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Summary

The goal in diagnostic medicine is often to estimate the diagnostic accuracy of multiple experimental
tests relative to a gold standard reference. When a gold standard reference is not available,
investigators commonly use an imperfect reference standard. This paper proposes methodology for
estimating the diagnostic accuracy of multiple binary tests with an imperfect reference standard when
information about the diagnostic accuracy of the imperfect test is available from external data sources.
We propose alternative joint models for characterizing the dependence between the experimental
tests and discuss the use of these models for estimating individual-test sensitivity and specificity as
well as prevalence and multivariate post-test probabilities (predictive values). We show using
analytical and simulation techniques that, as long as the sensitivity and specificity of the imperfect
test are high, inferences on diagnostic accuracy are robust to misspecification of the joint model. The
methodology is demonstrated with a study examining the diagnostic accuracy of various HIV-
antibody tests for HIV.
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1. Introduction

In many applications in diagnostic testing, interest focuses on estimating the diagnostic
accuracy of multiple binary tests relative to a reference gold standard [1]. Unfortunately, a true
gold standard is often not available, leading investigators to use an imperfect reference standard
(also known as an imperfect test). Various authors have discussed the bias in estimating
diagnostic accuracy using an imperfect test [2-6]. Methodology has been proposed for
estimating diagnostic accuracy of a single experimental test using an imperfect test when the
sensitivity and specificity of the imperfect test are known [7,8] and when they are estimated
from another study [9]. Two methods have been proposed for estimating diagnostic accuracy
when an imperfect test does not exist or is unavailable or when the sensitivity and specificity
of the imperfect test are not known or cannot be estimated. Discrepant analysis is a method in
which, initially, the results of an experimental test are compared with those of an imperfect
reference standard. Disagreements between these two tests are then resolved using either a gold
standard test or another reference standard test. Although commonly conducted, this approach
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has been shown to be highly biased [10-15]. For multiple tests, latent class models have been
proposed for estimating diagnostic accuracy [16-18], among others. These approaches involve
treating the gold standard as an unobserved latent class and obtaining a model-based estimate
of diagnostic accuracy relative to the unobserved gold standard test using the proposed latent
class model. Latent class models have also been criticized on a number of grounds, including
being sensitive to unverifiable modeling assumptions [19-21]. Specifically, Albert and Dodd
[20] showed that inferences about the diagnostic accuracy of binary tests may be highly
sensitive to the conditional dependence between tests (i.e. dependence between tests given the
gold standard test result), yet in many practical situations, it may also be very difficult to
distinguish between competing models for the dependence structure. Thus, it is important to
develop alternatives to discrepancy analysis and latent class analysis when a gold standard test
is not available.

Frequently, we have multiple experimental tests, an imperfect test, and estimates of sensitivity
and specificity of the imperfect test relative to a gold standard test from another study. For
example, in one study, investigators were interested in the diagnostic accuracy of various
experimental tests for HIVV. A Western blot assay is the gold standard test of true HIV status.
However, this test is expensive and may not be measured in other studies. Instead, we show
how to use an enzyme-linked immunoSorbent assay (ELISA) as an imperfect reference test
and how to use estimates of the diagnostic accuracy of the ELISA relative to the Western blot
assay (obtained from prior studies) to make valid inference on the diagnostic accuracy of the
experimental tests.

This paper proposes methodology for estimating diagnostic accuracy of multiple binary tests
using an imperfect gold standard test when previous estimates of sensitivity and specificity of
the imperfect test relative to the gold standard test are available. This work extends the work
of Baker [9], who discussed estimation of the diagnostic accuracy of a single binary test using
an imperfect reference standard. Section 2 presents the methodology for estimating diagnostic
accuracy of multiple tests using an imperfect reference test. In Section 3, we analyze a data set
in which interest focuses on estimating diagnostic accuracy of several tests for HIV. We
examine the asymptotic bias of the diagnostic accuracy estimation under misspecified
dependence structures in Section 4. In Section 5, we present the results of simulation studies
examining the finite sample properties of the approach. A discussion follows in Section 6.

2. Modeling Approach

Let Yi=(Yi1, Yi2, ..., Yi3)' be J dichotomous experimental test results on subjecti (i=1, 2, ...,
), where Yj; denotes the result for the jth test on subject i. We denote dj as the results of the
unobserved gold standard reference test and T; as the imperfect test for subject i. The
contribution of each individual to the likelihood of the observed test results Y;j and Tj is

1
P(Y,, Ti):ZP(Yi |T;, di=0) P(T;| d;=I) P (d;=])
=0 (1)

where P(Y|T;, d;) is the conditional distribution of the experimental tests given the imperfect
reference standard T; and the gold standard test d;, P(dj = 1), which is denoted as Py, is the

prevalence of the gold standard test, and P(T;|d;) characterizes the diagnostic accuracy of the
imperfect relative to the gold standard test. In this approach, the results of previous studies are
used to obtain estimates of P(Tj|d;), which can then be used to estimate the diagnostic accuracy
of the experimental tests relative to the gold standard test. Specifically, the sensitivity and

specificity of the imperfect test relative to a gold standard test, defined as SENSt = P(T; = 1|
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di = 1) and SPECy = P(T; = 0|d; = 0), respectively, may be estimated from a prior study of
sample size N (we denote these estimated values as SENS, and SPEC,, respectively).

