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Abstract

The addition of accurate system modeling in PET image reconstruction results in images with distinct
noise texture and characteristics. In particular, the incorporation of point spread functions (PSF) into
the system model has been shown to visually reduce image noise, but the noise properties have not
been thoroughly studied. This work offers a systematic evaluation of noise and signal properties in
different combinations of reconstruction methods and parameters. We evaluate two fully 3D PET
reconstruction algorithms: (1) OSEM with exact scanner line of response modeled (OSEM+LOR),
(2) OSEM with line of response and a measured point spread function incorporated (OSEM+LOR
+PSF), in combination with the effects of four post-reconstruction filtering parameters and 1-10
iterations, representing a range of clinically acceptable settings. We used a modified NEMA image
quality (1Q) phantom, which was filled with ®8Ge and consisted of six hot spheres of different sizes
with a target/background ratio of 4:1. The phantom was scanned 50 times in 3D mode on a clinical
system to provide independent noise realizations. Data were reconstructed with OSEM+LOR and
OSEM+LOR+PSF using different reconstruction parameters, and our implementations of the
algorithms match the vendor’s product algorithms. With access to multiple realizations, background
noise characteristics were quantified with four metrics. Image roughness and the standard deviation
image measured the pixel-to-pixel variation; background variability and ensemble noise quantified
the region-to-region variation. Image roughness is the image noise perceived when viewing an
individual image. At matched iterations, the addition of PSF leads to images with less noise defined
as image roughness (reduced by 35% for unfiltered data) and as the standard deviation image, while
it has no effect on background variability or ensemble noise. In terms of signal to noise performance,
PSF-based reconstruction has a 7% improvement in contrast recovery at matched ensemble noise
levels and 20% improvement of quantitation SNR in unfiltered data. In addition, the relations between
different metrics are studied. A linear correlation is observed between background variability and
ensemble noise for all different combinations of reconstruction methods and parameters, suggesting
that background variability is a reasonable surrogate for ensemble noise when multiple realizations
of scans are not available.

1. Introduction

Iterative reconstruction methods are widely used in positron emission tomography (PET)
clinical practice because they offer an improved contrast to noise performance over analytic
algorithms (Riddel et al 2001, Son et al 2003). Several advances to iterative reconstruction
methods have enabled this improved performance. For example, the attenuation-weighted
ordered subsets expectation-maximization (AW-OSEM) (Comtat et al 1998), moves the
attenuation correction into the reconstruction matrix, and helps to preserve Poisson statistics.
Performance of iterative reconstruction could be further improved when the full physics of the
imaging process is accurately and precisely modeled. Several works reconstruct directly from
the raw coincidence line-of-response (LOR) data without any pre-processing (Kadrmas
2004, 2008), and are called the LOR-based algorithms. The Poisson statistics of the



1duasnuey Joyiny vVd-HIN 1duasnue Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Tong et al.

Page 2

measurements are preserved in these algorithms, and the full benefit of maximum-likelihood
(ML) reconstruction is achieved. One important component of the physics modeling is the
detector point spread function (PSF), which could be obtained through analytical derivations
(Strul et al 2003), Monte Carlo simulations (Qi et al 1998, Alessio et al 2006) or experimental
measurements (Panin et al 2006). Modeling of the detector PSF during fully 3D iterative
reconstruction has been shown to improve the spatial resolution, and to generate visually less
noisy images. However, the noise properties of the PSF-based reconstruction algorithms have
not been thoroughly evaluated.

Noise characteristics in reconstruction have important implications for quantitation and
detection performance in PET imaging, and accordingly there have been abundant efforts
devoted to the analysis of noise properties in PET image reconstruction, which could largely
be classified into two categories. The first category of works use theoretical derivation to obtain
analytical expressions for the ensemble noise properties. Since most iterative algorithms for
PET reconstruction are nonlinear, the statistical properties of the reconstructed images cannot
be computed directly from those of the data, and approximations are usually required to make
the problem tractable. By linearizing the ML-EM algorithm in log-image space and making
certain approximations, Barrett et al (1994) derived a theoretical formulation by which the
ensemble statistical properties of the EM algorithm could be obtained at each iteration. This
work was validated through Monte Carlo methods in their later work (Wilson et al 1994), in
which the algorithm was linearized in the image space. Many other works have examined the
ensemble noise properties for regularized EM reconstruction (Fessler 1996, Wang and Gindi
1997), and in particular Qi and Leahy studied the noise properties of maximum a posteriori
(MAP) reconstruction for fully 3D PET (Qi and Leahy 2000). The noise characterization of
block-iterative reconstruction algorithms is presented in the work of Soares et al (2000), which
made the assumption that the noise in the reconstructed images is small compared to the mean
image. While these works provide solid theoretical basis for quantifying the noise in
reconstruction, the computation cost is typically high and the accuracy of the approximation
may deteriorate at higher iterations (Qi and Leahy 2000). In particular, due to the high variance
behavior at high iteration numbers, EM- and OSEM-type algorithms are typically regularized
through early termination of the algorithms or by subsequent smoothing of the reconstructed
images. Hence, it is also necessary to study how noise characteristics change with different
settings of reconstruction parameters (number of iterations, post-smoothing, etc) through
experimental methods.

