hg,hg) € Hz x Hy. Since “p, W2(Hg x Hg) = 1,,(Hz X Hy), for any (hg,hs) € Hg x
Hg, there exists an (hgo, hag) EHgxHy such that &y, WY2(hgg, hag) = &1, (ha,ha). It follows
from this and the foregoing displayed equation that

<Bb,,W|/2(h§, hZ) — Ep{A1;h1+Ayho|g(R, Y)), Bb'](h3’114)>1)m,)=0

for all (h3, hg) € H3 x Hy. This implies that

B;,,,Bbr](h% hJ):BZ,,Er]{A lr]hl +A2,]h2|g(R, Y)}

has at least one solution, W(hf%, hZ), in H3 x Hy. The reverse is easily seen.

Note that #p, (h3,hg) = E,{As,h3 + As,halg(R, Y)}. It follows that By, =(A3,. Ay, ;) where
k, is the operator of taking the conditional expectation given the observed data g(R,Y) under
P, and kysig (R, Y)}=E, (s|Y) is the adjoint of k, defined on square-integrable functions of
the full data. Let m,=k;k,=E,[ E,{-Ig (R, Y)}|Y], which maps square integrable functions of Y
in L2(P,) to square integrable functions of Y in L2(P,). Let M,{s(R,Y)} = E,[E,{s(R.Y)|
9(R,Y)}Y]. It follows that m,, is M,, restricted on square integrable functions of Y in L2(P,7).
The efficient score representation can be rewritten as
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aim E AT M

Ak
I=(Azp AgW | 7 (Athi+A2h)|g(R, V).
40N

4 Applications of the new representations

The efficient score represented as the limit of a sequence can be used in practice by
approximation with a finite N as E{ «\[g(R, Y)}, where

_ A;r]kU v
U,=1- A3,,.A4,])W A:’]M,] (A1h1+Azhp).

It is easy to convert the expression into successive approximation as

U,={1 = (A3, Agy)W Asyfo §]
N 3n,A4n AZ,, Mr] N_1*

Different approximations for computing the efficient score in coarse data problems can be
obtained from the approximation with different choices of Ww. We show in the following that
many successive approximation algorithms proposed in the literature for coarse data
problems can be derived from this approximation expression.

The optimal W is the inverse of

Aznkll A+ A
AZ M,] ( 3> 47])
i

when the inverse exists or an appropriate generalized inverse when the inverse does not
exist. With the optimal choice, the approximation becomes exact for any N > 1. In practice,
however, the optimal choice is usually unavailable, which is primarily the reason for
considering the approximation. We therefore aim at choosing a W which is convenient to use

and in the same time as close to the optimal choice as possible. Let Pj:Ajn(Aj‘,lAjy])_lA;n for j

. 1 ® -1 1 x y—1
=1, 2, 3, 4 and W=diag{ C‘3(A A Z(A47]A4r]) }- (2) can be rewritten as

1 1 N
lim E, (1 ~ —Psk, - —P4M,,) (Aigh1+Azh)|g(R.Y) ¢ .
N—oo c3 C4 3)

It can be seen that the choice of c3 = 1 and ¢4 = 1 always works though it is not an optimal
choice in terms of the rate of convergence of the series.

When parameter & is not involved in the model formulation, such as when the coarsening
mechanism is modeled by a parametric model, Az, = 0 in (3). The representation can be
simplified as
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1 N
lim E, {(1 - —P4M,,) (Aryh1+A2ho)|g(R, Y)}.
N—ooo C4

Note further that
Arghy=my {M(Ayh)H[Aryhy = my {M,(A )]

and M,, maps the second term to zero. The projection can be rewritten as
E[Ayghy = my My (A1 )l (R. V)] plus

, I A
lim E, {(1 - C—4P4m,,) (my "{My(A b)) +Azyho)|g(R, Y)} :

When ¢, = 1,
{1 = Pamy}N={I = Py}+Py(I — m{I — Pamy~". 4)
It can be seen that
U, ={T = Pa)(m, {Myy(A1yhy)}+Azyho)+Pa(I — my)U, .