For any conditional distribution of Yjj|T;, dj, the sensitivity and specificity of the jth test can be
expressed as

P(Y;=1|d=1)= P(Y;=1|T;=1,d;=1)SENS,
+P(Y;j=1|T;=0,d;=1)(1 - SENS,) @)

and

P(Y;=0|d=0)= P(Y;=0|T;=0, d;=0)SPEC,
+P(Y;;=0|T;=1,d;=0)(1 - SPEC,) 3)

respectively. There are different ways to characterize the conditional distribution of Y;|(T;,
d;). The conditional independence model (IND) assumes that the multiple tests on the same
individuals are independent given T; and d;. Specifically, the model assumes that

J
P(YilTi’di):Hj:lP(Yij|T"’ i), Under the IND model, the sensitivity and specificity of the jth
test are given by (2) and (3), respectively. The Gaussian random effects (GRE) model [16]
incorporates dependence across tests by assuming that (Yjj|T;, dj, bj) is independent Bernoulli
with proportion ®(Bjr;q; + oT;q;bi), where the random variables b; are standard normal and @
is the standard normal cumulative distribution function. Under the GRE model, the sensitivity
and specificity of the jth test are given by (2) and (3) with

P(Y;=1|T;, di=D)=Ep, (@B, +0,.,, )} =B,/ [1402 ) and

P(Y;j=0|T:, di=0)=E}, {1 — QB to r,-obf)} =(Br0/ 4 1+02,) respectively [16]. Another
continuous mixture model that incorporates a dependence structure similar to that of the GRE
model can be formulated when the sensitivity and specificities for the J experimental tests are
assumed constant (e.g. a single assay performed repeatedly). Specifically, the beta-binomial
(BB) model incorporates conditional dependence by allowing individual response proportions
to follow beta distributions. We assume that (Yjj|T;, dj, pr;q;) are independent Bernoulli with
response proportion pr;q;, Where pr;o has a beta distribution with parameters at;o and 1,0 and

J
where pr;1 has a beta distribution with parameters at;; and ;1. Thus, (ZFI ij|Ti’ d,:O) is

J
BB with parameters oag and g and ( Z =1 Yij |Tf’ df:l) are BB with parameters ;1 and
Brj1- For the BB model, the common sensitivity and specificity across the J tests are given by
{o11/(aa1 + B11) }SENST + {ag1/(ap1 + fo1)}(1 — SENSy) and SPEC+/(ago + Boo) + (1 —
SPECT)/(a19 + f10), respectively.

A substantially different way to incorporate dependence between tests is with a finite mixture
(FM) rather than a continuous mixture model. Specifically, Albert et al. [18] and Albert and
Dodd [20] proposed a model in which some individuals who are truly positive are always
classified as positive by any test while others are subject to diagnostic error. Similarly, some
truly negative subjects are always classified as negative by any test while others are subject to
diagnostic error. We propose a similar model for this problem. Let Iy; o; be an indicator of
whether the ith subject, given imperfect test Tj and disease status d;, is always classified
correctly, so that It;; = 1 when a true positive subject is always rated positive and |, = 1 when
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atrue negative is always rated negative. Further, define 7o = P(lt;0 =1) and 511 = P(Ir;1 = 1).
Test results Yj; given Tj, d; and I;q; are independent Bernoulli with probability

1 ifdi=1and/, =1
0 ifdi=0and [, ,=1

a.)j(T,', 1) lfd,‘—‘l and l,.‘_1:0

1- w;j (T;,0) ifd;=0and [Ti(,:() “

P(Yij:1|T“ di, l"'il’i) =

where wj(Tj, dj) is the probability of the jth test making a correct diagnosis when the individual
is subject to diagnostic error (Iy;1 = 0 or It;p = 0) and has an imperfect test result T;. Under the
FM model, the sensitivity and specificity of the jth test are given by (2) and (3), respectively,
Wizh Pé\)(ij = 1T, di =1) =10 + (1 — i) ej(T;, 1) and P(Yjj = O[T;, dj = 0) = ;0 + (1 — 77770)
oj Ti, 0).

