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We present an approximation to a molecule’s N-dimensional conformational probability density
function (pdf) in terms of marginal pdfs of highest order /, where / is much less than N. The
approximation is constructed as a product of conditional pdfs derived by recursive application of the
generalized Kirkwood superposition approximation. Furthermore, an algorithm is presented to
sample conformations from the approximate full-dimensional pdf based upon all input marginal
pdfs. The sampling algorithm is tested for three small molecule systems by using the algorithm to
sample conformations at levels /=1, 2, or 3 and comparing the distributions of sampled
conformations with those from the molecular dynamics (MD) simulations. The distributions of
conformations sampled at third (/=3) order resemble the MD distributions rather well and
significantly better than those sampled at second (I=2) or first (I=1) order. In addition to
highlighting the importance of correlations among internal degrees of freedom, these results suggest
that low-order correlations suffice to describe most of the conformational fluctuations of molecules
in a thermal environment. © 2009 American Institute of Physics. [DOI: 10.1063/1.3088434]

I. INTRODUCTION and average energy of a molecule by computing its configu-

rational integral as a sum over local energy minima on an
energy surface defined by an empirical force field and an
implicit solvent model.* The configurational entropy may
then be computed as essentially the difference between the
free energy and the mean energy. Since the M2 method uses
the full configurational integral (subject to the approximation
of summing over local energy wells) it effectively accounts

Molecules are flexible structures in a thermal environ-
ment, so their conformations fluctuate continuously. Charac-
terization of molecular fluctuations is critical to understand-
ing and ultimately controlling molecular properties and
functions, such as binding and catalysis. Fluctuations also
are of central importance in statistical thermodynamics,

which links molecular motions to thermodynamic observ-
ables such as free energy, entropy, and enthalpy. A mol-
ecule’s configurational entropy, in particular, depends upon
not only the magnitude of its conformational fluctuations
along each degree of freedom but also the degree to which
these fluctuations are mutually correlated." As a conse-
quence, calculations of configurational entropy can shed
light on correlations.

The relationship between correlation and entropy is es-
pecially clear in the mutual information expansion (MIE), a
series expansion of the Gibbs entropy in terms of mutual
information sums of increasing order.' The mutual infor-
mation at a given order goes to zero if there are no correla-
tions at that order, and truncating the MIE series at a given
order yields a value of the entropy under the approximation
that higher-order correlations are absent. One may therefore
assess the order of correlations in a given system by compar-
ing the entropy from corresponding truncations of the MIE
with the entropy from a second computational method that
accounts for all physically relevant correlations. The mining
minima (M2) method* can serve as this second method for
molecular systems of modest size (e.g., small molecules and
host-guest systems). M2 obtains the Helmholtz free energy
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for all physically relevant correlations at a given tempera-
ture.

It has been observed' that molecular entropies estimated
with MIE at the doublet and triplet levels—i.e., neglecting
correlations above second and third orders, respectively—
can agree well with independent M2 calculations for small
molecules. Because M2 includes essentially all correlations,
this observation suggests that most of the physically relevant
fluctuations of these molecules involve only low-order cor-
relations. Thus, it leads to the hypothesis that conformational
probability distributions can be well described with a trac-
table set of low-order distribution functions. The present
study describes a novel approach to test this hypothesis and
provides results for molecular test systems.

Il. THEORY

The conformational fluctuations of a molecule with M
atoms at equilibrium are fully described by a Boltzmann
probability distribution function (pdf) over its N=3M -6 in-
ternal degrees of freedom:

exp(- BE(X,, ..., Xy))
[exp(= BE(X,, ..., Xy)dX, -+ dXy

Xy, . Xy) =

s

(1)
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where B=(kT)~!, k being the Boltzmann constant and T the
temperature, and E(X;,...,Xy) is the energy as a function of

internal coordinates X=(X,...,Xy). For a molecule in solu-
tion, the energy function comprises the molecule’s internal
energy and an additional contribution from the solvent.” The
pdf, Eq. (1), can account for correlations of all orders up to
N, but its high dimensionality makes it computationally un-
workable for most molecules of interest.

The present study poses the following question: how ac-
curately can the conformational fluctuations of a molecule in
a thermal environment be described without accounting for
high-order correlations? This is addressed by using a mol-
ecule’s low-order marginal pdfs, populated with well-
converged simulation data, as a basis for sampling full mo-
lecular conformations. The resulting conformational
distributions, which, by construction, account only for low-
order correlations, are then evaluated by comparing them
with those obtained from the simulations. The sampling is
done with a novel sampling approximation in which the an-
cestral sampling algorithm6 is combined with a further
generalization1 of the generalized Kirkwood superposition
approximation®’ (GKSA) that allows the required high-order
conditional pdfs to be estimated in terms of the available
low-order marginals.

The following sections begin by introducing a notation
enabling superposition approximations to be expressed com-
pactly. The [-level superposition approximation (SA-I) is
then described, followed by derivation of SA-/ based condi-
tional distributions in terms of given marginal pdfs. Finally,
algorithms to sample conformations using the conditional
distributions are presented.

A. Notation

Let X =(X;,...,Xy) be N random variables representing,
for example, the N internal coordinates of a molecule. Spe-
cific numerical values of the random variables are denoted
by lowercase letters, so that x=(x;,...,xy) represents a par-
ticular conformation of the N-dimensional system. To make
subsequent equations more readable, we introduce a compact
notation for the pdf over a subset of k coordinates

(XI X ) with i;,...,i; e[1,N], in which the variables
are denoted by just their index i:
[il, ...,ik] Epk(Xil’ ...,Xik). (2)

The order of the pdf is the total number of variable labels in
the square bracket. For example, [3]=p,;(X;) denotes the
one-dimensional (1D) marginal pdf, or singlet distribution, in
X5; [3,5]=p,(X;5,X5) denotes the two-dimensional (2D)
marginal pdf, or doublet distribution, in X3 and X5; and
[3,5,6]=ps(X5,X5,Xs) denotes the three-dimensional (3D)
marginal pdf, or triplet distribution, in variables X3, X5, and
X¢. Moreover, a specific value of the probability density
pk(xil,...,xik at  X; =x;,X;=x;,... is denoted by
[x,«l, ,xik], ie.,

[x,-l, ,xlk pr(Xil =xi1, ,X,»k=x,-k

). 3)

Specifying the values of a subset of variables effectively
lowers the order of a distribution. For example, if variable X5
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has a value of xs, the triplet distribution p;(X3,Xs,Xs)
=[3,5,6] becomes a 2D distribution p,(X3,X5=x5,X,), de-
noted by [3,x5,6].

The conditional distribution of variable X;, given the
condition that k other variables X,-[,,...,X,»k have values

Xips oo s X is denoted by

[l o] = pr (it ), 4)
where 1,iy,...,ie[1,N] and [#i;#---#i,. Note that
[l|x X, ] 1s a 1D distribution of variable X,, and that

the product rule allows this distribution to be expressed as

[l,xil, e ’xik]
)= (5)
)Cil, e ’xik

[l |x

Since Xj 5.0 0 X are specific values of the variables, the de-
nominator of Eq. (5) is just a number while the numerator is
a 1D pdf.

We will be presenting an approximation of a
k-dimensional pdf in terms of products of its lower-order
marginal pdfs. The first-order (singlet), second-order (dou-
blet), third-order (triplet), and fourth-order (quadruplet) mar-
ginals of a k-order distribution are given by

[l]:J[il,...,'
j#l

lk]H dX]9

[l’m]:J[ll’ lk] H dX
JFEIFm
(6)
[l,m,n]:J[ll, Gl 11 dX;,
JEIFm#*n

[l,m,n,o]:f[i], o H dXx;.