The other category of noise analysis works perform experimental evaluation of noise properties
through Monte Carlo simulations or on measured data sets. Different image figures of merit
(FOMs) have been adopted to evaluate the influence of reconstruction parameters. As a
validation for their earlier work (Soares et al 2000), Soares et al studied noise characterization
of 2D block-iterative reconstruction algorithms (including OSEM) through Monte Carlo
simulations (Soares et al 2005). Resolution recovery of 2D AW-OSEM reconstruction was
presented in Bernardi et al (2007), where algorithm properties in terms of contrast recovery,
image noise and object separability were evaluated on scanned sphere phantom studies. More
recently, Kadrmas et al evaluated the lesion detection performance of four popular 3D PET
reconstruction algorithms on a multi-compartment anthropomorphic phantom (Kadrmas et
al 2009). Different lesion sizes and target-to-background ratios were studied, and the
detectability was assessed by localization receiver operating characteristics methods. For the
clinical task of quantification, several works have evaluated the effects of different
reconstruction parameters on image noise and accuracy of standard uptake values (SUVS).
Based on simulations on a thorax phantom, Boellaard et al assessed how the accuracy of SUVs
is affected by different tumor sizes, target-to-background ratios, sinogram noise levels, post-
filtering and region of interest (ROI) definitions in 2D OSEM reconstructions (Boellaard et
al 2004). A similar study on patient tumor data was performed in the work of Jaskowiak et
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al (2005), where the influence of reconstruction iterations on SUVs is studied for 2D OSEM
reconstruction. Boellaard et al found large variation in SUV estimations (>50%) depending on
all parameters studied (Boellaard et al 2004), and Jaskowiak et al showed that SUV measures
are statistically different across different iteration groups (Jaskowiak et al 2005). These studies
have shown that image noise properties vary substantially for different combinations of
reconstruction parameters in 2D OSEM algorithms.

With the advances in 3D PET reconstruction algorithms, some studies have shown that the
addition of accurate system modeling leads to images with improved quantitative accuracy and
contrast to noise performance. However, the noise characteristics in PSF-based reconstruction
have not been thoroughly studied in the literature. In this work, we present a systematic
evaluation of noise and signal properties in different combinations of reconstruction methods
and parameters for 3D PET image reconstruction. We evaluate two algorithms: OSEM+LOR
(OSEM with exact locations of the line of response modeled) and OSEM+LOR+PSF (OSEM
+LOR with point spread function modeled), in combination with the effects of four post-
reconstruction filtering parameters and up to ten iterations. Our evaluation is across clinically
acceptable range of iterations. The OSEM+LOR implementation matches the vendor’s product
reconstruction and data correction (randoms, scatter, deadtime, efficiency, etc) methods,
providing insight into actual system performance. The evaluation is based on 50 independent
realizations of measured phantom data. We adopt four metrics to quantify the background noise
properties, and five metrics to evaluate the signal and noise characteristics in features. We use
theoretical derivation to study how the noise metrics relate to image variance and covariance.
We assess the performance of the two reconstruction algorithms, as well as how different
reconstruction parameters affect the noise properties. The relations between various metrics
are also studied over a range of reconstruction parameters.

2. Methods

2.1. Phantom experiments

We used a modified NEMA NU-2 image quality (1Q) phantom in the study. The modified
phantom consists of an anthropomorphic chamber which contains six hot spheres with inner
diameters of 10, 13, 17, 22, 28 and 37 mm (Doot et al 2007). The central 5 cm diameter ‘lung’
cylinder in the original NEMA phantom was removed, and the two larger hollow spheres were
changed to hot spheres, as opposed to the cold spheres in NEMA NU-2 instructions (NEMA
2001). Phantom spheres and background volumes were filled with long half-life 68Ge solid
epoxy (T = 270.8 days), with a fixed target/background ratio of 4:1. On the day of the
experiments, the total activity in the phantom was 47.22 MBq, and the background activity
concentration level was 4.55 kBq mL 1.

The phantom described above was scanned on a discovery-STE (DSTE) PET/CT scanner (GE
Healthcare). The phantom was positioned off the center of the transaxial field of view (FOV),
and the acquisitions were obtained in fully 3D mode. Fifty 5 min acquisitions of the phantom
were obtained, generating 50 independent realizations of data. Each data set contained roughly
85 million prompts. The CT scan consisted of 84 slices, and was later used for attenuation
correction.

2.2. Image reconstruction

All 50 scans were reconstructed with each of the two methods mentioned earlier. By using the
scanner manufacturer’s software, our implementations of the reconstruction algorithms are
similar to the scanner reconstruction. The specific implementation of the OSEM+LOR
algorithm is derived from the work of Manjeshwar et al (2006) and reconstructs using angular
subsets and all oblique planes from the fully 3D data (no axial mashing). Based on a distance-
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driven projector design, the algorithm allows accurate modeling of the native block-based
detector geometry. The algorithm also incorporates the corrections for crystal efficiency,
detector deadtime, attenuation, random and scatter coincidences inside the iterative loop in
order to preserve Poisson statistics of the measurements. For the OSEM+LOR+PSF algorithm,
the scanner point spread function (PSF) is included in the OSEM+LOR reconstruction (Alessio
etal 2009). Previous studies have shown that in-plane parallax error is the most spatially variant
resolution component, and most of the system resolution losses could be recovered with a
simple radially blurring system model (Alessio et al 2006). The PSF used in the current work
models the detector blurring as a 2D system response function, which blurs in the radial
direction and is variant with radial position. The PSF is obtained through experimental
measurement with a non-collimated point source (Alessio et al 2005), and the effects of inter-
crystal scatter, penetration, photon pair non-collinearity and positron range are taken into
account. The blurring terms were incorporated in a factorized system model and applied during
each call to the system matrix, both in the forward and backward projection steps.