In some situations, investigators may be interested in estimating a common sensitivity and
specificity across J tests (e.g. multiply repeated tests of the same type). The common sensitivity
and specificity can be estimated with the previously described models under the constraint that
the sensitivity and specificity are the same across tests. For example, we assume that f17;q; =
Potidi = = Purd; for the GRE model and w1(Tj, di) = (T, di) = -+ = wy(T;, d;) for the FM
model when estimating a common sensitivity and specificity across the J tests.

The proposed approach incorporates conditional dependence between the experimental tests
and the imperfect test (i.e. Yj and T; are dependent conditional on d;) since P(Y;|T;, d;) depends
on T. A special case of this approach is when the experimental tests and the imperfect test are
conditionally independent given d;. In this case, P(Y;|T;, d;) = P(Y;|d;) in (1) and the parameters
in each of the conditional dependence models will not depend on Tj (i.e. suppress the subscript
T; for all parameters in each of the conditional dependence models). Under this assumption,
the sensitivity and specificity of the experimental tests are simply functions of the parameters
of the conditional distribution of Yjj|d; and will not explicitly depend on SENSt and SPECs.
For example, the sensitivity and specificity under the GRE model are simply

‘I’(ﬁjl/ 1+(T%) and q)(_ﬁf”/ 1“’(2)), respectively. Likewise, the sensitivity and specificity
under the FM model are 71 + (1 — n1)wj (1) and ;g + (1 — no)wj (0), respectively.

There are other important special cases of this approach. When SENSt = SPECt =1, the
approach reduces to the case in which the gold standard test is observed. When SENSt =
SPECt = 0.50, there is no information about the gold standard test obtained from observing
the imperfect test, and the approach reduces to a latent class models without a gold standard.
For example, when P(Y;|T;, dj) = P(Y;|d;) and SENSy = SPECt = 0.50, the likelihood (1) is
proportional to the standard latent class model likelihood for estimating diagnostic accuracy
without a gold standard [18]. Thus, as with latent class models with no gold standard, the
likelihood (1) is invariant to a relabeling of the latent variable (i.e. d; = 0 may correspond to a
positive as well as a negative test), and there are two solutions that maximize the likelihood.
Further, as for modeling diagnostic accuracy without a gold standard, when SENSy =
SPEC+ =0.50, J=5 is required for identifiability in order to estimate a common sensitivity and
specificity across J tests with a GRE, FM, or BB model, and J=4 is required for identifiability
in order to estimate test-specific diagnostic accuracy using a GRE or FM model [20].

When estimating the sensitivity and specificity of each test (i.e. test-specific estimators of
diagnostic accuracy), an alternative to jointly modeling the multiple tests is to formulate a
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separate model for each test. This is done by modeling the joint distribution of Yjj and T; for
each test, where an individual's contribution to the likelihood is

1
P(Y;j, Ti):ZP(Yij |T;, di=D) P(T;| d;=1) P(d;=])
=0 (5)

where P(Yjj|Tj, dj) along with expressions (2) and (3) characterizes the sensitivity and
specificity for the jth test. As in the joint modeling of Y; and T;, P(Tj|d;) is estimated from a

previous study ( SENS, and SPEC,). Further, as in the joint modeling, this approach simplifies
when P(Y|T;, d;) = P(Y;|d;). The sensitivity and specificity for the jth test can be estimated by
maximizing (5) separately for each test. Although this approach does not make assumptions
about the dependence between experimental tests, it is likely highly inefficient relative to a
joint modeling approach. We will explore this in more detail in Sections 3 and 5.

Various authors have criticized the use of sensitivity and specificity as a measure of diagnostic
accuracy [22-24] and references within. Much of this criticism focuses on the facts that
sensitivity and specificity have limited clinical utility and that, in most practical situations, a
single diagnostic test will be insufficient for adequately assessing diagnostic accuracy. These
and other authors have suggested the use of post-test probabilities or predictive values, which
can be easily generalized to incorporate multivariate factors in assessing diagnostic accuracy.
We can estimate the multivariate predictive value of the multiple experimental tests Y; using
(1), by noting that

Yo P(Yi|Ti=t,di=1) P(T;| di=1) P(d;=1)

PA=1Y)=—;
Yid=021=1PXi|Ti=t,di=d) P(T;| d;=d) P(d;=d) ®)

I
For parameter estimation, the likelihood logL:ZizllogL,- is maximized, where L; is given by
(1) or (5), and where P(Tj|d;) is based on an external data source (often based on an estimate
provided in a prior study). The likelihood was maximized using a quasi-Newton Raphson
algorithm in GAUSS [25]. Although asymptotic standard errors for the parameters and model-
based estimates of sensitivity and specificity can be derived using delta method approximations
(Baker discussed this for the case of a single experimental test [9]), we estimated standard
errors using the bootstrap [26] where an individual's data were resampled with replacement
and the standard deviations of the resulting bootstrap estimates were estimated (800 bootstrap
realizations). The uncertainty due to the estimates of P(T;|d;) from the external prior study (with
sample size N) can easily be incorporated by generating, for each bootstrap realization, P"(T;
=I|d; = ) = Wy/N,, where N1 is the number of gold standard test results with dj = 1 in the prior
study which is generated as bin(N, P4) where Py is estimated from the prior study, Ny is the
number of gold standard test results with d; = 0 which is calculated as Ng = N — N; and

F e |
W ~ bin (va SENS, SPEC, ) Software for fitting these models is written in GAUSS and is
available from the author on request.