J#EIFm*n+o

When the distributions are discretized, as in the present
work, the integrals are replaced by summations. We further-
more denote the products of all unique singlet, doublet, trip-
let, and quadruplet distributions as

k= H Li],

I=ij=k

D, = IT Liy,is],
1=i|<i,=<k
(7)
o= Il [ininisl,

1=i)<ip<i3=k

o= H

=iy <iy<iz<ig=k

Li1,02,i3,04].

For N random variables, there are C]1V s C12v s Cév, and Cﬁv sin-
glet, doublet, triplet, and quadruplet marginal distributions,
respectively.



134102-3 High-dimensional sampling

B. Superposition approximations

A superposition approximation approximates a higher-
order pdf in terms of lower-order distributions. The original
Kirkwood superposition approximation (KSA),” which ap-
proximates a triplet correlation function in terms of singlet
and doublet distribution functions,

[1,2][1,3][2,3]
[1][2][3]

was introduced in the distribution function theory of liquids
as a closure equation to truncate the Bogoliubov-Born-
Green-Kirkwood-Yvon (BBGYK) (Ref. 10) hierarchy of dis-
tribution functions and thereby enable calculation of the pair
correlation function, which is equivalent to the doublet dis-
tribution here. The KSA was derived by approximating the
three-particle potential of mean force as the sum of three
two-particle potentials of mean force, one for each pair of the
three particles. The Fisher—Kopelovich superposition
approximation” is an extension of the KSA, also introduced
in theory of liquids, which approximates a four-particle dis-
tribution function in terms of three-particle marginals:

[1’2’3] = :(S3)_1(D3)+1’ (8)

[1,2,3][1,2,4][1,3,4][2,3,4]
[1,2][1,3][1,4][2,3][2,4][3,4]
[11[2](3][4]
= (S (D) (T)*. )

The GKSA,3’7 introduced as a probabilistic closure equation,
extends the KSA to a general order, approximating a k-order
distribution function in terms of all lower-order (up to k—1)
marginals:

[1,2,3,4] =

k-1

[1,...,k]z]'[[ I1

n=1 | 1=i;<iy<i, <k

MWMTWWUm

Note that the KSA and its subsequent generalizations are not
normalized pdfs.10

By recursive application of the GKSA, the k-order pdf
can be approximated in terms of marginal pdfs of order / and
lower to yield an [-level superposition approximation.1 For
example, approximating the triplet distributions in the nu-
merator of Eq. (9) by their KSAs according to Eq. (8) yields
a second-level (/=2) approximation to a four-dimension (k
=4) pdf:

[1,2](1,3][1,4][2,3][2.,4](3.4]
([1I210314D°
Furthermore, approximating the doublets in the numerator of

Eq. (11) as products of singlets yields the first-level (I=1)
approximation to the four-dimension (k=4) pdf:

[1.2,3,4] = [1][2][3][4]. (12)

In general, approximations of a k-dimensional pdf at the sin-
glet (SA-1), doublet (SA-2), and triplet (SA-3) levels are
given by

[1,2,3,4] = (11)

[1,....k]=S, SA-l, (13)
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[1,....k]= (S) % 2(DY*, SA-2, (14)

and

[L, . K] = (S 22D T, SA-3,

(15)

where the symbols on the right-hand side are defined in Eq.
(7). The level of approximation / may be much less than the
dimensionality k of the full distribution. In this work, singlet
(I=1), doublet (/=2), and triplet (/=3) level superposition
approximations are used. Clearly a mixed level of approxi-
mation could also be written; for example, one could ap-
proximate only a subset of the triplets in Eq. (9) by their
KSAs. As noted above, the SA-/ pdfs are not normalized at
any level except for the trivial singlet-level approximation.

C. Superposition approximations to conditional
distributions

The SA-I approximation to the k-dimensional joint pdf
can be used to derive approximate conditional distributions
of a variable given values of all other variables. These ap-
proximate conditionals are obtained simply by substituting
the SA-I approximations for the joint pdfs in Eq. (5). For
example, using the SA-2 expression for [x;,x,,3] yields

[x1,3][x,,3] 1
[ 1[x][3] N3(xp.x,)

[3x).,] = (16)

and using the SA-2 expression for [x;,x;,x3,4] and
[x),X5,x3] gives

[X1,4][X2,4][X3,4] 1
[xl][xz][xs][4]2 N4(x1,x2,x3)’

[4x},x0.x3] = (17)

where N3 and N, denote the normalization factor as a func-
tion of the fixed variables. In general, the conditional distri-
butions are not normalized due to the use of superposition
approximations for the pdfs in Eq. (5). The normalization
factors may be obtained by using the standard procedure of
summing over all values of the conditioned variable as fol-
lows:

E [y, x3][x0, %3]

N3(X1,x2) = - [xl][X2][x3]

(18)

and

Lxp,xq [0, x4 )3, ]
Nabaixants) = 2 2 TP (19
The normalization factors can be computed efficiently as the
summation is over values of a single variable.
More generally, the normalized conditional probability
distribution of variable X, (k>?2), given values of the other
k—1 variables, is approximated at the doublet level by
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(Hlsisk—l[xisk]) 1
(KD (I <y [26]) N, o)

[k|}€1, . ,xk_l] =~

J. Chem. Phys. 130, 134102 (2009)

(20)

Similarly, Eq. (5) may be approximated at the triplet level by applying the SA-3, yielding the following conditional distribu-

tion:
I =i L) SR D ED2 (T [ x ik 1
[k|x1, o] = ( I<i=k l[xz]) ([k]) ( 171<17k(k1_[:§z Xj ]) . 1)
(Hlsi<jsk—1[xi,xj]) (Hlsisk—l[xi,k]) ’ Ni(xp, oo oxiy)
For example, the conditional distributions at the triplet level for k=4 and k=5 are, respectively,
_ [xl][xz][X3][4][xl,)CZ,4][X],X3,4][XZ,X3,4] 1
[4]x1,x0,x5] = (22)
[xl’x2][xl5x3][x2’x3][xl?4][x2,4][x3,4] N4(.X1,.X2,X3)
and
_ (e JDeoJ 00 ]) 2[5 1Ly 20, 50001, 03, S 10x1,24, 51000, x5, 51,4, 510063, %4, 5] 1
[5]xpsx0,3,24] = (23)

D. Algorithms for sampling based on low-order
marginals

We wish to sample molecular conformations while ac-
counting for the correlations represented in marginal pdfs of
order [ and below. This is easily done at the singlet level (I
=1), at which all variables are assumed to be independent:
one simply samples each variable from its 1D marginal dis-
tribution without reference to the other variables. Accounting
for correlations by including higher-order marginals is more
complicated. We now describe an approach that combines
the ancestral sampling algorithm6 with superposition ap-
proximations of the required conditional pdfs.

