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Abstract
Background—Subgroup analyses examine associations (e.g., between treatment and outcome)
within subsets of a larger study sample. The traditional approach evaluates the data in each of the
subgroups independently. More accurate answers, however, may be expected when the rest of the
data are considered in the analysis of each subgroup, provided there are three or more subgroups.

Methods—We present a conceptual introduction to subgroup analysis that makes use of all the
available data, and then illustrate the technique by applying it to a previously published study of
pediatric airway management. Using WinBUGS, freely available computer software, we perform an
empirical Bayesian analysis of the treatment effect in each of the subgroups. This approach corrects
the original subgroup treatment estimates toward a weighted average treatment effect across all
subjects.

Results—The revised estimates of the subgroup treatment effects demonstrate markedly less
variability than the original estimates. Further, using these estimates will reduce our total expected
error in parameter estimation, as compared to using the original, independent subgroup estimates.
While any particular estimate may be adjusted inappropriately, adopting this strategy will, on
average, lead to results that are more accurate.

Conclusions—When considering multiple subgroups, it is often inadvisable to ignore the rest of
the study data. Authors or readers who wish to examine associations within subgroups are encouraged
to use techniques that reduce the total expected error.
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Every Subgroup Is Part of a Larger Study
A colleague of yours hands you a paper1 which describes a prospective, controlled trial in
critically ill children in the prehospital setting, comparing the outcomes of children assigned
to receive endotracheal intubation (ETI) with the outcomes of those assigned to receive bag-
valve-mask (BVM) ventilation. Not surprisingly, the observed survival proportions
demonstrated considerable variation depending on the illness or injury which necessitated the
airway intervention. For instance, the proportion of subjects surviving sudden infant death
syndrome (SIDS)—for both ETI and BVM—was essentially zero, whereas for children who
required ventilatory support due to respiratory failure, the proportion surviving was much
better. Anticipating the variability in survival proportion associated with different disease
states, as well as the possibility that the effect of ETI relative to BVM would vary by illness
category, the investigators presented both the overall survival proportions in the two arms of
the trial, and the survival proportions within each illness category (subgroup). And within each
subgroup, they focused on the performance of ETI relative to BVM. Considering the study
population as a whole, the trial demonstrated no benefit of ETI over BVM and even a trend
toward harm. Based on these results, the use of prehospital pediatric ETI was abandoned in
some emergency medical services systems.

Your colleague then asks you an important question: While the overall study demonstrated a
trend toward harm in choosing prehospital ETI over BVM, certain patient subgroups seemed
to have fared better with ETI than with BVM. If we choose to never intubate children in the
prehospital setting, are we not ignoring those subgroups in which ETI appeared to be
advantageous? Moreover, given that the number of children in some of the subgroups was quite
limited, what is the best estimate of the effect of ETI compared to BVM in any particular
subgroup, and how much uncertainty is there in the estimates of the effect of ETI in these
subgroups?

Before reading further, stop and ask yourself what your instinctive response to the last question
would be. For instance, in the subgroup of children denoted “Other,” which was comprised of
all subjects whose illness did not fall into the prospectively-defined subgroups, there were 10
survivors and 5 deaths among those who received BVM, and 10 survivors and 1 death among
those who received ETI. You could calculate that the odds ratio for survival in the ETI arm
versus the BVM arm is 5 [i.e., (10/1)/(10/5)], and that the 95% confidence interval is 0.5 –
50.8. Although the confidence interval includes the possibility of there being no treatment
effect, this finding, you think, should generate considerable doubt among providers about
withholding a potentially life-saving intervention from children who fall into the “Other”
subgroup. Your initial response, then, might be to inform your colleague that it is not prudent
to completely remove pediatric ETI from the prehospital armamentarium.

We argue below that, in most circumstances, examining data from one subgroup in isolation
(as we did above) yields a less accurate estimate of the treatment effect in that subgroup than
considering the subgroup data in conjunction with the data from the rest of the study. It turns
out that a better estimate of the odds ratio for survival in the “Other” subgroup is 1.6, with a
95% probability interval of 0.5 – 5.2. We discuss how we obtained this adjusted estimate below.

In order to provide an intuitive understanding of how we arrive at these corrected estimates,
we will be using three different examples that involve proportions (though these methods can
be used for estimating any type of parameter): 1. the proportion of heads in a series of coin
flips; 2. the proportion of successful hits in a series of at-bats for baseball players; and 3. the
proportion of children surviving in the pediatric trial of airway management. Because,
however, for the pediatric trial we are interested in relative survival (ETI versus BVM) and
odds are more convenient mathematically, we will be looking at the odds ratio of survival with
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ETI versus BVM. And while we will begin the discussion with the example provided in a
seminal paper by James and Stein that challenges our intuitions, this paper (including the
worked example provided in the Technical Appendix) will use a different mathematical
approach (empirical Bayes estimation) because we believe this approach will lead to a better
understanding of the material.