For nonignorable missing data, the foregoing recursive formula is the successive
approximation algorithm proposed in Rotnitzky and Robins (1997, Theorem A1.7). Note
that the successive approximation derived from the original representation, i.e.,

UNZ(I - P4M7])N(All]hl +A21]h2)=(1 - P4M1])U\-,1

with 2g = Ag,hy + Ag,h is simpler to use than that of Rotnitzky and Robins (1997),
especially when m™1 is not easy to obtain.

When the parameter in the coarsening data mechanism is not a part of the interest, we
usually set Ay, = 0. The representation then reduces to

, 1 1 N
lim E, {(1 - Paky - aqu) Axyho (R, Y)}.

(5)

When m~1 is not difficult to obtain, we can apply the decomposition
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Asgha=m;, {M,(Asyh3) [ Asyhs — my M, (Asyh3)}]

to reduce the formula. Since both Az,h; and A4,h4 are functions of Y only, it follows that

<Az,hs, kA juh> = <kyAsyhs, kA jyhj>
= <kym; M, (A3yh3)), kyA jyh >
+<k”[A3,]h3 - m,;] {MU(AthS)}]- kﬂAi'Ihj>
= <k,,m,7‘ {M,,(A},,h})], kl]Ajllhj>
= <M {Az,(h3)}, Ajyhj>,

for j =2, 4. If we define P;*" as the projection to the space generated by M, {A3,(H3)}, (5)
can be rewritten as

. ew N
Jim £, {(7 = P3" — Pym,)" Azyholg(R, V) ©

when c¢3 = ¢4 = 1. In the special case where the coarse data are coarsening at random,
M, {A3z,(H3)} = {0}. It follows that P;"*=0. (6) can be simplified to

Jim E {7~ Pamy)" Azyholg(R. V).

when ¢z = ¢4 = 1. Notice that (I— 74)Ash, = SFEff(hy), where SF¢f denote the efficient score
for g under the full data model. By applying (4), we obtain that the efficient score is
limN_ oo E{ #NI9(R, Y)}, where g = SFeff(h,) and

U, =S "“F(hy)+Py(1 — my)U, ,,

which is the same as the successive approximation algorithm proposed in Robins, Rotnitzky,
and Zhao (1994, Proposition 8.1e) for missing data problems with MAR missing data.

When either (Azl,A;,)-' or (A4,,AZ,])"] or both are difficult to obtain, we can respectively use

. 1 1 o ele 1 w1 1 . 1 1
W=diag(Tl, = (AaAy,) ), diag(=(AsAs,) " 7D, and 41381, =) in the representation.
In the last case, (2) becomes

‘ UVIPPIMI IR
A%I_IEOE,, {(1 - C—3A3,,A3”k,] - aA4,]A4”Mq) (A],,11[+A2,,/22)

g(RY )} ,
(7)

where c3 and ¢4 may respectively be taken as the norms of A3,A3; and A}, A4y, From the
foregoing discussion, it can also be seen that, when data are coarsening at random and there
is no a involved, which implies Ay, is zero, the representation reduces to
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1 N
lim E, {(1 - —AgA m,,) Agyholg(R, Y)}.
N—oo C4 1

5 Discussion

Appendix:

We proposed a general approximation approach to finding the locally semiparametric

efficient score in coarse data problems, including ignorable and nonignorable missing data

and censoring data problems. Algorithms derived from the proposed representation cover

(8

most existing successive approximation approaches. New algorithms for computing locally
efficient scores are also generated from the proposed representations. Further work is needed

in studying the inferential properties of the proposed Neumann approximations in practice.