3. Application

We apply this methodology to estimate the diagnostic accuracy of three assays for detecting
HIV. Specifically, we examined the diagnostic accuracy of ag121, p24, and gp120 using an
ELISA as an imperfect gold standard with a data set of 428 samples provided by Alvord et
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al. [27]. Prior to the publication of this study, another study estimated the sensitivity and
specificity of the ELISA as being 97.7 per cent (86 of 88) and 92.6 per cent (275 of 297) for
detecting HIV [28]. Using this information, we estimated the diagnostic accuracy of ag121,
p24, and gp120 using the ELISA as the imperfect reference standard. Initially, we fit the IND,
GRE, and FM models assuming that P(Y;[T;, dj) = P(Yi|d;). Table I presents the results of a
model using the imperfect test (Equation (1)) and an IND, GRE, and FM dependence structure
to the data set of Alvord et al. Estimates of sensitivity and specificity and bootstrap standard
errors are almost identical across the IND, GRE, and FM conditional dependence structures.
This suggests that estimation (estimates and variances) may be robust to the choice of
dependence between tests. Further, the log-likelihoods were —634.19, —627.21, and —627.21
for the IND, GRE, and FM models, respectively, suggesting that (i) the two models that account
for conditional dependence fit better than the model that assumes conditional independence
and (ii) it is difficult to distinguish between the GRE and FM models. (We cannot formally
compare the GRE and FM models using a likelihood ratio test since neither model is nested
within the other.) We also fit joint models which do not assume that Yjj and Tj are conditionally
independent given d; (P(Y;|T;, d;) # P(Y;|d;)). Likelihood ratio tests comparing the simpler
model with the more complex model, which allows the conditional distribution to depend on
T;, were not significant for either the FM or GRE models. Further, the estimated sensitivities
and specificities of the three tests for this more complex model were similar to those presented
in Table | (data not shown).

We also estimated the test-specific sensitivity and specificity by modeling each experimental
test separately. This was done by maximizing (5) separately for the ag121, p24, and gp120
assays (Table I) and assuming P(Y|T;, di) = P(Y;|d;). These results are close to approaches
where the experimental tests are jointly modeled (IND, GRE, and FM dependence structures)
with slightly increased standard errors. As with the joint model, estimates obtained with the
more complex model that allowed P(Y;|T;, d;) to depend on T; resulted in estimates similar to
those presented in Table I.

Alvord's data contain the actual HIV status for all 428 patients, which can be used to examine
the performance of the approach. Using the gold standard HIV status, the sensitivity and
specificity were, respectively, 0.99 (SE = 0.006) and 0.98 (0.01) for the ag121 test, 0.56 (0.03)
and 0.97 (0.01) for p24, 0.89 (0.02) and 1.00 (0) for gp120, and 0.98 (0.01) and 0.93 (0.02) for
an ELISA test. These results are all similar to those estimates obtained by using the imperfect
reference test with the proposed methodology. Further, the sensitivity and specificity estimates
for the ELISA in this study are similar to those estimated from the previous study [28].

We estimated the multivariate predictive values for all combinations of the three experimental
tests by using (6). These were estimated under the GRE and FM models and compared with
the predictive values using the actual HIV status described in the previous paragraph. We report
predictive values for combinations of tests with more than five patients. When all three tests
were negative, the predictive value was 0 for both models. This is close to the predictive value

2
using the actual HIV status, which was @=0-01. When all three tests were positive, the
128

predictive value was 1 for both models as compared with @—1-0 using the actual HIV status.
When p24 was negative and the remaining two tests were positive, the predictive value under

83
both models was 1.0 as compared with 5—1-0 using the actual HIV status. Finally, when ag121
was negative and the remaining two tests were positive, the predictive value for both models

18
was 0.82 as compared with 77=0-86 using the actual HIV status.
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The data analysis poses an intriguing question, namely, are inferences made with the joint
modeling approach which incorporates the diagnostic accuracy of the imperfect reference test
robust to misspecification of the dependence between tests? Albert and Dodd [20] showed that
when estimating diagnostic accuracy without a gold standard (which is a special case of the
model when SENSt = SPEC71 = 0.5), it is difficult to distinguish between competing models
for the dependence between tests and the choice of dependence structure has a large impact on
sensitivity and specificity estimation (i.e. lack of robustness to the dependence structure
between tests). Is the problem alleviated when we incorporate information about the diagnostic
accuracy of the imperfect test from a previous study into the analysis? We examine this with
analytical and simulation techniques in the following two sections.