Your Best Estimate
Imagine that you flip a coin ten times. This is not a normal coin—in fact, before you started
this experiment you had no idea what the probability was of a flip turning up heads. If your
ten flips yielded seven heads, what would be your best guess about the probability that an
additional flip of this rather strange coin will turn up heads? It should be 0.7 (70%). Since we
have assumed that you have no additional information about this coin, you have the best chance
of “being correct” if you simply use the observed proportion as your best guess. You probably
used this same intuition when you answered the question above about the best estimate of the
effect of ETI on survival in the “Other” subgroup: the best estimate should just be the results
obtained in that particular subgroup; after all, those are the most relevant data for answering
the question.

The phrase, “being correct,” which we wrote above, can be defined in several ways. One way
of defining the most "correct" estimate in particular—used frequently in regression analyses
—requires that we minimize the square of the distance between the estimate (in this case, the
value derived from the data) and the unknown true value. This is called a “least squares”
estimate: using the square ensures that both over- and under-estimates contribute positive
values to the measurement of the error, and that the error grows fairly quickly the farther we
are from the true value. For the coin flips, using any number other than 0.7—the observed
proportion that turned up heads—as your estimate will probably increase the distance from
your estimate to the truth, thus increasing the expected error. Applying this to the pediatric
airway study above, your intuition likely led you to conclude that for each subgroup you should
simply use each subgroup’s data to generate the best estimate of the effect on survival of ETI
relative to BVM in that particular subgroup.

For decades, however, it has been known that in the setting of multiple subgroups this intuition
is misleading.2 When the goal is to choose estimates for all the subgroups that yield the lowest
overall estimation error, there are alternative approaches that are always likely to be better than
(i.e., have a lower expected error than) the individual subgroup estimates. How could
something always be better than that which seems so intuitively obvious?

Stein’s Paradox & Baseball
Over half-a-century ago, Willard James and Charles Stein published an amazing finding.2 They
stated that as long as three or more groups are being compared, we can always expect to have
a lower overall estimation error if we consider the data from all the groups when trying to
estimate the parameters of the individual groups. While any particular estimate might be made
worse, we are guaranteed to have lower expected error across all the estimates using this
approach.

In 1977, Efron and Morris published in Scientific American an engaging review of what came
to be known as Stein’s paradox, so-called because the finding goes against the grain of what
makes intuitive sense.3 (A more rigorous treatment of the subject by the same authors can be
found in reference 4.) The authors describe the following, now oft-repeated example:

The baseball season is just underway, and the statistics on a group of players’ batting averages
are beginning to accumulate. Specifically, eighteen players’ performances at their first forty-

Lipsky et al. Page 3

Ann Emerg Med. Author manuscript; available in PMC 2011 June 1.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



five at-bats during the 1970 season were recorded. Just as your colleague asked you earlier
about the subgroup analysis, Efron and Morris asked, given what we now know after these at-
bats, what would best predict each player’s final batting average to be once all the season’s
data are available? (To make the problem tractable, Efron and Morris define the true batting
average as the player’s average at the end of the 1970 season.) They go on to demonstrate that
the predictions for individual players are much better if they take into consideration how the
other players performed, essentially revising each player’s batting average toward the overall
group’s average.

That should bother you. Why should the batting prowess of other, unrelated players in a league
change how well you think a particular player will perform during the rest of the season? The
answer lies in a concept known as "shrinkage."

More Coinage
Before we get to shrinkage, however, let’s return to the coin example. This time you have in
your hand a fair coin which, by definition, will turn up heads half the time as the number of
flips becomes increasingly large. We know that by chance, however, shorter series of flips will
vary from coming up 50% heads in a predictable way. After ten flips, for instance, we are most
likely to get five heads, but it is also pretty likely that we will get three, four, six, or seven
heads. And it is less likely, though not impossible, to get zero, one, two, eight, nine, or ten
heads. (The probability of obtaining any one of these outcomes follows the binomial
distribution which, after many flips, can be reasonably represented by a normal distribution.)

The fair coin is like a baseball player for whom we somehow know the true batting average
(for “hitting heads”) is fifty percent. If we only look at a short series of a coin’s "at-bats" during
the season, the observed average may be substantially higher or lower than fifty percent, but
when the end of the coin’s "season" is reached, the final average will be fifty percent. A real
baseball player at the beginning of the season, on the other hand, is more like the strange coin
mentioned earlier—they both have an underlying probability of a successful hit (or heads), but
that probability remains unknown to us until after a much larger set of data have been collected.