Each of the 50 independent acquisitions was reconstructed onto 47 slices of 256 x 256 image
matrices, corresponding to a voxel size of 2.73 x 2.73 x 3.27 mm3. Each reconstruction was
run to 10 iterations with 28 subsets for each iteration, and the results of each iteration were
saved. The addition of the PSF model to OSEM+LOR increased the reconstruction time by
3.2%.

After the reconstruction step, different post-smoothing filters were applied to the reconstructed
images. The images either had no post-reconstruction smoothing applied, or were convolved
with 4 mm, 7 mm or 10 mm 2D Gaussian filters, where the filtering parameters were chosen
to include typical settings used clinically. To match the vendor’s product implementation, the
same smoothing in the axial direction was also included for each Gaussian filter by performing
a weighted average of adjacent image slices.

Finally, the reconstruction and processing steps produced a series of reconstructed images with
different combinations of reconstruction methods and parameters: 2 reconstruction methods x
4 levels of post-reconstruction filters x 10 iterations x 50 realizations, for a total of 4000 image
volumes. Different image figures of merit (FOMs) were adopted to evaluate the noise
characteristics for the two reconstruction methods and various reconstruction parameters.

2.3. Noise properties in background

With access to multiple acquisitions of the phantom, we use four image FOMs: image
roughness, background variability, ensemble noise and the standard deviation image, to
quantify the background noise characteristics. The relations between these FOMs are also
studied.

To calculate the noise metrics, one image slice containing all the six hot spheres (shown in
figure 1(a)) was selected as the target slice for analysis. 2D ROIs over slices suggested in
NEMA NU-2 instructions (NEMA 2001) were used in our work. We positioned 12 background
2D ROIs on the target slice, as well as on 4 neighboring slices (slices £13 mm and £26 mm
away), for a total of 60 background ROIs for each ROl size. Six different ROl sizes were used,
and the ROI diameters were equal to the physical inner diameters of the hot spheres. Figure 1
(b) shows the 37 mm diameter ROIs overlaid on the target slice.

The reconstructed background activity is modeled as

Jir=bo+n;, (1)
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where fj is the reconstructed value at pixel i for realization r, by is the true background activity
and nj; is the corresponding noise term.

For realization r, the mean of pixels in the kth ROI (k=1, 2, ..., Kand K = 60 for background
ROIs) is denoted as

mr.k:% Z fir

i€eROI; (2)

where | is the number of pixels in ROIy.

The noise metrics are defined and calculated as follows.

2.3.1. Image roughness (IR)—Image roughness measures the pixel to pixel variability in
the image, and could be calculated for a single realization. Image roughness is the image noise
perceived when viewing an individual image. For ROl and realization r, image roughness is
defined as the coefficient of variation (COV) of the pixel values as

2
ﬁ Z,;ROIL (/;I - mr.k)

IR, ;= .
My (3)

Note that this value is defined for each realization and ROI, so we average the value over the

K
60 ROIs to generate the final image roughness IR,‘:%Z ,:lIR,;k. Since IR, is defined for each
realization, we could further calculate its mean and stanéard deviation across different
realizations.

2.3.2. Background variability (BV)—This is a measure for background variability
proposed in the NEMA NU-2 instructions (NEMA 2001). This metric is also calculated for a
single realization, and is defined as the COV of the ROI means my y across the 60 ROls as

N R
BV, = L
M (4)

K
where ﬁ,:%z _, Mk is the average of ROI means over different ROIs, and K is the number
of ROIs (K = 60 for background ROIs). As this metric is defined for each realization r, we

could compute its variation across realizations when multiple realizations are available.

2.3.3. Ensemble noise (EN)—Ensemble noise is a measure for noise across independent
realizations, and it is inversely proportional to detection task performance. For each ROI, it
is defined as the COV of ROI means my  across the 50 realizations:

R — 2
7 2pey (M — my)

EN;= —
my (5)
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R
where %:%Zr:lmnk is the average of ROI means over realizations, and R is the number of
realizations (R = 50 for our analysis). ENy is defined for each ROIy, and we further average

K
EN;. This metric can

this value over ROISs to generate the final ensemble noise EN=+ .

only be computed when multiple realizations are available.

2.3.4. Standard deviation image—For each pixel in the target slice, we calculate the
sample standard deviation across different realizations, and generate the standard deviation
image. Pixel i in the standard deviation image is defined as

— 1< -2
oi=|5— ) (fir—fD
JR - 1;

(6)

where ?':%Zf— fir is the pixel average over realizations. oj is an estimate of the ensemble
standard deviation. The standard deviation image is defined for each pixel of the slice (not
restricted to background pixels), and it offers an effective way to compare noise standard
deviation (or variance) in different reconstruction methods and parameters.

In our study, the first three noise metrics (IR, BV, and EN) are all defined as coefficient of
variation, which can be considered as a normalized measure of dispersion, i.e. the ratio of the
standard deviation to the mean value. They could also be defined directly as the sample standard
deviation without the normalization term. We use the definitions with the coefficient of
variation in order to compare the metrics more easily.

Among the four metrics defined above, ensemble noise and the standard deviation image are
based on reconstruction results from different realizations, and are often considered to be
closely related to the “true’ noise which most accurately represents the uncertainties in the
images. However, as multiple realizations of acquisitions are usually not available in many
cases, metrics defined on a single realization, such as image roughness and background
variability, are more often used to quantify the noise characteristics. While these two metrics
have been used extensively in the literature to assess the performance of different
reconstruction algorithms or different imaging system configurations, their relation has not
been properly studied, and in particular, how these metrics relate to the ensemble noise is not
clear. Therefore, we also analyze the relations between different metrics.

