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Abstract
In clinical trials, several competing treatments are often carried out in the same trial period. The
goal is to assess the performances of these different treatments according to some optimality
criterion and minimize risks to the patients in the entire process of the study. For this, each coming
patient is allocated sequentially to one of the treatments according to a mechanism defined by the
optimality criterion. In practice, sometimes different optimality criteria, or the same criterion with
different regimes, need to be considered to assess the treatments in the same study, so that each
mechanism is also evaluated through the trail study. In this case, the question is how to allocate
the treatments to the incoming patients so that the criteria/mechanisms of interest are assessed
during the trail process, and the overall performance of the trial is optimized under the combined
criteria or regimes. In this paper, we consider this problem by investigating a compound adaptive
generalized Pólya urn design. Basic asymptotic properties of this design are also studied.
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1. Introduction
1.1. Brief review of clinical trails and the Pólya urn design

In clinical trials, there are often several competing treatments to be assessed during the trial
process while patients come sequentially over the long period of study. Based on the then
current clinical knowledge of the treatments, each coming patient is allocated to one of them
according to some defined mechanisms, so that the overall treatment loss is minimized by
the given optimality criteria. However, there are cases in which the treatments needs to be
assessed under different criteria and the criteria themselves are to be assessed during the trial
process, thus the patients’ allocation needs to be determined by the different random
mechanisms, in which multiple criteria with different regimes are considered in the same
study. In practice, often the same treatments under different mechanisms results differently,
thus may require different criterion for each mechanism. As each treatment has its strength
and weakness, thus we want to assess the treatments under each of the criterion and allocate
the patients so as to minimize the overall risk. The results under each criterion/mechanism
will be analyzed separately so that each of them is to be evaluated. As the treatments
performances unknown in prior, and are gradually learned through the trial process, to
minimize the overall loss of the trial, a compromised criterion between the two is desirable.
As the compound criterion depends on the unknown performances of all the treatments, it
cannot be determined in prior, instead, it is implemented along the trial process. In this case,
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the question is how to allocate the coming patients so that the allocation is optimized under
the compound criterion. Here, we attempt to explore this problem by using a compound
generalized Pólya urn design, and will come back at the problem in the Application section.
For this, we first review briefly some commonly used methods in clinical trials. Some of
these methods apply to either discrete response, continuous response, or both. The
generalized Pólya urn (GPU) is a well-known design in clinical trial; there are many
extensive results for it. Many of the existing models are applied to the discrete responses,
and are not optimally adaptive.

The adaptive design uses accumulating data to update aspects of the study as it continues
without undermining the validity and integrity of the trial (Hayre, 1979; Melfi and Page,
1998; Jennison and Turnbull, 2000; Hu and Rosenberger, 2003; Hu and Zhang, 2004, among
others). A comprehensive review of works in this filed can be found in Hu and Rosenberger
(2006). The purpose of optimal design is to achieve some targeting objective criteria for the
allocation proportions (Eisele, 1994; Eisele and Woodroofe, 1995; Rosenberger et al., 2001;
Hu et al., 2006; Hu et al., 2009; for example). Recently, Zhang et al. (2006), thereafter ZHC,
proposed a sequential estimation-adjusted urn model, Yuan and Chai (2008) independently
of ZHC, thereafter YC, studied an adaptive GPU design, which has some similarity to that
of ZHC. This design was studied further in Yuan (2008) for the cases of delayed response,
staggered/censored entry, heterogeneity and longitudinal/repeated observations. These
methods optimize any given target functional of the trial distribution and are applicable to
both discrete and continuous responses.