Now imagine that we have ten strange coins, each with its own distinct but unknown probability
of landing heads-up. Importantly, we have no reason to suspect (based, perhaps, on inspection)
that any one coin has a greater probability of turning up heads than any other coin, an
assumption known as exchangeability.5 We then proceed to flip each coin ten times and record
the percentage of heads in each series. If we consider each coin independently, then these
percentages would represent our beliefs about the most likely value for the probability that
each particular coin will turn up heads.

However, we know that these observed percentages will fluctuate around the true underlying
likelihood of turning up heads solely due to the random chance described above. We would
expect that a few of the series of coin tosses will overestimate their coin’s true probability of
turning up heads, a few will underestimate it, and the rest will likely cluster around the correct
number. And because we had no reason to believe that any particular coin was more or less
likely to turn up heads than any other coin, it is fair to examine more closely the coins with a
relatively high or low percentage of flips that turned up heads: It is both more likely that they
are true outliers (i.e., that these coins do indeed have higher or lower underlying probabilities
of turning up heads) compared to the other coins, and also more likely that some of their
exceptionalness is due to chance (i.e., that these coins are on streaks which do not reflect the
true underlying probabilities of heads). The same reasoning applies to the coins closer to the
middle of the pack, though to a lesser extent, in that their averages are likely less far from their
true underlying probabilities: They are both less likely to be true outliers, and less likely to be
far from their true underlying probabilities as a result of chance.
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Of Shrinkage and Baseball
If we consider how the individual baseball players were doing in the beginning of the season,
some will have performed exceptionally well and others exceptionally poorly, similar to our
distribution of ten coins. This exceptionalness is exactly the issue. Though these outliers’
batting ability may truly be exceptional, it is also reasonable to believe that they may be on
lucky or unlucky batting streaks. These streaks, even among the intrinsically best and worst
batters, are unlikely to continue for an entire season. We correct for this tendency of the
exceptional players to be more extreme than truth by nudging each player’s estimate toward
the players’ overall mean (i.e., the mean of all the players’ averages thus far). (As an extreme
example, consider a player who has hit successfully at his first two at-bats: Should we assume
that he will maintain a perfect batting average for the rest of the season, or might it be better
to nudge his current batting average toward the overall mean?) How much we correct (or nudge)
each player’s estimate depends in part on how far he is from the overall mean—how much of
an outlier he is. Because we are correcting all the points toward a specific central point, this
process is known as shrinkage: we are shrinking the distance between the individual players’
estimates.

There is always the risk, of course, that the exceptionally good or bad player is truly exceptional
and that we are either applying a correction where one is not needed, or even worse, nudging
the estimate in the wrong direction. Though we cannot know which (if any) players’ averages
we have revised inappropriately, we can always expect that adopting a strategy that applies
shrinkage to the group will outperform a strategy that uses the naïve, individual averages, and
we therefore choose to use shrinkage. Put another way, the expected overall error in prediction
is guaranteed to be less than it would have been had the individual batting averages been used
to predict the players’ performances during the remainder of the season.4 In the Efron and
Morris example, the shrinkage strategy paid off: The total squared error of the naïve averages
turned out to be 0.077, while the total squared error of the James-Stein estimators was 0.022,
representing a reduction in error by a factor of 3.5.

In addition to the distance from the overall mean, the amount of correction is also related to
how much information is available. In the baseball example in which all the players had had
the same number of at-bats, they all had roughly the same amount of information available.
However, in our ETI/BVM subgroup analysis in which some subgroups may have had many
subjects and others many fewer, we would, in general, need to apply a stronger correction to
those subgroups with fewer subjects (i.e., less information). The more information available
in any particular subgroup, the less likely it is that the original estimate has deviated
substantially from the true value due to chance. Conversely, groups with little information may
be expected to exhibit wider fluctuations around their true underlying values due to chance.

The concept of shrinkage is also known as "borrowing strength" because information is
“borrowed” from all the other individuals or subgroups to help form the estimate for any
particular individual or subgroup.

Borrowing Strength
We may be able to better understand the what is happening in borrowing strength by adopting
a Bayesian,6 multilevel modeling perspective. (Though there are important differences
between the original James-Stein method and the Bayesian one, we chose this approach because
it helps us develop a more intuitive understanding of the material; other approaches exist as
well.) We know that at the end of the season each baseball player will have a particular batting
average which we will assume (as Efron and Morris did) is the true value of interest. However,
while we are still collecting data, the batting averages will continue to fluctuate: If a particular
player is on a hot streak, his average may shoot higher than his end-of-season batting average.
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On the other hand, if he is facing a series of top-notch pitchers, his average thus far may
underestimate his eventual season performance. This is the first level of the model—the
individual players.