The possible dimensions of variations for the metrics include 2 reconstruction methods x 4
levels of post-reconstruction filters x 6 ROI sizes x 10 iterations x 50 realizations.

2.4. Signal and noise properties in features

The reconstructed signal in the hot spheres is modeled as

Sir=fo+tni (7)

where fj, is the reconstructed value at pixel i for realization r, fy is the true activity in hot spheres
and n;, is the corresponding noise term.

Phys Med Biol. Author manuscript; available in PMC 2011 March 7.



1duasnuey Joyiny vVd-HIN 1duasnue Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Tong et al.

Page 7

We evaluated several signal strength metrics to assess signal versus noise performance with
different reconstruction methods and parameters. We placed six 2D ROIs covering the six hot
spheres, and the ROI diameters match the physical inner diameters of the spheres. The ROI
indexk=1, 2, ..., 6 denotes each of the six hot spheres. Note that this is slightly different from
the study of background noise, where 60 ROIs were used for each of the 6 ROI sizes. The
following metrics are used in the analysis of signal and noise properties in hot spheres.

2.4.1. Contrast recovery coefficient of mean value (CRCmean)—~For one realization,
CRCmean is defined for each sphere as

my.k
CRCmean, ;=——
(8)

where my i is the region average for each hot sphere as defined in equation (2).

2.4.2. Contrast recovery coefficient of maximum value (CRCmax)—CRCmax is
defined for each realization r and hot sphere k as

max, g
0 (9)

CRCmax, ;=

where max; i is the maximum pixel value in sphere k.

2.4.3. Ensemble noisein hot spheres (ENys)—Ensemble noise is defined the same way
as in equation (5). EN is directly used in the analysis as ensemble noise for each of the six hot
spheres, and no further average over ROIs is performed as in background analysis.

2.4.4. Signal to noise ratio for quantitation (SNRquant)—SNRquant, a measure of
ROI accuracy and precision, has been proposed as a practical metric for representing
quantitation performance (Barrett 1990). It is defined for each hot sphere k as

Jo

VAZE O = fo)? 10

2.4.5. SNR non-prewhitening filter (SNRnpw)—SNRnpw has been used as a
measurement of detection task performance in binary classification problems (Barrett 1990,
Sharp et al 1996) and is defined here as

SNRquant, =

—feature _ —background
;(e‘l[uw _ ’nkdt groun
SNRnpw, =

24 2
Veis/2 (11

—feature R . .
where m,ﬁ“"““‘“:%zﬁlm,;k is the average of sphere means over realizations on a target present

—background .

(t=1)slice, m, is the same average on a target absent (t = 0) slice and s; and sg are the
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corresponding sample standard deviations through all realizations, i.e.

R — 2
S1= ﬁz,:l(mr.k — mi)” on the target present slice, and s is calculated the same way on the
target absent slice. We use the same slice for background analysis (a slice containing all six
hot spheres) as the target present slice, and a slice 39 mm away as the target absent slice.

Among the five metrics defined above, CRCmean, , and CRCmax x can be computed for each
realization r, so we can further calculate their means and standard deviations across different
realizations. The calculation of the other three metrics requires information from multiple
realizations.

The total possible dimensions of variations for the five metrics include 2 reconstruction
methods x 4 levels of post-reconstruction filters x 6 sphere sizes x 10 iterations x 50
realizations.

3. Relations of noise metrics to image variance and covariance

3.1. Theoretical derivation

To understand the properties of the noise metrics, we derive how our background noise metrics
relate to the true noise variance and covariance. For simplicity of the derivation, we assume

that the noise term n;, in equation (1) has the same variance (rlz, for background pixels, so all

pixel values fi in the background are identically distributed with variance 7. Note that we do
not assume that the noise nj, is zero-mean, since there could be bias in the reconstructed signal.
We also make no assumption on statistical independence for distinct pixels in equation (1), so
fir can be spatially correlated in our model (though not explicitly modeled).

For notational simplicity, we drop the ROI index k in the following derivation. We also define
the noise metrics in a simplified version: the metrics are defined directly as the sample standard
deviation without the normalization term. Note that this simplified version of definition differs
from the ones used in section 2.3 only by a scaling factor. We adopt the new definition only
for notational simplicity; the analysis below is also valid for the original definitions in section
2.3.

Recall that the ROl mean value is defined as mF%Z_ o, ir (1is the number of pixels in the
ROI). Due to the spatial correlation of f;,, m, is the avérage of several correlated random
variables, so the variance of the ROl mean m; is formed from the sum of the variances and
covariances of each pixel as

Var(m,)= % [I(f,%*‘ZCOV(ﬁr, [jl)]

#Jj (12)

where Var and Cov denote variance and covariance, respectively, and the summation of
covariances is over i and j.

2
The simplified version of image roughness is defined as IR,= \/ﬁZkROI(ﬁ" ~M)” The
square of IR, could be further arranged as
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IR%zﬁ D (fl? - 2f,~,~m,~+m%)
i€ROI

1
=2l Z f2-2mdm+ ¥ m%)
i€ROI i€ROI
__1 2 2
TI1 ( 2 i~ Im,).
i€ROI (13)

Due to the noise correlation, IR? (i.e. sample variance) is no longer an unbiased estimate of the
true variance o7, and from equation (13) the expectation of IR? could be calculated as

EllR3J=ﬁ( ) Elf,%J—IE[m%J)

i€eROI
1

= % (Var(fi)+E[ fi,]) — I(Var(m,)+E[m,]?)

i€ROI

(14)

where E[] denotes mathematical expectation. By substituting equation (12) into the above
equation and letting E[fi, ] = mg, we have

E[IR%]:# ((ri+m(2) — Ill (I(ri+§Cov(ﬁ,-, fj,-)) — mg]
i#]

:(rlz) - ﬁ 2. Cov(fir, /‘jl)
i#] (15)

The standard deviation image is based on independent samples of fj, over realizations, so a‘?
would be an unbiased estimate of cri for background pixels, i.e.