1.2. An exposition of a two-treatment clinical trial
To help understanding of our motivation, consider a simple example. Suppose we have two
treatments to investigate in the clinical trial. The success rate of the two treatments are p1
and p2 respectively, N1(n) and N2(n) are the numbers of patients allocated the each treatment
at time n. The commonly used Neyman allocation (Melfi and Page, 1998) is designed to
maximize the power of detecting the difference p1 − p2 of mean performances of the trials,
which leads to the allocation proportion . While
the criterion in Rosenberger et al. (2001) is to minimize the expected treatment failure and
leads to the proportion . The two criteria give very different
allocation results. When the treatment differences are small, the former will be better in
terms of distinguishability, thus smaller sample size will be needed in the study, which is
much desired since patients are cost to get in practice. But also it may lead to more life
losses which will be of grave consequence as the subjects in study are human beings. The
second criterion can lead to less treatment losses when the differences are relatively
significant but may not have the desirable power to detect the differences between the
treatments. We will see in the application section that, as a result of optimizing the two
criteria simultaneously with our method, assume p1 > p2, the compound method will give
the allocation proportion

. This proportion is a combination/compromise of the two, and is more robust than either
one of two criterion used along, in that it keeps much of the power in detecting the
difference while maintain less treatment losses.

In this paper, to assess the treatments by different criteria in the same trial and keep the
advantages of each trail and avoid their weakness, we propose and study a compound
version of the design in YC. The rest part is organized as follows. In Section 2, we describe
the existing adaptive sequential GPU design of YC. Next, we present compound versions
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with and without adaptive features and their basic asymptotic properties in Section 3, and an
illustrative application in Section 4. The relevant technical proofs are given in the Appendix.

2. Description of the optimal adaptive GPU design
We first describe the adaptive optimal GPU design (YC). Suppose there are k treatments
under study, and a Pólya urn with some initial components, corresponding to records of
patient assignments to these treatments X0 = (X0,1,…,X0,k). Here, the components of the urn
can be discrete, real valued or of mixed type. Let rn be the (multiple) response of the n-th
patient under one of the treatments and f(rn) be the summary score for this response.
Without loss of generality we assume 0 ≤ f (·) < ∞. Let Ai be the event that the study is
under treatment i, μi = E(f (r1)|Ai) be the expected performance, or success rate, of the i-th
treatment, and  be its variance (i = 1,…,k). Set μ = (μ1, …, μk) and

. For any vector x = (x1,…,xk), denote  and {x} = diag(x), the
diagonal matrix for x. A vector x is normalized if |x| = 1. At time n, the urn composition is
Xn = (Xn,1, …,Xn,k), the total number of patients assigned to treatment i at time n is Ni(n),
and denote N(n) = (N1(n),…,Nk(n)). In the GPU model, to assign the entering n-th patient to
one of the treatments, a random variable is drawn from the multinomial distribution with
probabilities Xn/|Xn|. If it is type i, the patient is assigned to the i-th treatment, a random
vector of masses ξi is added to the urn compositions, and the response rn is used to update
the estimate of μ in the next step. Let ξi = (ξi1, …, ξik) be the increments to the urn
composition given the patient is assigned treatment i, ξ = (ξij)i,j = 1,…,k be the matrix
representation of the ξij’s, and for each n, ξn is an i.i.d. version of ξ. To simplify the
expressions of the asymptotic variances to be derived later, we assume throughout this
article that ξ is independent of the response observations. The random vector ξi is termed the
adding rule, and ν = E(ξ) = (νij) the design matrix with νij = E(ξij) (known). The first
eigenvalue λ of the design matrix and its normalized first left (row) eigenvector v play a key
role in the asymptotic properties of the GPU design. Many authors (for instance Athreya and
Karlin, 1967; Gouet, 1997; Janson, 2004) studied asymptotic properties of Xn and N(n) and
proved that

For a comprehensive review in this field, see Rosenberger and Lachin (1993) and other
related recent papers.

In YC, the optimal adaptive GPU is studied. The idea is to choose a vector v = (v1,…,vk) for
a given λ and a specified object functional G(·, ·) according to the optimality criterion

and then construct special adding rule  below in such a way that the design matrix has the
above vector v(·) as its first left eigenvector and λ as the first eigenvalue. It turns out that the
urn composition will be asymptotically optimal as quantified by the given by v1(·)”. More
precisely, let Iji be the indicator that the j-th patient is assigned to treatment i. Since μ is
unknown, we plug in its current estimate μn, with

Yuan et al. Page 3

J Stat Plan Inference. Author manuscript; available in PMC 2011 June 15.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



and in place of ξni, we add ζni mass to the urn if the coming patient is assigned treatment i,
where