1. Ancestral sampling algorithm

Any N-dimensional joint pdf can be factorized into a
product of conditional distributions by repeated application
of the product rule of probability theory:

[1,2,....k]
=[N|1,2,... . N-1][N-1

1,2,... ,N=2]---[2]1][1].
(24)

Equation (24) can be represented graphically by the directed,
acyclic graph shown in Fig. 1, and the ancestral sampling
algorithm6 can be used to sample from any pdf once it is
represented by a directed acyclic graph. The following
pseudocode explains how the ancestral algorithm samples a
conformation x=(xi,...,xy) from the N-dimensional pdf
[1,2,...,N] expressed by the graph in Fig. I:

Algorithm 1: Ancestral sampling algorithm.

x~[1],

0o ~[2]x],
x3~[3|x1,x2],
FOR k=4 to N
X~ Lklxy, . xe ]
ENDFOR

Lo Il x5 10y 20 1o, 03 0, g Do, o0 D[y, 5000, 5103, 51 x4, 51)

N5(x1,..,x4) ’

@ 9

where “~” means ‘“sampled from.” The first variable is
sampled from its 1D singlet distribution, and each subse-
quent variable is sampled from its 1D distribution condi-
tioned upon the values of all the variables that have been
sampled so far. Since the full N-dimensional pdf is known,
all conditional distributions can be computed exactly and are
normalized. The ancestral algorithm rigorously samples con-
formations from the full N-dimensional joint pdf. However,
in many real-world applications, such as the present molecu-
lar studies, the required conditional distributions are not ac-
cessible because of the high dimensionality of the systems.
This problem is addressed in the following subsection.

2. Ancestral sampling with the superposition
approximation

The present study uses an approximation of the standard
ancestral sampling method wherein the exact conditional
pdfs are replaced with superposition approximations of the
conditional pdfs. Thus a doublet-level sampling algorithm is
obtained by using conditional pdfs computed using only sin-
glet and doublet distributions [Eq. (20)]:

Algorithm 2: Doublet-level sampling algorithm.
xp~[11,

[X] ’2]
[x] '
[x1’3][x2’3] 1
[x1 %2 3] N3(x1,x2)’

Xy ™~ [2|x1] =

X3~ [3|x1,x2] =

FOR k=4 to N

=ik [xi,k] 1
[T i NG )

X~ [k|x1, ,xk_l] =

ENDFOR

The triplet-level sampling algorithm is obtained simply
by approximating the conditional distributions with the
triplet-level superposition approximation [Eq. (21)]:
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Algorithm 3: Triplet-level sampling algorithm.
x ~[1],

[—xl’z]
[xl] ’

[x1,%5,3]
[xy,2,] '

LI Jes 11400 o, 4 0x1, X3, 4 (%0, 03, 4]
Lo 1,005 00,3 1 xy 4 [0, 4 ][ x5,4]

X~ [2|x1] =

X3~ [3|x1,x2] =

Xq ™~ [4|x1,x2,x3] =

1
Ny(x152.x3)”

FOR k=5to N

X~ [k|x1, ’xk—l]
_ (HlS,-Sk_l[x,-])(k_3)([k])(k"3)(k‘2)/2(1‘[1Si<jsk_1[xi’xj,k])
(H1si<jsk—1[xi’xj])(nlsisk—l[xiak])(k_3)

1
D G E—
Nk(.xl, ’xk—l)

ENDFOR

These algorithms may be iterated to generate any desired
number of sampled conformations, where the separate itera-
tions are, of course, independent of each other and hence
amenable to parallelization. These two specific algorithms
also generalize to higher levels of approximation—i.e., to
larger values of /—and the standard ancestral algorithm is
recovered when /=N. Indeed, the [-level sampling algorithm
is identical to ancestral sampling for the first [ variables,
because the conditional distributions become approximate
only at the (/+ 1)th variable in the graph.

These approximate sampling algorithms require as input
all marginals of the full pdf up to the level of the approxi-
mation, /; these input marginals are termed reference margin-
als. Thus, the doublet-level algorithm requires access to all
singlet- and doublet-level reference marginals, and the
triplet-level algorithm requires the triplet-level reference
marginals as well. Importantly, these algorithms do not re-
quire computation or storage of the full N-level pdf or its
N-dimensional superposition approximation. For the molecu-
lar systems studied here, the reference marginal pdfs may be
computed from molecular simulations. For example, the dou-
blet distribution of two torsion angles can be computed and
stored simply as their normalized 2D histogram. When the
distributions are represented as normalized histograms, as
done in this work, then a conformational sample refers to a
vector of bin numbers, one for each variable.

The distribution of sampled conformations obtained
from these algorithms, unlike the standard ancestral algo-
rithm, depends on the order in which the variables are
sampled. This can be seen by recognizing that the first /
variables are sampled directly from their reference margin-
als, whereas subsequent variables are sampled from approxi-
mations to their original, reference distributions. Note, too,
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FIG. 1. Representation of an N-dimensional distribution function
[1,2,...,N] as a directed graph. Variables are represented by circles con-
taining the label of the respective variables. Solid arrows indicate the con-
ditional dependencies of each variable as per the 1D conditional distribution
indicated on the right of each node. The ancestral sampling uses exact con-
ditional distributions for each variable. The /-level sampling algorithms pre-
sented in use approximations to conditional pdfs for (/+1)th and following
variables. Doublet-level algorithm uses Eq. (20) while triplet-level algo-
rithm uses Eq. (21). Dashed lines schematize elided portions of the graph.
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FIG. 2. Molecular systems used for testing the superposition approximation-
based sampling algorithms: (a) nonane, (b) cyclohexane, and (c) host-guest
complex (Ref. 13). Atoms included in the sampled structure are numbered.
The internal coordinate system is set up such that atom 1 is on the origin, the
bond between atoms 1 and 2 is along the x axis, and atom 3 is in the x-y
plane. For nonane and cyclohexane, only the carbon chain is sampled, al-
though the MD simulations included all hydrogens. For the host-guest com-
plex, a dotted line represents the pseudobond used in defining the position
and orientation of the guest relative to the host.



134102-6 Somani, Killian, and Gilson

J. Chem. Phys. 130, 134102 (2009)

TABLE I. List of BAT degrees of freedom corresponding to the 23-atom skeleton of the host-guest complex.
All 22 bonds, 21 angles, and 20 torsions are listed using the atom numbers shown in Fig. 2. Active variables are
indicated by A. For the inactive variables, the equilibrium values based on the force field are listed.

Bond equilibrium

Angle equilibrium

Torsion equilibrium

Bond value (A) Angle value (rad) Torsion value (rad)
1-2 1.383 1-2-3 2.0944 1-2-3-4 0

2-3 1.383 2-3-4 2.0944 1-2-3-17 A

3-4 1.383 2-3-17 A 2-3-4-5 0

3-17 1.46 3-4-5 2.0944 2-3-17-18 Phase of 2-3-17-19
4-5 1.383 3-17-19 A 2-3-17-19 A

5-6 1.46 3-17-18 A 3-17-19-20 A

6-8 1.345 4-5-6 A 3-4-5-6 A

6-7 1.225 5-6-8 A 4-5-6-7 Phase of 4-5-6-8
8-9 1.355 5-6-7 A 4-5-6-8 A

8-13 1.0 6-8-9 A 5-6-8-13 A

9-10 1.327 6-8-13 A 5-6-8-9 Phase of 5-6-8-13
10-11 1.327 8-9-10 A 6-8-9-10 A

11-12 1.5 8-13-14 A 6-8-13-14 A

13-14 A 9-10-11 2.0159 8-9-10-11 A

14-15 1.225 10-11-12 A 8-13-14-15 A

15-16 1.345 13-14-15 A 9-10-11-12 A

17-19 1.345 14-15-16 A 13-14-15-16 A

17-18 1.225 17-19-20 A 17-19-20-21 A

19-20 1.355 19-20-21 A 19-20-21-22 A

20-21 1.327 20-21-22 2.0159 20-21-22-23 A

21-22 1.327 21-22-23 A

22-23 1.5

that if the reference marginals have regions of zero probabil-
ity, the present algorithms can fail to yield a complete set of
variables for a conformation. This may be understood by
considering the example of an SA-3 based conditional distri-
bution:
[4]x1,2, %3]
- Loy Do I 104000y, x0,4 00, x53,4 ][0, X3,4]
Lo sxs ]l x5 00x, 41000, 4] (x5, 4]
1

Ny(xy,x0.x3)

(25)

After the first three variables have been sampled, the factors
containing the next variable, X,, are essentially 1D histo-
grams. When some bins contain values of zero, the product
of two such histograms can have zero in all bins. This “null”
condition makes it impossible to sample the fourth variable
according to the algorithm. A related characteristic of the
present approach is that the last variable is sampled from a
conditional distribution constructed from the N-dimensional
SA-I, which includes all reference marginal pdfs up to and
including level /. Consequently, the populated regions of the
marginal pdfs computed from the sampled conformations
(termed the sampled marginals) will be contained within the
populated regions of the corresponding reference marginal
pdfs. Section IV D examines these issues by comparing
sampled marginal pdfs with the corresponding reference
marginal pdfs.