-2 2

The simplified version of ensemble noise is defined as the sample standard deviation of ROI

R
o _ 2 . . o
mean value m; over realizations EN= \/ﬁz,:l(mr —m)”, Since different realizations have
independent noise, sample variance of m, (i.e. square of EN) is an unbiased estimate of the
true variance of my, so

2
o2 1
b,

E[EN?|= )= =
[EN“]=Var(m,) 7R

> CoVJir, fir)-

i#j (17)

Equations (15)—(17) describe how the background noise metrics relate to the ensemble noise
variance and covariance. These equations will be used later to analyze the performance of
various metrics for different reconstruction methods and parameters. In equation (15), the first

term crﬁ has more contribution than the covariance term, so we would expect that image
roughness is relatively insensitive to the ROI size. In equation (17), the noise variance o-i is
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normalized by the number of pixels in the ROI, so we would expect that ensemble noise will
decrease with ROI size. Noise covariance also affects image roughness and ensemble noise
differently. Positive noise correlation will lead to smaller image roughness but larger ensemble
noise.

In the above derivations, we assume that all background pixels fj, have the same ensemble
mean and variance. This is a reasonable assumption, since only one ROl is involved in the
definitions of image roughness and ensemble noise. In reality, non-uniformity may exist in the
reconstructed images (e.g. due to inaccurate corrections), so pixels in different regions can
have different mean values. Background variability measures the variation of ROl means over
multiple ROIs (definition in equation (4)), so this measure would be sensitive to background
non-uniformity.

3.2. Estimation of noise variance and Covariance

4. Results

As shown in equations (15) and (17), both image roughness and ensemble noise are affected
by a noise variance term and a covariance term. In an effort to quantify the relative contributions
of variance and covariance to noise metrics, we estimate noise variance and average covariance
based on the above derivation.

We define C as the average of covariance terms in an ROI as

o iz Cov(fir, fir)
a-nr - (18)

With this definition, we can solve aﬁ and C from equations (15) and (17) as

ozzuEUR2J+E[ENZJ
b I r (19)

C=E[EN?] - lE[IR%].
1 (20)

We can obtain estimates of ai and C using the results of noise metrics. We placed one single
ROI in the background, and calculated image roughness and ensemble noise. Eight ROI sizes
were used, with diameters equal to 10, 13, 17, 22, 28, 37, 44 and 49 mm. Then the average of

IR? over 50 realizations is used as an estimate of E[IR?], and EN? is used as an estimate of E
[EN2]. Noise variance and average ROI covariance are estimated using equations (19) and

(20). The estimated 0-,2, and C results are presented in section 4.1.

Figures 2 and 3 show example reconstructed images from one of the 50 realizations at iteration
2 and 8. From visual inspection, we observe differences in noise texture for different
reconstruction methods. Specifically, PSF-based reconstruction results appear to be less noisy
and to have a noise texture with larger correlations. We also observe variations of noise
characteristics over different post-filters and iterations. Objective evaluation of these noise
properties is presented in the following.
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4.1. Background analysis results

Figure 4 presents the results for the first three background noise metrics which are defined in
section 2.3, namely image roughness, background variability and ensemble noise. Each row
of the figure corresponds to one noise metric. For plots on the left column, the ROI size is fixed
(ROI = 22 mm corresponds to the ROI with 22 mm diameter), and the metric is plotted as a
function of the iteration number. For plots on the right column, iteration number is fixed, and
the metric is plotted as a function of the ROI size. Each of the six plots in figure 4 includes
variations of two reconstruction algorithms (represented by black and red curves) and four
post-filtering options (represented by different line styles). Since image roughness and
background variability are defined on one realization, the mean of the metrics over 50
realizations is plotted in figure 4 (top and middle rows), with the error bars denoting standard
deviation across realizations. In this way, the two plots on each row of figure 4 capture all the
variations of the corresponding noise metric in that row.

From figure 4, it is observed that all the three background noise metrics decrease with post-
filters applied, and increase with iteration number. Image roughness has a small increase for
larger ROIs, while background variability and ensemble noises go down quickly with
increasing ROI size. Comparing the two reconstruction methods at matched iterations, the
incorporation of PSF, with other parameters fixed, reduces image roughness by ~35% for the
unfiltered data. With increasing post-filtering, this difference between the two methods gets
smaller. At matched iterations, the addition of the PSF offers no significant difference in
background variability or ensemble noise.

All three noise metrics are defined as coefficients of variation, and their relations are studied
by plotting one metric against another. In figure 5, image roughness (IR) and background
variability (BV) are plotted against ensemble noise (EN). In plots on the left column, we fix
the ROI size and study how the relation changes with different reconstruction methods and
post-filtering options, while in plots on the right column, we evaluate how the metric relation
changes for various reconstruction methods and ROI sizes, with no post-filtering applied. The
top row of figure 5 plots the average image roughness over realizations versus the ensemble
noise. It shows that while the mean of image roughness (over 50 realizations) increases
monotonically with ensemble noise, there is not a linear relationship between the two metrics.
The bottom row is related to the background variability. From these plots, a linear correlation
is observed for the mean of background variability (across 50 realizations) and the ensemble
noise. This linear relation follows a line near the identity line, and has a similar trend for
different reconstruction methods, post-filters and ROI sizes. The error bars in the plots denote
standard deviations across realizations, showing that background variability from one
realization (represented by a line within the error bars) would also linearly correlate with the
ensemble noise.