The matrix M = (mij(μn−1)) will be specified later. Here the adding rule ζn,ij’s are functions
of the responses via μn−1, and we keep ξn,ij/νij in the rule to make it general and flexible, as
the literature for this topic indicated. The matrix M = (mij) is constructed according to the
above optimality criterion, so that the ultimate urn composition will achieve this criterion,
which is the goal of the study. Let ζn = ζn(μn−1) = (ζn,ij)i,j = 1,…,k, ζij = mij(μ)ξij/νij, and M̄ =
M̄(μ) = M(μ) − 1′v(μ), ζ = ζ (μ, ξ1), Σ1 = {v} − v′v, Σ2 = E[(ζ − M)′{v}(ζ − M)] and Σ3 =

{vσ2}. Define tj = v∂M(x)/∂xj|x = μ and .

The main goal for an optimal design is to achieve, asymptotically, some specified optimality
criterion for the allocation proportions N(n)/n. Let 1 be a row vector of 1’s with proper
length. The asymptotic properties of the urn in ZHC and YC are obtained under the
following conditions:

(B0) 0 < νij < ∞, (1 ≤ i,j ≤ k)

(B1) M1′ = γ1′ for some γ > 0

(B2) ζij(·,·) is continuous at (μ,y) for any y and there is an r > 2 such that

(B3) M(μ) > 0 is bounded, differentiable, and there is a δ > 0 such that

The following result is proven in (YC).

Under (B0)–(B2) (for some r > 1), we have

i. μn → μ, a.s., supx∈S(F)||Fn(x) − F(x)|| → 0, a.s.

ii. (Xn(μn−1)/n,N(n)/n) → (λv(μ),v(μ)) a.s.

iii.

Under (B0)–(B2), for some given matrices Ωμ and ΩF, we have
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Under (B0)–(B3), If λ1 > 2Re(λ2), then for some given Ω,

These results depict the asymptotic optimality achieved by the allocation proportions N(n)/n,
as quantified by the given v1(μ), and give its asymptotic normality, in which the asymptotic
covariance matrix Ω is an important quantity to evaluate the performance of the design.

3. Compound GPU design
In this section, we study the compound version of the optimal GPU model discussed in
Section 2 in which r different allocation mechanisms are considered in clinical trial study.
Before the outline of the compound GPU design, let us first introduce the notations we use
in the sequel. Let Bs be the event that the underlying patient is assigned to mechanism s and
Aj be the event that the patient is allocated to treatment j. Denote by rn|Bs the (multiple)
response of the n-th patient under one of the treatments in mechanism s and by f (rn)|Bs the

summary score for this response. Let  be the distribution function of f (rn)|Bs,Ai, which
describes the conditional performance of the scores f (rn)|Bs’s on the i-th treatment,

 be the expected performance, or success rate, of the i-th treatment in

mechanism s, and . In practice, we often have μ(s) =
μ and F(s) = F (s = 1,…,r), where F = (F1,…,Fk) with Fj is the distribution of f (rn)|Aj and μ
is the mean of F. Also, f (rn)| Bs denotes that individual n is assigned to the mechanism s
(here we use the notation | Bs to emphasize the condition that the underlying patient is
assigned to mechanism s). Without loss of generality we assume that each mechanism is
characterized by an optimality criterion Gs(·). In turn, such an optimality can be
implemented in a design matrix and summarized by the normalized and non-negative first
left row eigenvector vs (s = 1, …, r) of the design matrix as

Each of these mechanisms will be randomly assigned in the clinical trial study according to
another criterion H(·) and characterized by another normalized first left eigenvector u = (u1,
…,ur) as

Here, we assume that the respective design matrices denoted by M(s) and Q depend on F
through μ. The requirement vj(·) > 0 (1 ≤ j ≤ k) (resp. uj(·) > 0 (1 ≤ j ≤ r)) is to guarantee
that vs (resp. u) is indeed the first right eigenvector, and that the design matrix

, (resp. Q = Q(F) = (qij(μ))r×r) can be constructed in the same
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manner as in (YC) using vs and its corresponding eigenvalue λs (resp. u and its
corresponding eigenvalue γ).