4. Asymptotic Results

We examined the asymptotic bias (I — o) in estimating diagnostic accuracy and prevalence
using an imperfect test when the dependence structure is misspecified. These asymptotic biases
are also calculated under the assumption that the sensitivity and specificity of the imperfect
test relative to the gold standard test are estimated from a large sample (i.e. N — oo with

SENS, =SENS, and SPEC, =SPEC,). Initially, we considered the bias for the case when a
common sensitivity and specificity are estimated across J tests (this is most appropriate when
the same assay is repeated multiple times). The misspecified maximum-likelihood estimator
for the model parameters, denoted by 68°*, converges to the value 6*, where

0 =arg mgle.[.r [logML(Y,-, T;, H)] -

and log Lip(Yi, Ti, 0) is the individual contribution to the log-likelihood under the assumed
model M and the expectation is taken under the true model Tr. The notation

E, (logL,)=E, [logL(Y;, T:.0)l,, ©

denotes the expectation (taken under the true model Tr) of an individual's contribution to the
log-likelihood under the assumed model M when evaluated at 6*. Sensitivity and specificity
are model-dependent functional forms of the model parameters, SENS* = g, (6*) and SPEC*
=gy (0%), where g; and g, relate model parameters to sensitivity and specificity. Estimators

of sensitivity, specificity, and prevalence converge to SENS*, SPEC*, and P}, respectively,
under misspecified models. Expressions for an individual's contribution to the expected log-
likelihood under the correct and misspecified models are provided in Appendix A. Asymptotic
biases for sensitivity, specificity, and prevalence are defined as SENS*—~SENS, SPEC*—SPEC,

and P}, — Py, respectively.

Based on results described by Tan et al. [29] and Heagerty and Kurland [30], who showed that
marginal quantities in generalized linear mixed models (such as sensitivity, specificity, and

prevalence) are nearly unbiased when the random effects distribution is misspecified, we would
expect that estimators of sensitivity, specificity, and prevalence would be nearly unbiased under
a misspecified model when SENSt = SPECt = 1. Further, based on results described by Albert
and Dodd [20], who showed that estimation of diagnostic accuracy and prevalence using latent
class models without a gold standard are highly sensitive to the dependence structure between
tests, we would expect that when SENSt = SPECt = 0.50, estimators of diagnostic accuracy
and prevalence would be asymptotically biased under a misspecified model. Table 1l shows

Stat Med. Author manuscript; available in PMC 2009 September 30.



1duasnuey Joyiny vVd-HIN 1duasnue Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Albert

Page 8

the asymptotic bias for estimating prevalence and the common diagnostic accuracy across J =
5 tests when a GRE model is assumed when the true model is an FM model. The asymptotic
calculations are for the case in which the sensitivity, specificity, and prevalence are 0.75, 0.90,
and 0.20, respectively, and P(Y; = 1|T;, d;) = P(Y;|d;), but the results apply more broadly. As
expected, estimators under the misspecified GRE model were unbiased when SENSt =
SPECt =1 and highly biased when SENSt = SPEC+ = 0.50. Table Il shows the biases for
values of SENSt and SPEC+ between 0.50 and 1. The asymptotic biases under the misspecified
GRE model were small for values of SENSy and SPEC+ above 0.75. Thus, in this case,
estimation is robust to model misspecification under practical values of the sensitivity and
specificity of the imperfect reference test. Table 111 also presents individual contributions to
the expected values of the log-likelihoods under the misspecified and correct models for the
dependence between tests. When SENSt = SPECy = 0.50, the expected log-likelihood for the
misspecified GRE model is almost the same as the expected log-likelihood for the correctly
specified model. Thus, in this case, it may be very difficult to distinguish between competing
models for the dependence between tests. Table Il shows that as SENSt or SPECy increases
over 0.50, the expected log-likelihood for the correctly specified model becomes larger than
the expected log-likelihood under the misspecified model, suggesting that it will become easier
to distinguish between competing models. This will be examined in more detail in the
simulation results presented in Section 5.