The lower half of Figure 1 shows the first level of this model for three players: one player (the
center distribution) is fairly average in his batting ability, one (on the right) is above average,
and one (on the left) is below average. We have indicated the players’ true averages with the
lettered ticks (a–c). The data collected from each player at the beginning of the season give us
one observed point (i.e., one observed batting average); these are labeled in the graphs with
the filled shapes. Note that the distribution itself shows us the probability of observing a
particular batting average early in the season given the underlying true batting average.
Remember, though, that the distributions are constructed around points (a–c) that we cannot
observe or have not yet observed. This should seem very similar to flipping three strange coins,
where a–c would represent the unknown (true) probability of heads for a particular coin, and
a filled shape would indicate the percentage of heads in the first ten tosses. The widths of the
distributions are the same indicating that we have a roughly equal amount of information
available for each player.

The upper half of Figure 1 shows the second level of the model. This distribution describes,
collectively, all eighteen batters of interest to us. It is centered around the average ability of
the group, and its width corresponds to how variable the batting ability is within the group.
This distribution is thus made up of a bunch of (relatively) fair individual batters, as well as
some (relatively) excellent and poor ones.

A link exists between the first and second levels because the observed batting averages for
players in the first level are the points that we have available to us for defining the group
distribution in the second level. While there exists a theoretical distribution which appropriately
captures the mean and variance of the players’ abilities (which is drawn in the second level of
Figure 1), we cannot directly observe the parameters that define that distribution. Instead, we
have only the observed batting averages available to us. The question then becomes, how do
we best determine the parameters (i.e., mean and variance) of the group (level 2) distribution?

We may, for instance, be willing to make a rough assumption about the shape of the group
performance distribution (e.g., that it is bell shaped), but we may not feel that we can make an
educated guess about where that distribution should be centered (its mean) or how wide it
should be (its variance). In order to learn about our group distribution, we find the values for
the mean and variance that best explain the entire collection of observed batting averages. At
the beginning of the baseball season, though we have only some of the information that will
eventually be available to us, we can still find the best parameters for the group distribution.
The specific approach used to pick the group mean and variance depends on the statistical tack
being used. When conducting an empirical Bayesian analysis,7 the observed group mean and
variance are used to define the theoretical level 2 distributions while, in a fully Bayesian
analysis, prior information and Bayes theorem are used. With the James-Stein approach (which
is not Bayesian), we do not explicitly consider the group distribution; rather we derive a
shrinkage factor based on the individual values, the overall average, and the overall variance.

Now that we have constructed our first and second levels and shown how they are linked, we
can describe conceptually how shrinkage works. To correct a particular player’s batting average
for early season streaks, we first take into account the data generated thus far by that player.
We then look at where that player appears to be in terms of the group distribution. Since it is
unlikely that we would find a player many standard deviations away from the mean, we suspect
that a player whose early data are quite extraordinary is on a streak that is not entirely
representative of where he will end up, especially if he has had relatively few at-bats so far.
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The closer the data are to the center of our group distribution, the less suspicious we are. The
correction comes from a weighted average of the player’s individual data and the group mean,
with the weights determined by how narrow we feel the group distribution appears to be: The
narrower the group distribution appears to be, the more we will pull the data points toward the
center, because players have to be less far from the mean to be considered exceptional.

Considered from a slightly different perspective, the shrinkage correction occurs because we
believe that all the players’ means come from a single distribution (the one at level 2). The
information we gain about 17 players gives us some insight into how the 18th will perform—
it is unlikely, though possible, that his performance will be considerably different from theirs.
If, for instance, the pack of 17 players seems to be performing particularly well, then we are
more willing to believe (unless we see sufficient contrary data) that the 18th player is also
performing well. And how well the group is performing is what determines the location (mean)
of the level 2 distribution.

As mentioned earlier, we add an additional level of complexity when we recognize that the
individuals’ distributions also have associated variances or uncertainties. This is easier to
comprehend in terms of information—the more information available about a single individual,
the smaller the uncertainty or variance and the narrower the distribution. How far we shrink
each player’s individual average toward the group mean should also take into account these
information (or inverse variance) weights. If we have a lot of information available for a
particular individual, we have less reason to worry that his exceptional performance (good or
bad) represents primarily a random fluctuation; we would therefore not want to push his
estimated batting average as much toward the center of the group distribution. In other words,
the batting average in a series of many at-bats (as opposed to few at-bats) would more likely
approach the true batting average for that player, reducing the need for correction toward the
group mean. Similarly, when we calculate the group mean, we should weight more heavily the
averages of players with more at-bats.