Associated with mechanism s, there is urn s with composition  at
time n (s = 1,…,r), and with the criterion Q there is an urn with composition Yn = (Yn,1,

…,Yn,r) at time n. Each of these urns has an adding rule.  is referred as the

adding rule corresponding to M(s) with mean  and η = (ηij)r×;r as the adding
rule corresponding to Q with Eη = (δij)r×r. Also, each of the urns is assumed to have some

non-negative initial compositions at n = 0. The overall urn composition is ,
which is the composition of the k treatments at time n. Let Im(s) be the indicator that m-th

patient is in mechanism s and  be the total number of patients assigned

to treatment i in mechanism s at time n. Let  be the numbers of
patients allocated to each treatment in mechanism s at time n,

, n(s) = |N(s) (n)|, and n(n)=(n(1),…,n(r)). The total allocated

numbers is , and n = |N(n)|. The empirical estimates of
μ and F are given by μn = (μn,1, …, μn,k) and Fn = (Fn,1,…,Fn,k), with

where , and ,
(s = 1, …, r; i = 1, …, k). We also denote λ = (λ1, …, λr) with λs is the first eigenvalue of the
s-th urn, vs = (vs1,…,vsk), and V = (vij)r×k. Define

, and for any matrix

. For l = k, r, denote 1l×l as the l × l matrix whose
elements are all equal to 1. For any matrix A and vectors b, c, define ai the i-th row of A, ai
the i-th column of A, bc = (b1c1,…,bkck), and b/c = (b1/c1,…,bk/ck).

We now study the compound GPU design and its adaptive version.

3.1. Compound GPU design
In clinical trial study, there are often several competing treatments to be assessed during the
trial process and patients entering the study may be very diverse. For example, patients may
have different gender, ages, or similar diseases but at different stages. In this case, each
treatment may have different effect for these different groups of patients. Here, we consider
r regimes and in each regime, there are k treatments. Patients arrive sequentially to be
assigned regimes before they are allocated to the treatments. When the n-th patient comes in,
we first decide which one of the r regimes should be assigned. For this, we draw a sample
from the multinomial distribution (r,Yn−1/|Yn−1|). If the outcome is s, the patient is assigned
to regime s represented by urn s and add the following composition to urn Yn − 1
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(1)

as in YC. The urn composition at time n is Yn. Then we decide which one of the k
treatments in mechanism s will be assigned to the n-th patient. For this, we draw a sample

from the multinomial distribution ( ). If the outcome is i, the patient is

allocated to treatment i and add the following composition to urn 

(2)

The corresponding urn composition at time n is . In clinical trial study, the asymptotic
allocation proportions and the overall urn compositions are of major interest.

As in Section 2, we adopt the following assumptions:

(C0)
, (1 ≤ i,j ≤ k; s = 1, …, r) and 0 < δij < ∞, (1 ≤ i,j ≤ r).

(C1)  for some γs > 0 (s = 1,…, r);  for some γ > 0. Here, 1k = (1,
…,1)k and 1r = (1,…,1)r.

(C3) There is an r > 2 such that E||ζs||r < ∞ (s = 1,…,r).

Under the design given in (1) and (2), the asymptotic urn compositions and the allocation
proportions are characterized by the following theorem.

Theorem 1—Assume (C0)–(C1). Then for the design given in (1) and (2) we have:

i.
.

ii.

Now we study the asymptotic distribution of the compound GPU design. Let M̄(s) = M(s) −
1′vs,

, and

, where es = (0,…,0,1,0,…,0) is the s-th unit r-dimensional row vector (s = 1,
…,r). Let Σ1 = {u} − u′u,Σ2 = E[(θ − Q)′{u}(θ − Q)], Σ3 = {uσ2}, Σ23 = E[(θ − Q)′{u}(f
(r1) − μ)], Q̄ = Q − 1′u, q ̄j be the j-th column of Q̄,hs = u∂Q(y)/∂ys|y = μ and

.

Yuan et al. Page 7

J Stat Plan Inference. Author manuscript; available in PMC 2011 June 15.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



For s = 1,…,r, define

Also, for i = 1,…,r and j = 1,…,r, define

Finally, define

Let λs,2 be the second eigenvalue of M(s) (s = 1,…,r), and γ2 be that of Q.