The probability of sampling each conformation with the
present SA-/ based sampling algorithms, p;, is readily ob-
tained during the sampling procedure by substituting the

conditional pdf used to sample each variable into the chain
rule given by Eq. (24). The sampling probability thus ob-
tained is automatically normalized since all conditional pdfs
used in the chain rule are normalized. Note that, due to the
normalization of the approximate conditional distributions,
the sampling probability of a conformation with the present
algorithm is different from the N-dimensional SA-I probabil-
ity of that conformation, pga.;. The Appendix provides an
analytic expression for the probability of sampling a confor-
mation in three dimensions using a doublet-level sampling
algorithm, p5(x;,x,,x3), and shows that it is normalized. The
sampling distribution p,(x;,x,,x3) also is compared with the
second-level superposition approximation, pga_»(x;,x;,x3).

lll. METHODS
A. Overview

We wish to determine whether the molecular conforma-
tions sampled with the algorithms described above are dis-
tributed similarly to those sampled by the molecular dynam-
ics (MD) calculations from which the reference marginals
used in the algorithms were obtained. The overall strategy is
to

(1) run a MD simulation of a molecule;

(2) use the resulting trajectory to compute first-, second-,
and third-order reference marginal pdfs—essentially
normalized histograms—for internal coordinates of the
molecule;

(3) use these reference marginals in the sampling algo-

rithms to sample molecular conformations in the ab-
sence of explicit high-order correlations;
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FIG. 3. Convergence of median total energy as a function of the number of
conformations sampled in the BAT coordinate system at the singlet (BAT-1),
doublet (BAT-2), and triplet (BAT-3) levels for the host-guest complex. The
means and standard deviations of the energy converge similarly, and similar
results are obtained for the other molecular systems in this study.

(4) reconstruct the 3D conformations of the molecule dic-
tated by the sampled internal coordinates;

(5) compare the distributions of internal coordinates, con-
formations, and energies obtained by sampling to those
from the original MD run.

Two different systems of internal coordinates are consid-
ered, bond-angle-torsion (BAT) and anchored Cartesian
(XYZ)."* For simplicity, distributions are not computed for
some internal coordinates with very narrow distributions,
such as dihedrals within a phenyl ring; instead, these coordi-
nates are held fixed at their equilibrium values established by
the force field. The coordinates which are sampled are
termed “active.”

B. Molecular systems

Three molecular systems were studied: linear nonane,
cyclohexane, and a small host-guest complex.13 Figure 2 dia-
grams the chemical structures of these molecules and the
subsets of atoms used for testing the sampling algorithms.
For each system, 5 X 10° MD snapshots spanning 50 ns of a
single MD simulation were processed. The MD trajectories
are those used in a previous study of configurational entropy1
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from our group. The MD simulations use an all-hydrogen
energy model and approximate the effects of solvent with a
simple distance-dependent dielectric model.

The analyses of nonane and cyclohexane were simplified
by neglecting the coordinates of all-hydrogen atoms. This
leaves 12 internal coordinates for the six carbons of cyclo-
hexane (for BAT coordinates, these comprise 5 bond lengths,
4 bond angles, and 3 torsions) and 21 internal coordinates for
the nine carbons of nonane (for BAT coordinates, these com-
prise 8 bond lengths, 7 bond angles, and 6 torsions). Confor-
mations were sampled at the singlet level by independently
sampling from the singlet marginal pdfs and at the doublet
and triplet levels by using the algorithms described in
Sec. II D 2 in both BAT and Cartesian coordinates.

The analysis of the host-guest system was simplified by
limiting attention to a skeleton of 23 atoms (see Fig. 2) out of
the simulated 56-atom complex. The retained atoms corre-
spond to 63(3 X 23-6) internal degrees of freedom. Confor-
mations were sampled at the singlet, doublet, and triplet lev-
els in the BAT coordinate system. Out of the 63 BAT
coordinates associated with the 23 atoms, 32 coordinates
were treated as active: all bond-angle and torsional degrees
of freedom except the ones in the rings, along with one
pseudobond, two pseudoangles, and three pseudodihedrads4
that together specify the position and orientation of the guest
with respect to the host. Table I lists the active degrees of
freedom as well as the equilibrium values of the inactive
ones. Three torsion angles (see Table I) that might be viewed
as flexible are treated as phase angles14 of flexible torsions
that share the same rotatable bond; these phase angles have
narrow distributions and are therefore treated as inactive.

C. Computing marginal and conditional distributions

The reference marginal pdfs required for the sampling
algorithms were computed from MD trajectories by binning
the active coordinates to create histograms and then normal-
izing the histograms. For example, the second-order mar-
ginal distribution of two torsion angles was obtained through
a 2D histogram with square bins. For each variable, Ny=30
equally spaced bins were set up between the minimum and
maximum values of the data to be binned, except for the
torsional coordinates of cyclohexane. To effectively capture
the bimodal distribution of these variables, 15 equally spaced
bins were used in the two intervals of 0°-110.2° and 248.7°—
360°, for a total of 30 bins.

TABLE II. Statistics of end-to-end distances (A) in nonane from MD and sampled conformations. See text for

symbols.
Median Mean Standard deviation Minimum Maximum

MD 8.16 8.01 1.14 2.99 10.98
BAT-1 7.91 7.60 1.64 0.09 10.89
BAT-2 8.18 7.96 1.29 0.24 10.80
BAT-3 8.18 8.01 1.18 0.67 10.85
XYZ-1 7.93 7.76 2.28 0.31 14.84
XYZ-2 8.98 8.96 0.69 3.87 11.08
XYZ-3 7.23 7.24 1.66 3.05 10.97
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FIG. 4. Probability distributions (left) and corresponding cumulative distributions functions (right) of end-to-end distances for nonane from MD conforma-
tions and sampling algorithms at singlet, doublet, and triplet levels in BAT and XYZ coordinates.

For N active coordinates with Ny bins along each coor-
dinate, the total numbers of elements in all matrices for the
doublet (N,) and triplet (N3) distributions are, respectively,

N, = N(N - l)Nz,
2

(26)

N, = N(N-1)(N 2)N13;~
6

These numbers can become large. For example, the largest
molecular system considered here has N=32, giving N,
=446 400 and N;=133 920 000, corresponding to about 1
Gbyte of memory at double precision (8 byte floats). How-
ever, we found that the storage requirements could be re-
duced about sixfold for all systems studied here by recogniz-
ing that many elements of the doublet and triplet
distributions are zero and using sparse matrix storage tech-
niques in the MATLAB® 7.5 (Ref. 15) programming environ-
ment.