There are cases when the asymptotic biases are not negligible for reasonably high values of
SENSTt and SPECH. In these cases, the expected individual contributions to the log-likelihood
under the correctly specified models were considerably larger than the expected contributions
under the misspecified models, making it possible to distinguish between models. For example,
when the true model is a GRE model (o9 = 01 = 1), SENS = 0.75, SPEC = 0.90, P4 = 0.20, and
J = 5, estimates of sensitivity, specificity, and prevalence under an FM model converge to

SENS* = 0.81, SPEC* = 0.91, and P},=0.19 when SENSt = SPECt = 0.90. The expected
individual contribution to the log-likelihood under the correct GRE model was Eggrg[log
Lerel = —2.3897 as compared with the expected log-likelihood under the misspecified FM
model of Egrg[log Lgnm] = —2.4000.

The FM and the GRE models are very different ways to incorporate dependence between tests.
Of interest is examining the effect of model misspecification on estimation when the models
are much more similar in how they incorporate dependence between tests (in this case it may
be very difficult to distinguish between competing models for the dependence structure even
when the sensitivity and specificity of the imperfect test are 1). The BB and the GRE models
are very similar in that each uses a continuous mixture distribution to incorporate dependence.
Figure 1 shows contour plots for the relative asymptotic bias of sensitivity, specificity, and
prevalence of an experimental test (J = 5 repeated tests) for different known sensitivities and
specificities of the imperfect relative to the gold standard test. As we expected from results on
latent class models without a gold standard [20], there is sizable bias when SENSt and
SPEC+are close to 0.50 (corresponding to the no-gold-standard case). However, the asymptotic
bias is negligible for even a slight increase over 0.50 in either the sensitivity or specificity of
the imperfect test.

Table I11 shows the asymptotic bias of test-specific sensitivity and specificity for four tests
under a misspecified dependence structure with various sensitivities and specificities of the
imperfect reference test relative to the gold standard test. Specifically, we assume a GRE model
when the true model is an FM model. For simplicity, we assume that P(Y;[T;, d;) = P(Y;ld;),
but the results will not be sensitive to this fact. As with the common sensitivity and specificity
calculations, estimates are unbiased when SENSt = SPECt = 1 and estimates are highly biased
when SENSt = SPECy = 0.50. Test-specific sensitivity and specificity have little bias when
the sensitivity and specificity of the imperfect reference test are each above 0.75. Further,
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although the individual contributions of the expected log-likelihoods under a misspecified and
correct model are nearly identical when SENSt = SPECy = 0.50, they begin to more
substantially differ as the sensitivity and specificity increase. This suggests that it will be
increasingly easier to distinguish between these competing models as the sensitivity and
specificity of the imperfect test increase.

The following section shows the finite sample properties of the methodology using simulation
studies.

5. Simulations

We examine the finite sample properties under the assumption of a common sensitivity and
specificity across multiple tests and under the assumption of different test-specific sensitivities
across tests. Table 1V shows results for a common sensitivity and specificity with five tests
when the true model is an FM model and when the assumed model is a GRE model for a sample
size of 1000 individuals (I = 1000). For simplicity we assume that for both the true and assumed
models P(Y;|T;, d;) = P(Y;|d;), but the results should apply more broadly. The results show little
bias under model misspecification when the sensitivity and specificity of the imperfect test
relative to the gold standard test are above 75 per cent. Further, although it is difficult to
distinguish between the very different GRE and FM models when SENSt = SPEC+ = 0.50 (the
log-likelihood for the correct model is greater than one unit larger than the log-likelihood for
the misspecified model in only 11 per cent of simulated realizations), it is much easier to
distinguish between models when the sensitivity and specificity of the imperfect test are greater
than 75 per cent (the log-likelihood under the correct model is greater than one unit larger than
that under the incorrect model in over 40 per cent of the simulations). Thus, in this case, when
the diagnostic accuracy of the imperfect relative to the gold standard test is high, estimation is
robust to model misspecification and we are able to distinguish between competing models
with highk probability.

There is a more sizable bias when the true model is a GRE and the misspecified model is an
FM model and either the sensitivity or specificity is below one. For example, a simulation was
conducted as in Table IV but with data generated with a GRE model with o9 = o1 = 1, SENS
=0.75, SPEC = 0.90, and P4 = 0.20 with SENSt = SPEC+ = 0.90. Average estimates of

SENS' SPEC: and P, were 0.80, 0.90, and 0.19, respectively, demonstrating a sizable finite
sample bias for estimating sensitivity. However, the log-likelihood under the correct GRE
model was larger (by at least one unit) than the log-likelihood of the incorrect FM model in
greater than 99 per cent of simulated data sets.

Table V focuses on the properties of multivariate predictive values given by (6). Specifically,
we estimate the probability of the true disease status being positive given the sum of the five
tests. These simulations were identical to those presented in Table IV. Under the correctly
specified FM model, the estimated predictive values were nearly unbiased for all values of
SENST and SPEC+. However, there was bias under the misspecified GRE model. This bias
was negligible when SENSt = SPECt = 1 but increased as both SENStand SPEC+ approached
0.5, with the bias being very substantial when SENSt = SPEC+ = 0.50. In addition, even when
SENSTtand SPEC+ were both near 1, there was a substantial efficiency gain in using the correct
joint model for estimating the multivariate predictive values.