Results of the standard deviation image are presented in figure 6. Comparing the images on
top and bottom rows (corresponding to OSEM+LOR and OSEM+LOR+PSF), we observe
reduced sample standard deviation for PSF-based reconstruction. For a quantitative
comparison, we placed 12 background 2D ROIs (as defined in section 2.3, of 22 mm diameter)
on the standard deviation image, and calculated the ROl average. In figure 6, the ROl mean
values are shown above each corresponding image, and these values confirm that PSF-based
reconstruction has smaller sample standard deviation at matched iterations. As discussed
earlier, each pixel in the standard deviation image a; is an estimate of the ensemble noise
standard deviation, so reduced o;j values indicate that PSF-based reconstructions have less noise
at matched iterations. This effect is observed in both the background and hot spheres, and the
difference between the two methods gets smaller with increasing post-filtering.
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For each background pixel in the standard deviation image, the value ¢; could be normalized
with the pixel average over realizations, f;, to generate a new metric o;/f; (see equation (6) for
details). Comparing with the definition of ensemble noise in equation (5), we see that i/f; is
equivalent to the ensemble noise in the ROI of one pixel, so we call the new metric
ENonepixel- ENonepixel i @ measure of the noise in a single pixel, and is similar to image
roughness (IR) in this aspect. We plot the ratio of the metrics IR/ENgnepixe as a function of
ROl size in figure 7. From the definitions in equations (4) and (5), both background variability
and ensemble noises are measures of variation in the ROl mean value. We also plot how the
ratio of these two metrics BV/EN changes with ROI size in figure 7.

Results on the estimated noise variance o and the average ROI noise covariance C are
presented in figure 8. The estimated noise variance increases with iteration number, and
decreases with post-filters applied. The incorporation of PSF leads to reduced noise variance
at matched iterations, and this effect gets smaller with the increasing post-filter level. These
observations are consistent with the standard deviation image results. The addition of PSF leads
to increased average ROI noise covariance, and hence increased noise correlation (considering
smaller noise variance). For larger ROI size, the average noise covariance gets smaller. This
is consistent with the definition of C in equation (18), since many close-to-zero covariance
terms are included in the average for larger ROIs. Across all iterations and post-filtering levels,
the estimated noise variance is at least one order magnitude larger than the average ROI noise
covariance, suggesting that the variance term has more contribution for image roughness and
ensemble noise in equations (15) and (17).

4.2. Feature analysis results

Figure 9 presents the results for contrast recovery coefficients. As was done for the background
noise measures in figure 4, two plots are used to describe one metric in one row. Plots in the
left column plot the metrics versus iteration number with the sphere fixed, while in the right
column the metrics are plotted against sphere size with a fixed iteration number. We observe
that both CRCmean and CRCmax increase with iteration and decrease with post-filtering, and
more accurate CRCmean and CRCmax (i.e. values closer to 1) are obtained for larger sphere
sizes. Comparing the two reconstruction methods, the incorporation of PSF improves the
accuracy of CRCmean by ~7%, and this improvement is similar for all post-filtering options.
A similar improvement (~16%) exists for the accuracy of CRCmax in unfiltered results, and
this improvement is reduced with increasing post-smoothing.

To further study the effect of PSF on contrast recovery coefficients, we plot CRCmean and
CRCmax against the ensemble noise in figure 10, so that we can compare the metrics for
different reconstruction methods at a matched background noise level. For CRCmean, the PSF
algorithm offers slightly improved (~7%) signal to noise performance over OSEM+LOR, and
this benefit is present for all post-filtering parameters and sphere sizes. A similar improvement
is also observed for CRCmax. Another interesting observation is made in figure 10. At the
same CRCmean level, ensemble noise is reduced with the incorporation of PSF, and this effect
is present for different post-filtering levels and ROI sizes.

Ensemble noise in hot spheres is shown in figure 11, and the patterns are similar to what we
observed for background ensemble noise in figure 4. The noise goes up with iteration, and
decreases with post-filtering and sphere size. Including PSF in the reconstruction has no
difference on ensemble noise at matched iterations. Comparing figures 4 and 11, we observe
that ensemble noise is lower in hot spheres than in background. Note that this is not to be
confused with the standard deviation image results in figure 6, which shows larger sample
standard deviation in hot spheres. Ensemble noise is defined as the coefficient of variation in
equation (5), so the normalization term leads to smaller ensemble noise in hot spheres.
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Results for SNR measures are presented in figure 12. Both SNRquant and SNRnpw increase
with hot sphere size, indicating better quantitation and detection performance for larger objects.
SNRquant goes down with increasing post-smoothing applied, and the amount of decrease is
similar for each increase in post-filtering. SNRnpw has a ~30% increase from the unfiltered
results when 4 mm post-filter is applied, but the performance is similar for post-smoothing
parameters ranging from 4 mm to 10 mm. The difference trends of SNRquant and SNRnpw
over post-filtering parameters indicate the distinction between quantitation and detection task
performances. As for the effects of PSF modeling, the addition of PSF increases SNRquant by
20% for unfiltered data, and this improvement exists for all post-filtering and sphere sizes. For
SNRnpw, including PSF offers slight improvement for large spheres (2-5% for the largest
sphere, shown in the lower right image of figure 12). Detection performance for small objects
is of more interest, and PSF modeling has shown modest improvement for smaller spheres. At
iteration 5 for the 10 mm diameter sphere, including PSF increases SNRnpw by 16% for
unfiltered data, and the increase is about 8% for the other 3 post-smoothing levels.