Proof of Theorem 1

Proof: Note that B,*,,,an; is a self-adjoint operator. Let 7; denote the projection operator in

L2(P,) that projects scores to the null space of operator ¥:(Bj,, Bey)=limy—co@n (B, Ben),
where ¢p(u), n > 1 are polynomials approximating y(u) = (U — t)1(y>t). The self-adjoint

operator BZ,,an; has an integral representation (Kantorovich and Akilov, 1982, pages
258-274) which, for the nonnegative operator, appears as

. M
B;,B,= ) o 1Py,

\ 1, N
where M is the norm of B, Bu, under L%(P,,). Since (/ ~ ;Bqubn) is a polynomial of

B}, Bey, it has the following integral representation

N
| M r\N
(1 - ;Bqub'z) :fo (1 - ;) dP;.

Because for any fixed § > 0, limy_,+00(1 — t/c)N = 0 uniformly on [, M], it follows that
N
Nl—ig'loo ‘]Su (1 - 5) dPIZO.
On the other hand, because

s (N i
Po< [3(1-2) ap. < [japi=Ps,

and the projection operator Py is right continuous, it is seen that
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) t
1}111 (1 - —) dP,=Py,
50

where the inequalities between operators are in the sense of positive definite of the
difference operator. It follows that

N—+o00

N R P L
im |7~ =B} By _Ni}?mfo( —;) =Po,

which is the projection onto the null space of the operator BZ,,an,. Similarly, it can be shown
N
that lim,_, . (/ — thB,,,,) Py, the projection onto the null space of the operator B}, Bey,.

To prove 2), note that for any U{g(R, Y)} and any (hz,hs) € H3 X Hy,

<Buy (3, ha). Jim (I - 1ByB;,) YUs | <(h3, h). B}, lim (1 ~ 1B}, B} )NU>

L2(Py) ’I]
<(h3, hg), /\1’1—1>n®(1 - ;an [,,]) B;,]
= <(h3, h4),PoB, U>

HyxHy

H3xHy

HyxHy*

Let io=PoB}, U. It follows from the definition of 7q that B}, Bsyho=0. When the normal
equation BZ,]an,(h)=BZ,,U has at least one solution,
bI]U BZUU POBb,]U>(h3,h4)=<hO7BZ U —]’l()>

= <ho, B}, Buy(hs, ha)>, ., = lIkolly .
by Bonho. (h3, ha)>y . — ||/20||,',;X” ||/10||,',1X”4

0 = <PyB

HayxHy

= <B

. 1 N
which implies that hg = 0. Thus, lim,_, . (/ — Bsz;,,7) U € By, (Hs x Hy), Further, since
1 . N .
U=~ -ByB,,) U=ByB;, AU € By (H3 X Ha) for a bounded linear operator Ay, it

. 1 I
follows that U — lim,_.( = =ByB;,) U € Byy(H3 X Ha). Hence, (1) is the projection of U
=E,{ #4,(h1.h)I9(R, Y)} to B,,,,(Hz X Hy),
When &y, (Hz % Hy) is closed, the projection onto £y, (Hz x Hy) exists. Let £y, (h3,hg) be
the projection of score S onto #y, (H3 x Hy). It then follows that

0=<Bh,,(h3. 114) - S, Bbr](h}» h4)>1_3(.v,,,=<Bz'le”(h3’ h4) - BZ:]S’ (/13, ]I4)>H]>(H4 .

Therefore, (h3, hy) satisfies the normal equation. From the proof, we conclude that Py is the
projection onto Bj, (H3 x Ha) when 5 by (HzxHy) is closed. When By, B is invertible, for
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any gn = £, (Hz % Hy) such that
&n — 80, (h3n, h4n)=(B;,]Bbl])_IB;”gn - (B;,]Bl7r])~lBan() € H3 X H,, Hence,

g():an(BZ,]Bbu)_lqug(), which implies that go € #1,,,(Hz x Ha). Hence £y, (Hg x Hy) is
closed.
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