The simulations assumed that SENSt and SPEC+ are known values (this corresponds to using
a very large study to estimate the sensitivity and specificity of the imperfect test relative to the
gold standard test). Table VI shows the results of simulations under a correctly specified FM
model with SENSt and SPEC+ estimated from a prior study with varying sample size. As for
the simulations with known values of SENSt and SPECt, the results show that estimates of
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sensitivity and specificity are unbiased under a correctly specified joint model even when a
relatively small study is used to estimate the diagnostic accuracy of the imperfect reference

test. Further, the variability in SENs, SPEC, @nd P, (squared-standard errors in the table) does
not decrease proportionally to sample size. The limiting factor on the variability of these
estimates is the size of the current study and not the size of the study that estimates SENS+ and
SPEC+. Thus, there is little advantage of a large versus moderate-size prior study for estimating
the diagnostic accuracy of the imperfect test.

Table V11 shows the results for estimating the test-specific diagnostic accuracy for four tests
when the true model is an FM model and the GRE model is the assumed model (again, we
assume that P(Y;|T;, d;) = P(Yj|d;) in this simulation). Similar to the simulation results for a
common sensitivity and specificity, the robustness under a misspecified model improves as
the diagnostic accuracy of the imperfect reference test increases. When SENSy = SPECt = 1,
the results (mean estimates and standard deviations) are almost identical under the correct FM
and incorrect GRE models. Estimation is robust to the dependence between tests as long as the
sensitivity and specificity of the imperfect test are relatively high (at or above 75 per cent).
Further, the log-likelihood is larger for the correctly specified model in 96, 91, and 88 per cent
of simulated data sets when the sensitivity and specificity of the imperfect test are both 1, 0.90,
and 0.75, respectively. This is in contrast to large biases under a misspecified dependence
structure reported by Albert and Dodd [20] for latent class models without a gold standard
(corresponding to SENSt = SPEC+ = 0.50). For an identical model configuration, they showed
(in their Table V1) that there are large finite sample biases for a GRE model when the true
dependence structure is an FM model. Further, they demonstrated that the log-likelihood under
a correctly specified FM model was larger than the log-likelihood under a misspecified GRE
model in only 63 per cent of the simulated data sets.

Table VI also presents average estimates and standard errors of test-specific sensitivity and
specificity obtained by fitting model (5) separately for each test. When SENSt = SPECt =1,
estimates obtained by estimating the diagnostic accuracy individually by test are essentially
the same as those obtained using the correct model. Although estimates obtained with
individual tests make no assumptions about the dependence between tests, they are
substantially more variable than estimates obtained with the joint modeling approach when
SENST or SPECr is less than 1. For example, when SENSt = SPEC+ = 0.9, estimates are on
average greater than 50 per cent more efficient with the correctly specified FM model as
compared with estimating diagnostic accuracy separately for each of the four tests. This
efficiency gain is even larger when SENSt = SPEC+ = 0.75.

6. Discussion

We proposed methodology for estimating the diagnostic accuracy of multiple binary tests using
an imperfect reference test when information about the diagnostic accuracy of the imperfect
relative to the gold standard test is available from a prior study. The application we considered
concerns estimating experimental screening tests for HIV using an ELISA as the imperfect
reference test. A prior study was used to estimate the sensitivity and specificity of the ELISA
relative to a gold standard assessment of HIV status. The resulting estimates of sensitivity and
specificity for the experimental tests were nearly identical to those obtained with the actual
gold standard test in the current study, providing evidence that the methodology may be useful.

We demonstrated using analysis, simulations, and analytical techniques that inferences on
diagnostic accuracy were robust to the dependence between experimental tests as long as the
sensitivity or specificity of the imperfect test was moderately high. The robustness was found
for individual test sensitivity and specificity as well as for multivariate predictive values.
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However, particularly for estimating multivariate predictive values, there may be substantial
efficiency advantages to correctly specifying the joint model for the dependence between tests.

The joint modeling approach is necessary when estimating acommon sensitivity and specificity
across J tests (a common situation when the same test is repeated multiple times). However,
when estimating test-specific sensitivity and specificity (i.e. different sensitivity and specificity
for each test), estimation can be done separately for each test using (5) as an alternative to joint
modeling. Although separate estimation clearly does not make assumptions about the
dependence between tests, in most situations, it is highly inefficient relative to joint modeling.
Thus, there is an inherent trade-off between the gain in efficiency of joint modeling versus the
potential bias if the dependence between tests is misspecified. | favor the use of the joint model
since our asymptotic bias and simulation studies suggest (under extreme model
misspecification) that, in most cases, there is limited bias when the dependence structure in the
joint model is misspecified.