Theorem 2—Under (C0)–(C2), if λs > 2Reλs,2 (s = 1,…, r), and γ > 2Reγ2, then for the
design in (1) and (2) we have

where ΩQ,0 is Ω in Theorem 4 of YC, with (M,λ1,v1,a) there replaced by (Q,γ,u,1) here; and

set , Ω0 is partitioned as (Ω0,ij)1 ≤ i,j ≤ 2 with

Remark: Note that if r = 1, then , I − u′1 = 1 − 1′1 = 0, and hence

 and the last term in Ω0 disappears. Thus, the
effect of the urn Q is gone, and we go back to the case of YC.

As in Janson (2004) and Zhang et al. (2006), under regularity conditions, our design follows
the functional central limit theorem for urn models.
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3.2. Adaptive compound GPU design
The compound GPU design above is dependent on the unknown F, and therefore it is not
directly applicable in practice. A common method is to plug in its empirical estimate Fn =
(Fn,1,…, Fn, k) in the design, so that (1) and (2) are modified as

(3)

(4)

Let , where Ii = (Ii1,…,Iik). We impose the
following assumptions:

(C3)
 is continuous at (μ,y) for any y and there is an r > 2 such that

(C4) M(s) (μ) > 0 is bounded, differentiable, and there is a δ > 0 such that for s = 1,…,
r,

and

Let S(F) be the support of F.

Theorem 3—Assume that Assumptions (C0), (C1)–(C3). Then for the design given in (3)
and (4) we have

i. μn → μ a.s., supx∈S(F)||Fn(x) − F(x)|| → 0 a.s.

ii. (Yn/n,n(n)/n,N(s) (n)/n(s) → (γu,u,vs) a.s. (s = 1,…,r),

iii. (Xn/n,N(n)/n) → (u ⊙ λ ⊙ V,u ⊙ V) a.s.

In order to state the asymptotic normality in the adaptive case, we need to introduce more

notations. Define ts,j = vs∂M(y)/∂yj|y = μ, , and H as before.

Define, for s = 1,…, r,
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and

Also, for convenience we recall the definition of , and .

Let F(x) = (F1(x1), …, Fk(xk))′ and F(x)(1 − F(x)) = (F1(x1)(1 − F(x1)),…,Fk(xk)(1 − F(xk)))
′.
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Theorem 4
i. Assuming (C0) and (C1), the following holds

a.
,

b. ,

where  and .

ii. Assume (C0), (C1) and (C3), (C4), λs > 2Reλs,2 (s = 1,…, r), and γ > 2Reγ2. Then,
for the design given in (3) and (4) the following holds

a.
,

b.
,

where ΩQ is Ω in Theorem 4 of YC, with (M, λ1, v1) there replaced by (Q,γ,u)
here; Ω is partitioned as (Ωij)1≤i,j≤2 with

Here, (I − 1′u)i is used to denote the i-th column of the matrix (I − 1′u).

The Ω in Theorem 4(ii) is not easy to compute in general, but if we choose some special
design, it can have a simple form as follows
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Corollary: Let u(·) and vs(·) be twice differentiable with |u(·)| = 1 and |vs(·)| = 1. Set
 and . Assume that ζ(s) (s = 1,…, r) and θ are constant matrices.

Then, all the conditions of Theorem 4 are satisfied and Ω in Theorem 4(ii) is simplified as

where Ψs = (∂vs(μ)/∂μ)′{σ2/vs}∂vs(μ)/∂μ, φ = (∂u(μ)/∂μ)′{σ2/u}∂u(μ)/∂μ, and ϒs =
(∂vs(μ)/∂μ)′(σ2vs)′es∂u(μ)/∂μ.

4. Application
Once the vs’s are obtained from the optimality criteria, the design matrices M(s)’s are

constructed and the designs ’s are easily obtained. The simplest such constructions are
those given in the Corollary from the previous section; the general constructions for some
commonly used designs in clinical trials can be found in YC with similar adding rules.
Given the Gs(·)’s, we can give an example to illustrate how to choose the vs’s so that the
adaptive design is asymptotically optimal by the given joint criteria. In the following
example, the vs(·)’s (and u) should be normalized and chosen differentiable around μ to
satisfy the required conditions.
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4.1. An illustrative example
Now lets come back at the example briefed in the Introduction. The existing methods use
different criteria separately. In this work, we propose to use them jointly. Let us consider
these two commonly used criteria in clinical trials: the Neyman allocation (Melfi and Page,
1998) and the criterion in Rosenberger et al. (2001).