5. Discussion

The incorporation of PSF modeling into reconstruction affects image noise characteristics in
different ways. Visual assessment from figures 2 and 3 suggests less noise for PSF-based
reconstructions. At matched iterations, we observe PSF reconstruction has less noise in terms
of image roughness and the standard deviation image (figures 4 and 6), but no significant
difference is found for background variability or ensemble noise.

Image noise is quantified through noise variance and covariance. In section 3.1, we have
derived how the background noise metrics relate to the ensemble noise variance and covariance.
By comparing equations (15)-(17), we can explain why PSF modeling has different effects on
the noise metrics. Since OSEM+LOR+PSF has a system model which relates each voxel to
more measurement locations than the OSEM+LOR system model, the inverse problem is more
ill-posed resulting in a slower convergence rate for OSEM+LOR+PSF. As a result, high-
frequency components (including pixel variance) converge slower, so at matched iterations we
would expect the pixel variance for a single voxel to be less for PSF versus non-PSF
reconstruction. Our evaluation is across clinically acceptable range of iterations. Within this
range and at matched iterations, we have observed smaller noise for PSF reconstruction (shown
in figures 6 and 8), and this observation means that PSF-based reconstruction has smaller noise

variance o at matched iterations. The addition of PSF also introduces larger noise correlation
through the averaging process in the forward and backward projection model (shown in figure
8), implying that pixels would have positive correlation with their neighbors. As stated earlier,
image roughness is affected by noise correlation. From equation (15), increased noise

correlation due to PSF modeling, together with the effect of smaller ai, leads to smaller image
roughness for PSF-based reconstruction at matched iterations (top row of figure 4). PSF
modeling affects ensemble noise in a different manner. From equation (17), the reduction in
noise variance is compromised by the increased noise correlation, so PSF modeling has no
difference on ensemble noise at matched iterations. Equation (17) also shows that ensemble
noise is more affected by the number of pixels in the ROI, and this is consistent with our
observation that ensemble noise decreases with increasing ROI size (bottom right plot in figure
4).

Four different metrics have been used to quantify the noise properties in background. Among
the metrics, image roughness and the standard deviation image are based on sample standard
deviation of pixel values fj;, so they are measures of pixel-to-pixel variation. Image roughness
quantifies the variation from spatially correlated samples, while the standard deviation image
measures the variation across independent realizations. The difference of these two metrics
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can be understood from the plot of their ratio in figure 7 (the left plot). From equations (15)
and (16), image roughness is affected by noise correlation while the normalized pixel standard
deviation ENonepixel IS NOt. The second term on the right-hand side of equation (15) measures
the average pixel correlation in the ROI. For increased smoothing or smaller ROI size, the
average correlation in the ROI increases, leading to smaller image roughness and hence a
smaller ratio of the two metrics.

The other two noise metrics, background variability and ensemble noise, are based on the
sample standard deviation of the ROI mean values, and thus are measures of region-to-region
variation. Background variability quantifies the variation in the spatial domain, while ensemble
noise captures the variation over different realizations. In figure 5 (bottom row), we observe a
linear correlation between background variability and ensemble noise, and background
variability appears to be slightly larger than ensemble noise. This phenomenon is also observed
in figure 7 (the right plot), where the ratio of background variability and ensemble noise is
greater than 1. Due to approximations in scatter correction and attenuation correction, the
reconstructed image is not uniform in background. We observed from the mean image of 50
realizations that background activity is slightly lower in the center of the phantom, and such
nonuniformity is similar for each realization. So spatial variation (measured by background
variability) is larger than ensemble variation (measured by ensemble noise). Despite this
difference between background variability and ensemble noise, a linear correlation of the two
metrics exists for different combinations of reconstruction methods and parameters (figure 5).
Due to the lack of multiple realizations of acquisitions, noise metrics defined on a single
realization of data (e.g. background variability) are often used to assess performance of
algorithms or system designs. The linear correlation between background variability and
ensemble noise indicates that background variability is a reasonable surrogate for ensemble
noise for the purpose of performance assessment when multiple realizations of data are not
available.

Analysis in hot spheres shows improved contrast to noise performance with PSF modeling.
Across arange of matched noise levels, OSEM+LOR+PSF offers roughly 7-12% improvement
over OSEM+LOR in terms of contrast recovery coefficients (shown in figures 9 and 10),
demonstrating the advantage of adopting more accurate system models in reconstruction. This
improvement in signal recovery, combined with the reduction in noise variance, leads to modest
improvement in SNRnpw (for small objects only) and SNRquant (shown in figure 12).

Several findings in our work are consistent with previous results in the literature. Panin et al
(2006) showed that the incorporation of PSF into OSEM reconstruction leads to reduced pixel-
to-pixel variation (similar to image roughness in our work). Several works have also shown
that PSF-based reconstruction could improve contrast recovery (Bernardi et al 2007, Panin et
al 2006, Jakoby et al 2009). Our work has systematically evaluated the noise and signal
properties in PSF-based reconstruction across a range of reconstruction parameters. With
access to 50 realizations of measured data, we evaluated the reconstruction algorithms with
various noise and signal metrics. Some of the metrics we used, including ensemble noise,
SNRquant and SNRnpw, could be calculated only when multiple realizations of data are
available. Overall, we have found that PSF-based reconstruction has reduced noise variance
and increased noise correlation at matched iterations, and the incorporation of PSF could also
improve contrast recovery and SNR measures. The various metrics used in our work could
further be related to major tasks of detection and estimation. For example, SNRnpw has been
shown to correlate well with human observer detectability (Lartizien et al 2004, Kim et al
2003).
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6. Conclusion