In some applications, a series of prior studies may provide estimates of diagnostic accuracy of
the imperfect reference test. In this situation, a common diagnostic accuracy of the imperfect
test can be estimated by weighting inversely proportional to sample size and using this common
estimate with (1) or (5) to obtain estimates of the diagnostic accuracy of the experimental tests.
If the diagnostic accuracies are assumed to vary across studies, then a random effects model
could be employed in order to estimate a distribution of sensitivities and specificities across
studies. This distribution along with (1) or (5) can then be used to estimate the distribution of
likely values of the sensitivity and specificity of the experimental tests.

This paper proposes methodology for estimating the diagnostic accuracy of multiple binary
tests, which incorporates information about the diagnostic accuracy of an imperfect test that
may be available from external data sources. This approach was motivated by the failure of
alternative approaches such as discrepancy and latent class analyses, which do not use any
information about the gold standard test and have been found to be problematic. The proposed
approach may be useful in early-phase diagnostic studies where measuring the gold standard
test may not be feasible but when there is a sizable literature on the diagnostic accuracy of an
easily obtainable imperfect reference standard. Clearly, more definitive studies with gold
standard tests and clinical endpoints will be necessary to validate any promising new diagnostic
tests identified with the proposed approach [31]. These more definitive studies are often subject
to verification bias, since the gold standard test may be invasive and may be measurable on
only a subset of highly selected patients (i.e. only those who test positive in one or more of the
experimental tests). Problems of verification bias are well known [5,32], and various
approaches have been proposed for estimating diagnostic accuracy when gold standard
evaluation is observed on only a fraction of patients [33-36].

Appendix A: Expected Log-Likelihood of A Misspecified Model M for A True

Model Tr

Each individual's contribution to the expected log-likelihood under a true model Tr is
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11 11 1
E, [logL, (Y;,Tiu®)]= X ¥ ... X % |log {EOPM (Yi=(ir, iz, ..., i) | Ti=t, d;=)

i1=0i2=0 IJ=0/=0
x P(Ti=t|di=I) P,, (di=])|

1
X {ZPT, (Yi=(r, i2, ..., i,|Ti=t, d;i=l) P (T;=tld;=]) P,, (di:l)}]
=0

where P1((Yi[Ti, d;j) and P1(d;) are the true distribution of Y; conditional on d; and prevalence,
respectively. The misspecified conditional distribution Pp(Y;|d;) and prevalence Py (d;) are
characterized by the parameter vector 0. The diagnostic accuracy of the imperfect test T; relative
to the gold standard test d; is characterized by P(Tj|d;), which is assumed known from a previous
study.
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Figure 1.

The asymptotic bias of sensitivity, specificity, and prevalence of the experimental test (note
that we are considering the sensitivity and specificity to be constant across the J = 5 tests in
these calculations) when the true model is a beta-binomial (with stated model parameters) and
when the incorrectly specified model (i.e. working model) is a GRE model is shown. In the
notation described in Section 2, we assume that the beta-binomial model has SENS = 0.75 and
SPEC =0.90, with app = o0 = luBOO :ﬂlo =0.33, op1 =011 = 1, ﬂOl :ﬁll =0.11 (Ie (SENS*
— SENS)/SENS, (SPEC* — SPEC)/SPEC, and (P — P»)/P,). Panels A, B, C show contour
plots corresponding to the relative asymptotic bias for sensitivity, specificity, and prevalence,
respectively. For each panel, the x-axis, y-axis, and z-axis reflect the sensitivity of the imperfect
test, the specificity of the imperfect test, and the relative asymptotic bias of the sensitivity,
specificity, and prevalence, respectively.
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Simulation results for a common sensitivity and specificity with 5 tests (J = 5) and a sample size of 1000 individuals
(1 =1000) under a correctly specified finite mixture (FM) model with g = 51 = 0.20, SENS = 0.75, SPEC = 0.90, and

Pg4 = 0.50.
N SENS SPEC P,
50 0.75 0.90 0.50

(0.018) (0.014) (0.026)
100 0.75 0.90 0.50
(0.015) (0.011) (0.021)
500 0.75 0.90 0.50
(0.012) (0.008) (0.018)
1000 0.75 0.90 0.50
(0.012) (0.008) (0.018)
10 000 0.75 0.90 0.50
(0.011) (0.008) (0.017)

The imperfect reference test has sensitivity (SENST) and specificity (SPECT) both equal to 0.90. SENST and SPECT are estimated from studies with

prevalence 0.50 and different sample sizes (N). Averages (standard deviations) of 1000 simulated data sets are presented.

Stat Med. Author manuscript; available in PMC 2009 September 30.
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