The 1D conditional probability distribution constructed
at each step of the SA-/ based sampling algorithms consists
of a product of distributions [Egs. (20) and (21)], and the
number of factors in this product becomes large as the
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number of variables increases. Direct multiplication of these
factors can lead to underflow errors because the probabilities
that are multiplied lie between O and 1. This problem was
addressed by taking the logarithms of the factors and adding
them instead of multiplying.

D. Evaluation of sampled conformations

In order to assess the contributions of successively
higher-order correlations, distributions of conformations gen-
erated via sampling at the singlet, doublet, and triplet levels
were compared to the distributions obtained directly from
MBD. Three types of comparisons were done.

First, the coordinates generated by the sampling algo-
rithms were binned just as done for the MD snapshots, and
the resulting 1D, 2D, and 3D sampled marginal pdfs were
compared with the reference marginal pdfs obtained directly
from MD. The difference between a sampled distribution and
the corresponding reference distribution from MD is reported
as the root mean square deviation (RMSD) across the bins of
the stored distributions.

Second, the sampled distributions were compared with
the reference MD distributions by comparing the distribu-
tions of energies and key intramolecular distances. Doing
this requires reconstructing the molecular conformation as-
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FIG. 5. Probability distributions and corresponding cumulative distributions functions (right) of total energy of nonane based upon MD conformations and
conformations sampled in [(a) and (c)] BAT and [(b) and (d)] XYZ coordinate systems at singlet, doublet, and triplet levels.
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TABLE III. Statistics of energy distributions (kcal/mol) from MD and sampled conformations for nonane.

Bond Angle Torsion Coulomb vdW Total
Median
MD 7.7 44 3.23 34.5 —0.63 50.2
BAT-1 7.8 4.5 3.21 349 -0.57 51.5
BAT-2 7.8 4.5 3.22 34.4 —0.62 50.6
BAT-3 7.8 4.5 3.22 344 —0.63 50.4
XYZ-1 1.86 < 10* 318.4 4.91 36.0 15.33 2.2x10*
XYZ-2 141.2 48.6 2.78 31.7 —0.52 232.3
XYZ-3 114.4 41.2 3.85 34.7 —0.61 202.8
Mean
MD 8.34 4.9 3.22 34.8 -0.6 50.7
BAT-1 8.49 5.0 3.23 36.3 3.6X10° 3.6X10°
BAT-2 8.48 5.0 3.23 35.0 182.6 234.3
BAT-3 8.50 5.0 3.22 34.8 11.5 63.0
XYZ-1 2.1x10* 325.8 4.90 37.7 9.7x10* 1.2X10°
XYZ-2 171.93 55.6 2.86 32.1 179.7 442.2
XYZ-3 136.75 47.7 3.84 35.1 252.2 475.6
Standard deviation
MD 4.15 2.6 1.00 2.46 0.3 5.9
BAT-1 4.22 2.7 1.11 5.59 1.24 X 10° 1.24 X 10°
BAT-2 4.22 2.7 1.03 3.20 2.67x10* 2.67x10*
BAT-3 4.26 2.7 1.00 2.66 4.62%10° 4.62%10°
XYZ-1 1.21x10* 120.0 1.14 7.94 6.51X10° 6.50% 10°
XYZ-2 120.9 36.2 0.92 1.85 2.41%10* 2.41x10*
XYZ-3 93.4 31.9 1.10 3.22 3.33x10* 3.33x10*
Minimum
MD 0.04 0.02 0.01 28.1 —1.49 31.7
BAT-1 0.16 0.02 0.00 28.2 —1.57 322
BAT-2 0.17 0.02 0.00 28.4 —1.51 32.0
BAT-3 0.31 0.10 0.00 28.2 —1.53 32.8
XYZ-1 1.92x 102 3.69 0.48 22.6 —1.35 307.1
XYZ-2 0.88 0.47 0.06 27.6 —1.01 43.1
XYZ-3 2.17 0.23 0.00 27.6 —1.42 44.0
Maximum

MD 45.6 34.5 7.64 49.0 5.06 100.2
BAT-1 49.1 28.1 7.88 244 .4 9.98 X 100 9.99 X 10°
BAT-2 45.7 27.4 7.87 130.7 9.00 X 106 9.00 X 106
BAT-3 42.0 23.7 7.22 80.5 2.54 %X 10° 2.54%10°
XYZ-1 1.16 X 10° 955.5 9.56 3524 9.99 X 100 1.00 X 107
XYZ-2 1.55x10° 452.4 7.44 84.7 9.96 X 10° 9.97 X 10°
XYZ-3 1.27x 103 386.5 8.52 80.6 8.95 X 100 8.95 X 10°

sociated with each set of internal coordinates generated by
the sampling algorithm. Those internal coordinates not in-
cluded in the sampling (Sec. ITI B), such as bond stretches in
the case of the host-guest complex, were set to their equilib-
rium values established by the force field. Because not all
internal coordinates were allowed to vary in the sampling, it
was necessary to modify the MD snapshots, in which all
internal coordinates fluctuate, so that they would be on a
comparable footing. This was done by extracting active in-
ternal coordinates from the MD snapshots and substituting
the equilibrium values for the inactive coordinates, precisely
as done for the sampled conformations. Then the MD con-
formations were reconstructed with these idealized coordi-

nates and compared with the sampled conformations. For the
host-guest complex, distributions were compared for mul-
tiple interatomic distances that characterize the conforma-
tions. For nonane, the distance between the terminal carbons
was examined. For cyclohexane, the distance between car-
bons 1 and 6 was examined; this distance is not part of the
BAT coordinate system and depends upon the values of the
internal coordinates in the same way that nonane’s end-to-
end distance depends upon its internal coordinates. Note that,
in the XYZ coordinate system, the end-to-end distances for
both nonane and cyclohexane are, in principle, functions of
only the Cartesian coordinates of the last carbon. Nonethe-
less, since these coordinates are the last three variables to be
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TABLE IV. Fraction of sampled conformations with energies greater than the maximum energy obtained in MD

simulation of each test system.

Number of Number of Fraction of
conformations high-energy high-energy
sampled conformations conformations
Nonane
BAT-1 500 000 14 500 2.9%1072
BAT-2 500 000 1450 2.9x1073
BAT-3 500 000 170 3.4x10™
XYZ-1 500 000 500 000 1.00
XYZ-2 500 000 480 000 0.96
XYZ-3 500 000 475 000 0.95
Cyclohexane
BAT-1 500 000 401 539 0.80
BAT-2 500 000 192 204 0.38
BAT-3 500 000 48 680 0.09
XYZ-1 500 000 488 561 0.98
XYZ-2 500 000 112 324 0.22
XYZ-3 500 000 12392 0.02
Host-guest complex

BAT-1 200 000 22 000 0.11
BAT-2 200 000 2 000 0.01
BAT-3 200 000 1000 0.005

sampled, the distributions of end-to-end distances in the
sampled conformations depend on all sampled XYZ coordi-
nates.

Third, the distributions of energy for the sampled con-
formations, computed with the same CHARMmM'® force field
model, were compared with those for the reconstructed (see
above) MD conformations. Comparisons were made for both
the total molecular energy and the separate terms provided
by the force field. The separate terms provide additional
physical insight; for example, if the sampled conformations
were to yield more conformations with high Lennard-Jones
energies, this would imply steric clashes.