For two qualitative treatments, the Neyman allocation puts N1(n) patients to treatment I by
maximizing the power for testing the difference Δ = p1 − p2, where p = (p1, p2) are the
success rates of the two treatments. Here k = r = 2, f (·) ≡ 1, and μ = p. This strategy leads to
the allocation ratio

or v1(p) = (v11(p), v12(p)), with

We have |v1| = 1 and the corresponding optimal v1(·) = (v11(·), v12(·))′. The generating

matrix M(1) (·) can be chosen as in the Corollary, . Take λ1 = 1, and the ’s

be constants, the corresponding adding rule is . Note
, and with the above choice of M(1), it is easily verified that

On the other hand, the criterion in Rosenberger et al. (2001) is to minimize the expected
treatment failure and leads to

so that we can take the targeting v2(·) as

In practice, each trial is carefully selected but not perfect, so p1 and p2 are not close to zero
and one, p1≠ p2 and v1 and v2 can be very different. Apparently, a compromised criterion
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will have the advantage of the two and avoid either extreme. The f(·),μ, the generating
matrix and the adding rule are the same as above. It can be verified that

To join these two criteria, we choose u=(1− p1+ p2, p1− p2) (suppose p1>p2). This design
favors the first criterion when the difference p1− p2 is small, and the second otherwise. With

the joint criteria, take λ = (1,1), v1=(v11, v12), v2=(v21, v22), and . Then, we
can easily show that

and

By Theorem 4, we have

and by the Corollary,

with Ω= (Ωij)1≤i,j≤2, where the Ωij’s are given by the corollary. Thus, the new allocation
proportions under the compound method is

which is a compromise of the two allocations, and is more robust than either one of two
criterion used along, in that it keeps much of the power in detecting the difference while
maintain less treatment losses.
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4.2. Discussion
The proposed compound model is a response-adaptive design, so it will be helpful to have a
brief discussion of its relationship and compare it with some commonly used such designs in
clinical trials.

Bai and Hu (2005) studied a general urn model via random generating matrix, which
includes many types of existing urn models used in clinical trials. Our compound model,
however, is not covered by this class of models, due to the two-stage design. Tymofyeyev et
al. (2007) established two equivalent optimization criteria for treatments allocation and
proposed the corresponding adaptive randomization procedure targets the criterion. Again
our design is not directly comparable to their procedure, both from motivation and structures
of the design. Hu et al. (2009) proposed a new family of response-adaptive design, which
attain the Cramer–Rao lower bounds on the allocation variances for any allocation
proportions. The play-the-winner type design by Ivanova (2003) also attains this bound. A
general comparison of the allocation proportion asymptotic variance of the proposed
compound design with that of the lower bound of Hu, Zhang and He seems mathematically
intractable. But intuitively our model will not attain this bound, as it takes into consideration
of several optimality criteria together and thus has more variability than a design using a
single criterion. We regard this as a weak aspect of our design. However our model is
motivated to combine several optimality criteria into one design, so as to achieve a balanced
goal, not for minimal variance alone. How to reduce the asymptotic variance of the
compound design toward the lower bound will be a topic for our future study.
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Appendix
Most of the techniques and notations below are from ZHC, with some new notations added.

Define , and , where Δ  = Ĩmθm −
E[Ĩmθm| ], , Δ  = Ĩm − E[Ĩm| ], and Δ  = Ĩm{f(rm̃)− μ̃m}. Here,
f ̃(rm) = (f(rm)|B1, …, f(rm)|Br),μ̃m = (μ̃m1, …, μ̃mr), with μ̃ms = E[f(rm)| ,Bs]. We then
have n− nu=Wn + o(n1/2) a.s., where

with ,  = I, , and

. Also, for s=1,…,r, let ,

and , where
, and

. Here, f(rm)|Bs = (f(rm)|(A1,Bs), …, f(rm)|(Ak,Bs),

 and note that in our case μ(s) = μ. Then , and  are martingales.
As in (5.19) and (5.20) in ZHC, or in the proof of Theorem 4 in YC, for each fixed s, we
have

Similarly,
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Here,

, with , and

.