The technique we described above requires inferring the parameters for the group distribution
using only information from the individuals who comprise it, an approach known as empirical
Bayes estimation.7 In a fully Bayesian approach, we would make a prior educated guess about
the group (level 2) distribution before considering the accumulating players’ data, and describe
our prior beliefs by introducing a third level to Figure 1 from which the parameters for the level
2 distribution would be sampled. Whether empirical or fully Bayes, the players’ individual
data can be thought of as being pulled toward the center; the only difference is whether that
center is determined using the data alone (empirical Bayes) or using both the data and prior
beliefs (fully Bayes).8 Further, the closer the center is to the true center (whether derived
empirically or with prior information), the more efficient these methods will be in improving
the estimates.

With James-Stein estimation, if we are considering three or more independent level 1 estimates,
the expected total mean squared error (across all the estimates) is guaranteed to be lower than
if we were to use the naïve estimates. With four or more level 1 estimates (and the assumption
of exchangeability in place of the stronger independence assumption), this expected error is
reduced further using empirical Bayes estimation. (Although counterintuitive, the James-Stein
method is valid with any independent groups, so that estimating the cost of various teas in
China may enjoy reduced error if the batting averages are considered in the same problem. Of
course, the more different these groups are, the less efficient the reduction in expected error.)

All of the techniques mentioned thus far, whether James-Stein or Bayesian, demonstrate the
principle of bias-variance tradeoff.8 When we shift the original estimates toward a specific
point to reduce the squared error, we are introducing bias in the sense that we can no longer

Lipsky et al. Page 7

Ann Emerg Med. Author manuscript; available in PMC 2011 June 1.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



expect that our estimates, on average (i.e., across multiple repetitions of the experiment), are
equally likely to fall on either side of the true value. While this may seem statistically
disconcerting, from a clinical perspective the tradeoff is generally worth it to achieve more
accurate estimates. To reiterate an earlier point, we choose to use shrinkage not because it
guarantees better results for estimating any particular baseball player’s true average (it doesn’t),
but rather because as a strategy it is likely to yield more correct estimates overall than if we
were to use the naïve (non-shrunk) estimates.

Our Approach to the Pediatric Airway Study
[For further discussion, see the Technical Appendix.]

We used empirical Bayes estimation, as described above, to determine improved estimates for
the effect of ETI versus BVM on survival in each of the patient subgroups in the airway
management study. The batters’ averages discussed above have been replaced with the odds
ratios for survival among the children in a particular subgroup, comparing the ETI arm to the
BVM arm. The better ETI is relative to BVM, the higher the odds ratio will be, allowing us to
represent the relative effect of ETI versus BVM with a single variable. And just as we had
group and individual batting averages in the previous example, here we have odds ratios of
survival for both the group as a whole and for the individual subgroups. (Note that each
individual baseball player has an average computed from multiple at-bats, just as each
subgroup’s odds ratio is computed from multiple patient outcomes.)

Following the empirical Bayes approach, we first calculated the mean and variance of the group
(level 2) distribution using the subgroup (level 1) data. Using this group distribution, we
corrected the local estimates (i.e., those estimates derived using only the data available in a
particular subgroup) using the approach mentioned earlier. By specifying the group distribution
using all of the subgroup data, we allow the individual subgroup estimates to be shrunk toward
the center of the group distribution by an amount justified by the consistency in the subgroup
data. The degree to which a particular subgroup’s estimated odds ratio is shrunk toward the
overall mean depends on how far that odds ratio is from the mean, and how much information
is available from that subgroup’s data relative to how much information is available when
considering all the subgroups’ data.

Results
Using the standard (non-shrinkage) approach, the overall odds ratio for a successful outcome
in the ETI- versus BVM-treated subjects is 0.82 (95% confidence interval, 0.61 – 1.11). The
point estimate of the odds ratio and the confidence interval suggest that survival is likely better
in the BVM arm of the trial, though it is not statistically significant at the 95% level. At this
confidence level, the data are also consistent with no effect and even a harmful effect of BVI
vs ETI. The single odds ratio toward which the individual odds ratios are shrunk in the empirical
Bayes analysis is analogous to a weighted average of the subgroup odds ratios; this odds ratio
is 0.77.

In Table 1 we have provided the raw data, the point estimates of the odds ratios and associated
confidence intervals based on using each subgroup’s data individually, and the same estimates
and credible intervals after incorporating shrinkage. A credible interval is the Bayesian analog
of the frequentist confidence interval. Details of the calculations leading to these results are
provided in the technical appendix.