IV. RESULTS

As detailed above, we (1) compute marginal probability
distributions for the internal coordinates of nonane, cyclo-
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hexane, and a host-guest complex based upon MD simula-
tions; (2) use these marginals to construct superposition ap-
proximations to conditional pdfs for the internal coordinates;
(3) sample conformations with algorithms based upon these
conditional distributions; and (4) compare the sampled con-
formations with the original MD conformations. For nonane
and cyclohexane, 500 000 conformations were sampled,
while for the host-guest complex, 200 000 conformations
were sampled. Convergence was established based on the
medians of energy and the sampled interatomic distances; a
representative convergence plot of median total energy for
the host-guest system is shown in Fig. 3.

The first three subsections here assess the accuracy of
conformations sampled at the singlet, doublet, and triplet
levels by studying the geometries and energies of the
sampled conformations from the superposition approxima-
tions. The fourth subsection compares marginal distributions

CDF

0 0.5 1 1.5 2 25 3
Distance (Angstroms)

FIG. 6. Probability distributions (left) and corresponding cumulative distribution functions (right) of cyclohexane end-to-end distances computed from MD

conformations and sampled conformations.
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TABLE V. Statistics of end-to-end distances (A) from MD and sampled conformations for cyclohexane.

Median Mean Standard deviation Minimum Maximum
MD 1.54 1.54 0.06 1.24 1.83
BAT-1 2.34 2.45 1.00 0.03 5.82
BAT-2 1.63 1.66 0.43 0.09 3.74
BAT-3 1.53 1.52 0.22 0.34 241
XYZ-1 1.53 1.51 0.31 0.25 2.40
XYZ-2 1.57 1.57 0.09 1.08 1.93
XYZ-3 1.55 1.55 0.07 1.27 1.84

of the superposition approximations with the corresponding
marginals of the original MD samples. Finally, the computa-
tional complexity of the sampling algorithms is analyzed.

Here BAT-1, BAT-2, and BAT-3 refer to conformational
sampling in BAT coordinates at the singlet, doublet, and trip-
let levels, respectively, while XYZ-1, XYZ-2, and XYZ-3
refer to sampling in Cartesian coordinates at the correspond-
ing levels of approximation. As noted in Sec. II D, the dis-
tributions provided by the present algorithms depend to some
degree upon the sequence in which the variables are
sampled. Changing the sequence of sampling, such as by
sampling bond lengths first versus sampling torsions first,
when BAT coordinates are used, was found to alter the re-
sults in detail but had little effect on the overall accuracy of
the sampled distributions. The sampling sequence in XYZ
coordinates follows the atom numbering of Fig. 2 where, for
each atom, the x coordinate is sampled first, followed by the
y and z coordinates. In BAT coordinates, for nonane and
cyclohexane the bond coordinates of all atoms in their in-
dexed order were sampled first, followed by angles and tor-
sions in the same order. Sampling for the host-guest system
in BAT coordinates also followed the sequence of bonds,
angles, and torsions, according to the order in Table I.

As discussed in Sec. II D 2, the present algorithms can
fail to yield a complete set of variables for a conformation.
For the molecular systems studied here, such null samples
never occurred for the doublet-level algorithm. At the triplet
level, they occurred for <0.01% of the iterations for nonane
and the complex and never occurred for cyclohexane.

A. Nonane

First-, second-, and third-order marginal distributions
were computed for nonane in anchored Cartesian and BAT
coordinates and used to sample conformations at the singlet,
doublet, and triplet levels in both coordinate systems. Thus,
conformations are sampled based on a total of 2 X 3=6 sam-
pling approximations. The probability distributions of end-
to-end distances (carbon 1 to carbon 9) from MD and from
the six sampled sets are compared numerically in Table II,
and Fig. 4 graphs the corresponding distributions.

For BAT coordinates, both the doublet- and triplet-level
superposition approximations provide excellent agreement
with the MD results and are markedly more accurate than
singlet-level sampling. In particular, Fig. 4 shows that
doublet- and triplet-level samplings produce a substantially
smaller fraction of conformations with excessively short end-
to-end distances than does singlet-level sampling. This is

also evident from the shorter minimum distance for singlet
sampling (0.09 A) as compared to doublet (0.24 A) and trip-
let samplings (0.67 A) (Table II). The triplet level is slightly
more accurate than the doublet, but the difference is less
striking than that between the doublet and singlet.

For Cartesian coordinates, all three sampled cases yield
distance distributions that deviate markedly from the MD
distributions: although the numerical statistics in Table II
look reasonable, Fig. 4 shows that the shapes of the distribu-
tions are poor. As with sampling in BAT coordinates, the
population in the short-distance end of the distribution is
notably higher for the singlet than for the doublet or triplet
samples. Interestingly, in Cartesian coordinates the triplet-
level approximation does not appear to yield greater accu-
racy than the doublet-level distribution, at least by the
present measure.

The BAT coordinate samples of nonane yield distribu-
tions of total energy that agree very well with MD overall at
the doublet and triplet levels, as shown in Fig. 5(a). Interest-
ingly, the total energy distribution at the singlet level is only
slightly inferior to those at higher levels, indicating low cor-
relations among various BAT internal coordinates. However,
the energy distributions from superposition approximations
in Cartesian coordinates disagree strongly with the reference
MD distribution: they are wide and shifted to much higher
energies, as shown in Fig. 5(b). The singlet-level results are
particularly poor, as the minimum total energy among all
conformations is 307.1 kcal/mol (see Table III), which is
outside the range of energies in Fig. 5(b). The fraction of
such high-energy conformations is lower for doublet- and
triplet-level samples. It is not surprising that the energy dis-
tributions from Cartesian sampling are poor, given the simi-
larly poor end-to-end distance distributions described above.

The distributions of the total energy of nonane for the
BAT samples show excellent agreement with the MD distri-
butions especially at the doublet and triplet levels [in Figs.
5(a) and 5(b)]. This is consistent with the good agreement
between the median total energy of the sampled conforma-
tions with the MD conformations (Table III). The larger de-
viations for the mean energy and other statistics result from
the small fraction of high-energy conformations among the
sampled conformations, as evident from Fig. 5(b) and Table
IV. Closer examination of Table III indicates that the bond-
stretch and bond-angle energies are well behaved, but van
der Waals energies are sometimes much too large. This indi-
cates that the high-energy conformations among the BAT
samples result from excessively close atom-atom contacts,
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BAT-3

BAT-1

BAT-2

FIG. 7. (Color) Representative cyclohexane conformations from MD (in
green) and from sampling (in black) in BAT coordinates at different levels.
Each conformation is oriented such that atom 1 is at the origin, atom 2 is
along the x axis, and atom 3 is in the x-y plane. Each set contains 100
conformations.

consistent with the small values of the minimum end-to-end
distances listed in Table II. In contrast, the data in Table II1
show that the large errors in the energy distributions based
upon XYZ coordinates result not only from van der Waals
overlaps but also from severe errors in bond lengths and
angles. The superior performance of the BAT coordinates,
relative to Cartesians, is traceable to the fact that the BAT
coordinates do an excellent job of capturing the marginal
pdfs of those bond lengths and angles which are included in
the coordinate set. Thus, the energetics of these stiff degrees
of freedom are well reproduced.