Proof of Theorem 1 and 3
Note that Theorem 1 is a special case of Theorem 3(ii). We only prove Theorem 3.

i.
Note that in our case, μ(s) = μ, F(s)=F(s=1,…, r), and . The proofs follow
the same lines as in that of Theorem 3(i) in YC, and using the first result in (ii).

ii. The first result can be obtained directly from Theorem 3 in YC. For simplicity, the
proofs in ZHC and YC are done for λs = 1. However, these steps are valid for any
value of λs and us, as shown in the following proofs. As to the second result, note

that  and .
Let us now fix i(1≤i≤k) and s(1≤s≤r). For fixed s, it follows from Theorem 3(ii) in
YC that

Noting  and using the fact (as in ZHC or YC) that 

a.s., it results that a.s..

Hence

which, in turn, implies that

As to N(n), we write
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Thus,

Proof of Theorem 2 and 4
Note that Theorem 2 is a special case of the Theorem 4(ii). Indeed, the distribution function
F=(F1, …, Fk) of f(rn)|Ai, i=1,…,k is unknown in the adaptive compound GPU design
whereas it is known in the nonadaptive case. In the case of Theorem 2, we set H = 0. Thus,
results in Theorem 2 is obtained from those in Theorem 4 by setting

, and

, (s = 1, …, r). We now prove
Theorem 4.

i.
Rewrite  as , where, for each fixed (i,s), the ’s
are the f(rj)’s which are allocated to the s-th urn and i-th treatment. We have

, and for (i,j,s) ≠ (p,q,r),  and  are independent. Note
that

By Lemma 1 in YC,

Also, by Theorem 3,  and . Thus,
the desired result follows from Slutsky’s Theorem. The proof of the weak
convergence of  is similar and omitted.

ii. The first result follows directly from ZHC or Theorem 4(ii) in YC. As far as the

second result is concerned, define  and . It can be
shown that the sequences Un and Vn are martingales with respect to { }. We then
have
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and

For r=1, n/n−u = n/n−1 = 0. For r>1, n= (n(1),…,n(r)). It follows from Theorem 3.3 in ZHC

or Theorem 4 in YC that , where

. Here, I is r × r identity matrix, 1 is r-
dimensional vector of 1’s. In fact, Ω̌22 is the lower-right r × r block of ΩQ,0. Now, for r>1,
we get

and .

As in ZHC or in YC, Un satisfies Linderberg’s condition for martingale. Thus, by martingale

central limit theorem, , where . Here, we refer
the notation Var[Un|] to ZHC for the average successive conditional covariances. Here, by
Theorem 4 in this paper, and Theorem 4 in YC,

Similarly, , where
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Finally, using , we then have

where Ω= (Ωij)1≤i,j≤2, with

Here, by Theorem 4 in YC,

To compute Γ11,Γ22,Γ14,Γ23, we need to compute the following quantities. Fix s, s=1…, r.
Using Theorem 3, we have
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Using the fact that ξ(s) is independent of all the other variables and that f(rm)|Bs is
independent of , we obtain:

. Note

Thus, by Theorem 3.1 in ZHC, or Theorem 3 in YC,
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But

Here, q̃m,s is the s-th row of the matrix Qm. Note that  and denote q̃s as the s-th
row of Q. Thus,

But

Thus,

But

Thus,
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But for

Note that  and

. We can then write

Thus,

Now, let us write Un, Vn, and Wn as follows

where
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We can now derive

Now, let b̄n,m,i be the i-th column of the matrix . Using similar arguments used in YC, we
then have

Now collecting terms and letting n→ ∞, we get
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By similar evaluations we have

The proof is finished by collecting terms.

Proof of The Corollary

Notice here for fixed s, (s=1,…,r), we assume that  and that ζs and θ are

constant matrices. Then we have , Q̄ = 0, , and .
Also, as in the proof of Corollary 3.2 in ZHC and noting that E(ζs) = M(s) and E(θ) = Q, we

have , and

. Similarly,

, and .
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