We have presented a systematic evaluation of noise and signal properties in different
combinations of reconstruction methods and parameters for 3D PET image reconstruction. Our
study is based on 50 sets of 3D PET data acquired on a clinical system. The data were
reconstructed with two fully 3D reconstruction algorithms, OSEM+LOR and OSEM+LOR
+PSF, in combination with four post-filtering options and 1-10 iterations, yielding 4000 image
volumes for our analysis. With access to multiple realizations of data, we use four metrics to
quantify the background noise properties, and five metrics to evaluate the signal and noise
characteristics in features. Our evaluation is across clinically acceptable range of iterations.
Among the four noise metrics, image roughness and standard deviations image are measures
of the pixel-to-pixel variation, while background variability and ensemble noises quantify the
region-to-region variation. At matched iterations, the incorporation of PSF results in images
with less noise defined as image roughness and the standard deviation image, but it offers no
significant difference for background variability or ensemble noise. PSF-based reconstructions
have also shown improved signal to noise performance in terms of contrast recovery and SNR
measures. We also study the relations of various noise metrics, and a linear correlation is
observed between background variability and ensemble noise for all combinations of
reconstruction methods and parameters. This correlation indicates that background variability
is a reasonable surrogate for ensemble noise when multiple realizations of data are not
available.
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(a) (b)

Figure 1.

(a) Example of one transaxial slice of reconstructed image (using OSEM+LOR reconstruction
without post-filtering, iteration = 5), with the black circle denoting the scanner field of view;
(b) NEMA background ROIs (denoted by white spheres) overlaid on a zoomed transaxial slice.
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no filter 4mm filter Tmm filter

Figure 2.

Zoomed reconstructed images from one realization at iteration 2. Top: LOR; bottom: LOR
+PSF. All images have the same color scale.
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Figure 3.
Zoomed reconstructed images from one realization at iteration 8. Top: LOR; bottom: LOR
+PSF. All images have the same color scale.
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Metrics for background noise. From top to bottom: image roughness, background variability,
ensemble noise. Left column: noise metrics are plotted against iteration number with the ROI
diameter fixed at 22 mm. Right column: noise metrics are plotted versus ROI size at fixed

iteration 5. Error bars denote standard deviation across realizations.
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Figure 6.

The standard deviation image at iteration 5. Top: LOR; bottom: LOR+PSF. The ROl mean
values of the background are shown above each corresponding image. All images have the
same color scale.
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Estimated background noise variance aﬁ (top) and average ROI noise covariance C (bottom).
Left column: metrics are plotted against iteration number with the ROI diameter fixed at 22
mm. Right column: metrics are plotted versus ROI size at fixed iteration 5.

Phys Med Biol. Author manuscript; available in PMC 2011 March 7.



1duosnuey JoyIny vd-HIN 1duosnuey JoyIny vd-HIN

1duosnue\ Joyiny Vd-HIN

Tong et al.

recovery coefficient of mean

—E=LOR+PSF
-©- LOR+10mmPF
~A-LOR+7mmPF
=% - LOR+4mmPF
-B-LoR

FYLOR+

recovery coefficient of mean

- LOR+PSF+10mmPF
—/— LOR+PSF+7mmPF
-~ LOR+PSF+4mmPF

—5— LOR+PSF

-B-L0R

~©- LOR+10mmPF
~A-LOR+7mmPF
~ %~ LOR+4mmPF

)~ LOR+PSF+10mi

£ LOR+PSF
16} ~©~LOR+10mmPF

~A\-LOR+7mmPF
= - LOR+4mmPF
4 ~E-LOR -

recovery coefficient of max

18} £~ LOR+PSF+7mmPF
% LOR+PSF+4mmPF

1

5
iteration

mPF

recovery coefficient of max

B 25 3
sphere diameter (cm)

) LOR+PSF+10mmPF PR
£\~ LOR+PSF+7TmmPF -7
#— LOR+PSF+4mmPF <

—£5 LOR+PSF

~O-LOR+10mmgE ~
-A- LOR+TmmPf

% - oRgammee, —

-B-EgR

:

:fﬁ/ -

Figure 9.

G
iteration

2 25 B
sphere diameter (cm)

Page 25

Contrast recovery coefficient in hot spheres. From top to bottom: CRCmean, CRCmax. Left
column: metrics are plotted against iteration number with the sphere diameter fixed at 22 mm.
Right column: metrics are plotted versus sphere size at fixed iteration 5. Error bars denote

standard deviation across realizations.
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Figure 10.

Relations of recovery coefficient in hot spheres and background noise. From top to bottom:
mean of CRCmean (over realizations), and mean of CRCmax (over realizations), plotted
against ensemble noise in background. Left column: relations of metrics are plotted with the
sphere diameter fixed at 22 mm. Right column: relations of metrics are plotted for results
without post-filtering.
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Figure 11.

Ensemble noise in hot spheres. Left: ensemble noise is plotted against iteration number with
the sphere diameter fixed at 22 mm. Right: ensemble noise is plotted versus sphere size at fixed
iteration 5.
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Figure 12.

SNR metrics of hot spheres. From top to bottom: SNRquant, SNRnpw. Left column: metrics
are plotted against iteration number with the sphere diameter fixed (the sphere diameter is 22
mm for SNRquant, and 10 mm for SNRnpw). Right column: metrics are plotted versus sphere
size at fixed iteration 5.
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