B. Cyclohexane

As for nonane, we studied the singlet-, doublet-, and
triplet-level samples in Anchored Cartesian and BAT coordi-
nates for a total of six superposition approximations. Results
are assessed geometrically in terms of the distribution of dis-
tances between carbon 1 and carbon 6, the only two succes-
sive atoms in the ring whose bond length is not part of the
BAT coordinate system. As shown in Fig. 6 and further de-
tailed in Table V, here the Cartesian coordinate system yields
a more accurate distribution than does the BAT coordinate
system, and the triplet-level distribution is more accurate
than the doublet level, which in turn is substantially better
than singlet-level distribution. The improvement upon in-
cluding correlations is much more apparent in the distance
distributions for samples in BAT coordinates. In BAT
samples, the singlet-level distributions deviate drastically
from the MD results, but the doublet- and triplet-level distri-
butions are similar in structure to those from MD, being
unimodal and centered at roughly the same bond length.

Reference 2D pdf Reference 1D pdfs
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Thus, for cyclohexane, higher-order correlations are required
to accurately capture the geometry in both BAT and Carte-
sian coordinates. In absolute terms, the distribution of end-
to-end distances from sampling in BAT coordinates for cy-
clohexane is more accurate than the distribution of end-to-
end distances from sampling in Cartesian coordinates for
nonane.

The MD trajectory used to compute the reference mar-
ginals includes chair, boat, and twist-boat conformations. In
BAT coordinates, these conformations are established by the
three internal torsions. Figure 7 compares representative con-
formations from MD and BAT-sampling at the three levels
[=1, 2 and 3. The BAT-3 results resemble MD closely, and
the BAT-2 results are similar, though somewhat less accurate.
However, many of the BAT-1 conformations are quite dis-
torted. The reason for the poor BAT-1 conformations has to
do with the fact that singlet-level sampling completely ig-
nores correlations, so that the effective 2D pdf linking each
pair of torsions is just the product of their respective 1D
pdfs. Figure 8 (left) shows that the correct 2D pdf of a pair of
torsions has two maxima, corresponding to two different
chair conformations. The corresponding singlet distributions
(Fig. 8, middle) also have two maxima, so their product (Fig.
8, right) has four rather than two maxima. Two of the four
maxima correspond to the correct maxima seen in the refer-
ence 2D pdf (Fig. 8, left); the other two are artifacts of
singlet-level sampling and produce distorted conformations.
Table VI summarizes the statistics of energy components
computed from sampled conformations and reference MD
conformations. On the whole, in both BAT and XYZ coordi-
nate systems, triplet-level samples are closer to MD values
than doublet-level samples. At the triplet level, the statistics
for the bond energies from Cartesian sampling match the
reference MD values better than those from BAT sampling.
However, the statistics are similar for the other energy com-
ponents (angle, torsion, and van der Waals). This is generally
consistent with the observation that sampling in BAT coor-
dinates leads to an inappropriately wide distribution of the
atom l-atom 6 bond length, as noted in the previous para-
graph. Overall, the distribution of total energy shown in Fig.
9 indicates that triplet-level samples yield the most accurate
conformational distributions, Cartesian coordinates being
slightly better than BAT, and that the results become progres-
sively worse on going to doublet and then single-level sam-
pling. The cumulative distribution functions in Fig. 9, as well
as the data in Table IV, further document marked reductions
in the numbers of abnormally high-energy conformations as

Product of 1D pdfs

. = FIG. 8. (Color) The 2D pdf (right) ob-

tained by multiplying 1D pdfs
(middle) of cyclohexane has nonzero
probability in regions not present in
the true 2D pdf (left). Bins with zero
probability in the 2D pdfs are colored

- " white.
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TABLE VI. Statistics of energy (kcal/mol) for cyclohexane computed from MD and sampled conformations.
Coulombic term is not reported as it is always zero for this molecule.

Bond Angle Torsion vdW Total
Median
MD 53 39 79 1.0 18.8
BAT-1 198.4 36.3 7.1 1.5 2454
BAT-2 24.4 8.4 7.6 1.1 44.1
BAT-3 11.7 4.9 7.9 1.0 26.8
XYZ-1 288.8 56.8 6.9 1.8 363.4
XYZ-2 20.5 7.6 8.1 0.9 38.8
XYZ-3 10.0 5.0 7.8 1.1 25.2
Mean

MD 5.9 44 7.8 1.2 19.4
BAT-1 498.7 53.8 7.1 3.4 563.0
BAT-2 60.3 14.3 75 1.7 83.8
BAT-3 18.5 5.8 7.8 1.4 335
XYZ-1 448.8 67.6 7.0 8.1 531.5
XYZ-2 27.7 9.2 8.0 1.2 46.1
XYZ-3 12.7 6.1 7.8 1.3 279

Standard deviation

MD 3.4 2.6 0.6 0.9 45
BAT-1 669.9 50.4 0.8 8.4 713.0
BAT-2 95.7 15.9 0.8 2.1 107.9
BAT-3 19.9 4.1 0.7 1.2 215
XYZ-1 444.0 48.4 0.9 90.2 485.9
XYZ-2 242 6.5 0.7 0.9 27.0
XYZ-3 10.2 43 0.6 0.9 12.1
Minimum
MD 0.02 0.02 5.28 -0.21 7.87
BAT-1 0.16 0.09 4.71 —-0.30 9.09
BAT-2 0.03 0.05 5.17 -0.29 8.27
BAT-3 0.01 0.04 5.32 -0.26 8.26
XYZ-1 0.32 0.15 3.99 —-0.30 12.44
XYZ-2 0.08 0.07 5.37 -0.16 8.63
XYZ-3 0.08 0.04 5.66 -0.12 8.47
Maximum

MD 39.9 36.1 10.0 20.5 58.9
BAT-1 49% 103 292.4 9.9 1.6X 103 52X 103
BAT-2 1.3%103 162.5 9.9 152.7 1.4%103
BAT-3 379.3 79.8 9.9 28.4 412.8
XYZ-1 43%10° 353.3 10.0 2.8%10* 2.8%10%
XYZ-2 369.1 108.0 10.0 30.4 415.8
XYZ-3 180.1 76.0 10.0 18.1 245.2

more correlation is accounted for in both BAT and XYZ
coordinates. Thus, the energy distributions, like the distance
distributions, highlight the importance of including higher-
order correlations for this constrained yet flexible chemical
ring.

C. Host-guest complex

Conformations of the host-guest complex were sampled
in BAT coordinates at the singlet, doublet, and triplet levels.
Table VII and Fig. 10 analyze the distances between eight
atom pairs: 1-11, 1-22, 12-15, 15-23, 11-22, 12-23, 8-19, and
1-15. [See Fig. 2(c) for atom numbers.] Overall, the distance

distributions from doublet- and triplet-level samplings agree
well with the reference MD distributions, the triplet level
being somewhat more accurate than doublet. The singlet-
level samples give notably poorer distributions, especially
for distances between host and guest atoms, as shown in
Figs. 10(c), 10(d), and 10(h).

For both BAT-2 and BAT-3 samples, the median values
of all energy components are in excellent agreement with
MD, as are the mean values of all energy components other
than van der Waals (Table VIII). Although the tabulated sta-
tistics of BAT-1 samples are comparable to those of BAT-2
and BAT-3 samples, Fig. 11 shows that the distribution of
total energies is substantially inferior with singlet-level sam-
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FIG. 9. Probability distributions (left) and corresponding cumulative distribution functions (right) of the total energy of cyclohexane computed from MD
conformations and sampled conformations using different sampling schemes.

pling. It is also evident that the mean van der Waals energy ~ D. Comparing sampled and reference marginal pdfs
of the BAT-3 samples is substantially better than that of
BAT-1 and BAT-2 samples, though all are skewed toward
higher values due to the presence of a few conformations

Another way to assess the accuracy of the sampled dis-
tributions is to compare their marginals with those of the

with bad contacts. These lead to small tails of high-energy original MD simulations. For singlet-level sampling, all 1D
conformations for BAT-2 and BAT-3 samplings, as evident ~ Sampled marginal pdfs converge to the corresponding refer-
from the cumulative probability distributions of energy (Fig. ~ ence pdfs. For higher-level sampling, only the marginals of
11). Table IV furthermore documents sharp reductions in the the first / variables converge to the reference marginals (data
number of conformations with abnormally high energy as  not shown), as expected based upon the structure of the sam-
more correlation is accounted for in the sampling. pling algorithm. The marginals of the subsequent (>[) vari-

TABLE VII. Statistics of seven key distances (A) of host-guest conformations reconstructed from active MD
and sampled BAT coordinates. Column headings give the atom pairs using atom numbers from Fig. 2(c).