The degree of shrinkage for each subgroup’s estimate of treatment effect is illustrated in Figure
2. When the odds ratios derived from the raw subgroup data are far from 0.77, or when they
are based on less underlying data (i.e., when there is greater uncertainty), then the resulting
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shrinkage is larger. The Other category exhibits considerable shrinkage because its raw
estimate of treatment effect is both far from the overall treatment effect and less precise (there
are only 26 patients in this category). If we carefully compare the Head Injury (HI) and Multiple
Trauma (MT) subgroups, we see that despite their starting at approximately the same point,
HI is shrunk slightly more because of its relatively greater uncertainty—HI includes 39 patients
whereas MT includes 76. In other words, because three is less available information, the HI
estimate appropriately borrows more information from the other subgroups than the MT
estimate. The SIDS category represents an anomaly in that it seems to change in the wrong
direction. This resulted from our taking into account the fact that there were no survivors in
either ETI or BVM, which would lead to a divide-by-zero error in the calculation of the initial
point estimate for the odds ratio. To circumvent this problem, we used the common approach
of adding 0.5 “subjects” to all four cells (i.e., ETI recipients who lived and died, and BVM
recipients who lived and died).9

Discussion
When we first examined the observed subgroup odds ratios from the pediatric airway
management study, we noted that patients with Other causes of respiratory compromise might
have considerable benefit from prehospital ETI, though the estimate is rather imprecise.
However, after we borrow strength from the rest of the data, we quickly see that this benefit
is very likely exaggerated. Credible intervals computed similarly (i.e., which incorporate
appropriate shrinkage) further help the reader determine whether he or she feels that there is
sufficient information to declare intubation superior in particular subgroups.

In Figure 2, we see that there is a natural ordering (or ranking) of the odds ratios before
shrinkage. As an example, we see that Head Injury has a higher associated odds ratio for
survival than does Submersion Injury. While a ranking also exists after shrinkage, the order
may change considerably from that observed before shrinkage due to the variable application
of shrinkage to the individual subgroups. (As noted above, this arises because of differing
distances from the center and information available at each subgroup.) After shrinkage, the
odds ratio for survival in the Head Injury subgroup is in fact lower than that in the Submersion
Injury subgroup. We can expect the ordering of the estimates after shrinkage to be more
accurate. (See reference 10 for a real-world application.)

As mentioned earlier, the overall expected error is lower using an empirical Bayes technique,
making shrinkage the preferred strategy even if we cannot know if any particular estimate was
corrected appropriately. Thus, we can expect that the odds ratios derived from shrinkage will
be better than simply taking the independently calculated ratios when four or more subgroups
are available. The shrinkage methods also tend to reduce type I and II error rates, though the
specifics depend on the setting.

For this empirical Bayes approach to be valid, it is important that we not believe a priori that
the treatment effect (here, the odds ratio) in one group is likely to be larger than in any other
group. More specifically, before the study begins we should believe (for instance) with equal
probability the following two statements: 1. the treatment effect is higher in the Multiple
Trauma subgroup than in the Seizure subgroup, and 2. the treatment effect is higher in the
Seizure subgroup than in the Multiple Trauma subgroup. Technically, we say that those two
subgroups are exchangeable in that we could exchange ‘Seizure’ for ‘Multiple Trauma’ without
changing our a priori belief that the statement is true. With exchangeability and borrowing
strength, we are able to learn something about the treatment effect in the Seizure group by
observing the Multiple Trauma patients, and vice-versa, which does indeed make intuitive
sense.
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On the other hand, if we feel (for instance) that ETI would be better than BVM in seizure
patients but less good or even worse than BVM in multiple trauma patients, then we cannot
consider the subgroups exchangeable. (Note that here we are referring to the relative treatment
effects—the odds ratios—being exchangeable from subgroup to subgroup, not the survival
proportions. We would not expect the survival proportions to be similar across subgroups.) If
this is the case, then the parameters for the subgroup (level 1) distributions cannot be assumed
to have come from the same group (level 2) distribution, thus unlinking the subgroup
distributions (which had been linked via the group distribution) and disrupting our borrowing.
There are methods to deal with this, but they are beyond this discussion. Importantly, however,
even moderate violations of this exchangeability assumption will not violate the general result.
8

Shrinkage techniques, of course, should not be used indiscriminately or be seen as a panacea.
Biases or other flaws in the design of a study will not be corrected with these techniques.
Further, the additional complexity required to implement shrinkage may not be warranted if
there are a lot of data available for each subgroup, minimizing the impact of shrinkage.

Conclusion
In any analysis that involves multiple subgroups, reporting the observed individual subgroup
estimates of treatment effects is likely to lead to a predictable increase in the overall error of
the estimates when compared to an approach which borrows strength across subgroups.
Researchers who report subgroup performance are strongly encouraged to consider this concept
in their analyses.
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Appendix

Technical Appendix
The treatment effect for the pediatric airway study is the log odds ratio of survival with ETI as
compared to BVM ventilation. Because we are comparing two effects in each group (i.e., the
control and the treatment), we actually need to consider distributions of both the control effect
and the treatment effect. We call pc the probability of survival in the control arm, and pt the
probability of survival in the treatment arm. The log odds ratio, θ, is defined as

Because of this relationship, the two effects are completely described by knowing pc and θ.

We chose to use normal distributions for the logit of pc and for θ The means and variances that
define these normal distributions are known as hyperparameters because they determine the
distributions from which the parameters are drawn that define the local distributions.

In a fully Bayesian hierarchal model, we would define prior probability distributions on all of
the hyperparameters. These four hyperparameters define: 1. an “average” rate of survival
proportion with the control treatment (BVM) across subgroups (pc); 2. the variability in that
survival proportion; 3. the “average” treatment effect associated with the use of ETI as
compared to bag-valve-mask ventilation (θ); and 4. the variability in that treatment effect across
subgroups.

As discussed earlier, empirical Bayes methods do not require that we specify the prior
distributions for these hyperparameters. Instead, we replace them with fixed values which
convey the weighted overall means and variances. Here, we have used a quasi-maximum-
likelihood approach to provide those values.

All Bayesian calculations were conducted using WinBUGS, Version 1.4, a publicly-available
program which can be used to determine posterior probability densities in Bayesian models.
11 Initially, a fully Bayesian model was defined but with diffuse, non-informative priors for
the four hyperparameters. The resulting values from this model provided the quasi-maximum-
likelihood estimates of the four hyperparameters, which were then used as the parameters for
the group distributions in the empirical Bayes model. Our revised estimates of the treatment
effects across the subgroups are taken from the empirical model.

The mean of the overall distribution for θ, calculated during the first WinBUGS run, was
−0.2666. Taking the exponential of this number, we derive the overall odds ratio toward which
our subgroups should be shrunk, 0.77.

WinBUGS Code
model EBSubgrp;
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# We first define the number of subgroups so we can build variable
# vectors.

const Num;

# Next we define the variables. The ones with “[Num]” are vectors, so
# that, for instance, st[4] refers to the number of successes in the
# fourth treatment subgroup, in this case Head Injury.

# Note that in WinBUGS the inverse of the variance is usually used to
# specify distributions; this variable is commonly referred to as tau.

# Though all the different subgroups have their own log odds for
# survival (lopc[]), the means and inverse variances are all defined by
# shared distributions (mu_pc, tau_pc). This is what links together the
# individual subgroups (see Figure 1). Similarly for the log odds
# ratios (theta, mu_theta, tau_theta).

var
  st[Num], nt[Num], # Successes and total subjects in treatment arms
  sc[Num], nc[Num], # Successes and total subjects in control arms
  pc[Num], pt[Num], # Probabilities of survival for control and
                    # treatment

  lopc[Num],        # Log odds of survival in control groups
  mu_pc,            # A distribution of means from which is sampled the mean
                    # for the distribution that represents the log odds of
                    # survival in each control group
  tau_pc,           # A distribution of inverse variances from which is
                    # sampled the inverse variance for the distribution that
                    # represents the log odds of survival in each control
                    # group

  theta[Num],       # Log odds ratio of survival in treatment vs
                    # control groups
  odds[Num],        # Exp(theta[]) (i.e., the odds ratios)
  mu_theta,         # A distribution of means from which is sampled the mean
                    # for the distribution that represents the log odds ratio
  tau_theta;        # A distribution of inverse variances from which is
                    # sampled the inverse variance for the distribution that
                    # represents the log odds ratio

# We now code our likelihoods and some parameter definitions.
# We have a binomial distribution defining the likelihood of seeing sc
# survivors of nc subjects given a probability of pc. Similarly with
# the treatment group.
# We then define the log odds of pc as lopc, and the log odds of pt as
# (lopc + theta), thus making theta the log odds ratio.
# We next have another likelihood that relates the probability of
# seeing a particular lopc given a normal distribution with mu_pc and
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# tau_pc as its parameters, and similarly with theta.

{
  for (i in 1:Num)
       {
       sc[i]~dbin(pc[i], nc[i]);
       st[i]~dbin(pt[i], nt[i]);
       logit(pc[i])<- lopc[i];
       logit(pt[i])<- lopc[i] + theta[i];
       lopc[i]~dnorm(mu_pc, tau_pc);
       theta[i]~dnorm(mu_theta, tau_theta);
       odds[i]<-exp(theta[i]);
       }

# The following four lines define the prior information for the
# last two distributions mentioned above; these contain the
# so-called hyperparameters.

mu_pc~dnorm(0.0, 1.0E-6);
tau_pc~dgamma(0.001, 0.001);

mu_theta~dnorm(0.0, 1.0E-6);
tau_theta~dgamma(0.001, 0.001);
}

# Enumerate the observed data.

list(Num = 11,
sc = c(12, 9, 9, 4, 5, 5, 17, 34, 0, 18, 10),
nc = c(130, 22, 13, 17, 31, 10, 17, 36, 59, 54, 15),
st = c(14, 1, 5, 8, 12, 3, 14, 25, 0, 18, 10),
nt = c(124, 22, 13, 22, 45, 10, 19, 29, 80, 41, 11))

# Initialize the data to help the MCMC algorithm find a good place to
# start.

list(lopc = c(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
    theta = c(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
    mu_pc = 0, tau_pc = 0.1,
    mu_theta = 0, tau_theta = 0.1)

To generate the EB estimates of the log odds ratios, the last four lines of 
the distribution definitions and the last two lines of the initialization list 
were removed (i.e., those lines describing the hyperparameters), and the lopc
[i] and theta[i] lines were replaced with (using the medians of the values 
computed in the first step):
        lopc[i]~dnorm(−0.4596, 0.1841);
        theta[i]~dnorm(−0.2666, 1.662);

The reader’s results should be fairly close to those shown here, with small 

Lipsky et al. Page 13

Ann Emerg Med. Author manuscript; available in PMC 2011 June 1.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



discrepancies expected due to, among other things, the specified sampling 
parameters such as the number of updates.
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Figure 1.
Two-level, Hierarchical Model of Individual Baseball Players (Level 1) and the Players as a
Group (Level 2). Note that in keeping with standard notation, we have labeled the individual
level ‘1’ and the group level ‘2.’ If the parameters for the group 2 distribution were sampled
from a distribution above it, that higher distribution would be labeled ‘3.’
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Figure 2.
Application of Shrinkage to Odds Ratios by Subgroup. The y-axis has a log scale. ETI –
endotracheal intubation; BVM – bag-valve-mask; Card – cardiopulmonary; SIDS – sudden
infant death syndrome; RAD – reactive airway disease; Asp – aspiration.
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Table 1

Outcomes by Patient Subgroup, Before and After Shrinkage Applied

Treatment
ETI

Survival
BVM

Survival

Odds Ratios

Subgroupa Before Shrinkage
(95% CI)

After Shrinkage
(95% CrI)

Cardiopulmonary Arrest 14/124 (11%) 12/130 (9%) 1.25 (0.55, 2.82) 1.10 (0.53, 2.25)

Child Maltreatment 1/22 (5%) 9/22 (41%) 0.07 (0.01, 0.61) 0.27 (0.09, 0.78)

Foreign Body Aspiration 5/13 (38%) 9/13 (69%) 0.28 (0.05, 1.41) 0.48 (0.16, 1.42)

Head Injury 8/22 (36%) 4/17 (24%) 1.86 (0.45, 7.67) 1.23 (0.44, 3.47)

Multiple Trauma 12/45 (27%) 5/31 (16%) 1.89 (0.59, 6.05) 1.35 (0.55, 3.38)

Reactive Airway Disease 3/10 (30%) 5/10 (50%) 0.43 (0.07, 2.68) 0.60 (0.18, 1.93)

Respiratory Arrestb 14/19 (74%) 17/17 (100%) 0.08 (0.00, 1.48) 0.39 (0.12, 1.25)

Seizure 25/29 (86%) 34/36 (94%) 0.37 (0.06, 2.17) 0.61 (0.20, 1.87)

SIDSb 0/80 (0%) 0/59 (0%) 0.74 (0.01, 37.8) 0.60 (0.14, 2.45)

Submersion Injury 18/41 (44%) 18/54 (33%) 1.57 (0.68, 3.61) 1.33 (0.64, 2.77)

Other 10/11 (91%) 10/15 (67%) 5.00 (0.49, 50.8) 1.57 (0.48, 5.21)

Totalc 110/416 (26%) 123/404 (30%) 0.82 (0.61, 1.11) 0.77 (0.30, 1.50)

ETI – endotracheal intubation; BVM – bag valve mask; CI – confidence interval; CrI – credible interval; SIDS –sudden infant death syndrome.

a
In order to create mutually exclusive subgroups, we have made minor changes to the numbers presented here, as compared to the Table that appeared

in the original publication.

b
Subgroups that had treatments with no survivors or only survivors had 0.5 added to all of the underlying cells. For Respiratory Arrest, the odds ratio

is thus (14.5×0.5)/(5.5×17.5) because there were no deaths in the BVM arm, and for SIDS it is (0.5×59.5)/(0.5×80.5) because there were no survivors
in either arm.

c
The “Before Shrinkage” odds ratio was calculated assuming that all the data were in one large group. In the calculation of the “After Shrinkage”

odds ratio, the clustered nature of the data (i.e., that it is being analyzed by subgroup in our empirical Bayes approach) was preserved. The increased
width of the “After Shrinkage” versus the “Before Shrinkage” interval is a direct consequence of using the subgroup model, as variability arises from
differences among subjects both within and between their respective subgroups.
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