1-11 1-22 12-15 15-23 8-19 11-22 12-23 1-15
Median
MD 8.12 8.12 5.10 4.99 4.94 9.20 9.47 6.60
BAT-1 8.13 8.14 5.63 5.47 4.98 9.17 9.35 6.31
BAT-2 8.11 8.10 5.22 5.06 493 9.15 9.43 6.57
BAT-3 8.13 8.12 5.11 5.04 4.94 9.18 9.43 6.62
Mean

MD 8.10 8.09 5.14 5.03 4.94 9.17 9.43 6.54
BAT-1 8.11 8.12 5.61 5.71 4.99 9.18 9.43 6.18
BAT-2 8.09 8.08 5.24 5.17 4.93 9.15 9.43 6.50
BAT-3 8.11 8.09 5.12 5.09 4.94 9.17 9.42 6.58

Standard deviation

MD 0.11 0.12 0.43 0.45 0.13 0.46 0.79 0.45
BAT-1 0.11 0.10 1.00 1.34 0.19 0.67 1.20 0.86
BAT-2 0.11 0.13 0.64 0.88 0.14 0.52 0.88 0.54
BAT-3 0.11 0.12 0.52 0.68 0.13 0.48 0.83 0.43
Minimum
MD 7.06 7.07 3.42 3.12 4.27 6.31 4.95 3.22
BAT-1 7.00 7.26 1.37 1.66 4.21 6.43 5.23 1.66
BAT-2 7.19 7.16 2.20 2.13 4.30 6.58 5.22 2.20
BAT-3 7.04 7.28 2.79 2.66 4.36 7.07 6.06 3.69
Maximum
MD 8.37 8.38 10.34 10.33 5.92 12.17 14.50 7.92
BAT-1 8.35 8.35 9.60 12.53 5.96 12.29 14.79 10.11
BAT-2 8.37 8.36 9.00 11.58 5.68 11.45 13.56 8.41

BAT-3 8.36 8.37 8.17 10.22 5.51 11.10 12.64 8.09
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FIG. 10. (Color) Probability distributions of interatomic distances (A) in the host-guest complex for atom pairs (a) 1-11, (b) 1-22, (c) 12-15, (d) 15-23, (e)
11-22, (f) 12-23, (g) 8-19, and (h) 1-15. Color code: MD in black, BAT-1 in red, BAT-2 in green, and BAT-3 in blue.

ables are sampled from approximate conditional distribution
and therefore are expected to deviate from the reference mar-
ginals.

The deviations were quantified by computing the
RMSDs between all 1D, 2D, and 3D sampled and reference
marginal pdfs for each sampling case. Table IX reports the
mean RMSD for the three marginal pdfs in each sampling
case. As expected, for a specific molecule and coordinate
system, the mean RMSD of singlet marginal pdfs is lower
for singlet-level sampling than for higher-level sampling.
However, the mean RMSDs of doublet and triplet marginal
pdfs from doublet- or triplet-level samplings are, in general,
lower than those from singlet-level sampling, indicating the
presence of correlations similar to those in MD simulations.
Sampling of nonane in XYZ coordinates does not follow this
trend, indicating that triplet level is not sufficient to capture
the correlations in this coordinate system. This observation is
consistent with the analyses of distance and energy distribu-
tions above.

Marginal pdfs generated from sampled conformations
are graphically compared with the corresponding reference
marginals from the MD simulations in Figs. 12 and 13. Fig-
ure 12 shows the doublet marginal pdf from the XYZ study
of nonane which yielded the highest RMSD values at the
singlet, doublet, and triplet levels, and Fig. 13 similarly ana-
lyzes the doublet marginal which yielded the highest RMSD
in BAT-1 sampling. It is worth noting that the doublet mar-

ginal pdf from BAT-1 sampling [Fig. 13(b)] is much closer to
its reference MD marginal than is the XYZ-1 result for
nonane [Fig. 12(b)], confirming earlier results where BAT
coordinate performed better than XYZ.

E. Range of configurational space sampled

The part of the N-dimensional configuration space acces-
sible to the present sampling algorithms is largely dependent
on the reference marginal pdfs used to construct the super-
position approximations in the algorithms. In one extreme
case, if the reference distribution sampled only a single con-
formation, then all the marginals of the reference distribution
would be delta functions, and only the single reference con-
formation would be sampled by the present algorithm. More
generally, as discussed in Sec. II D 2, /-level sampling will
only generate conformations that have nonzero probability in
all the reference marginals. This property is apparent in Figs.
12 and 13, where the populated bins of a representative 2D
marginal from doublet- and triplet-level samplings (right
panel) are a subset of those sampled by the MD trajectories
(left panel), unlike the marginal from singlet-level sampling.
In this way, the reference marginals constrain the range of
configuration space accessible to the sampling algorithm.

However, this constraint does not imply that the sam-
pling algorithm generates only conformations identical to
those used to compute the reference marginals. Rather, the
omission of higher-level marginals from the superposition
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TABLE VIIL Statistics of energy (kcal/mol) of host-guest complex for conformations reconstructed from active

MD and sampled BAT coordinates.

Bond Angle Torsion Improper Coulomb vdW Total
Median
MD 0.0014 7.16 3.87 0.12 65.1 24.7 101.5
BAT-1 0.0015 7.69 3.98 0.16 62.4 26.9 104.0
BAT-2 0.0015 7.20 4.14 0.17 63.6 25.1 101.4
BAT-3 0.0015 7.19 3.85 0.16 64.4 25.0 101.6
Mean
MD 0.0015 7.35 4.07 0.27 65.1 24.9 101.7
BAT-1 0.0015 7.94 421 0.27 64.0 5.41x%10* 5.41%x10*
BAT-2 0.0015 7.38 4.35 0.28 64.4 3.46 X 10° 3.53%10°
BAT-3 0.0015 7.36 4.05 0.25 65.1 959.7 1.04x 103
Standard deviation
MD 0.0004 1.89 1.53 0.38 2.97 1.66 4.26
BAT-1 0.0004 2.19 1.65 0.39 11.3 4.82%X10° 4.82X10°
BAT-2 0.0004 1.90 1.72 0.40 5.49 1.15%10° 1.15X 10°
BAT-3 0.0004 1.87 1.50 0.34 475 6.20 X 10* 6.20x 10*
Minimum
MD 0.0003 1.98 0.19 0.00 46.6 23.0 82.9
BAT-1 0.0003 2.37 0.48 0.00 —583.1 23.0 80.8
BAT-2 0.0003 2.11 0.49 0.00 —111.6 23.0 79.8
BAT-3 0.0004 2.29 0.61 0.00 40.6 232 84.8
Maximum

MD 0.0044 24.1 17.2 8.23 84.0 2.51X10° 2.62X10°
BAT-1 0.0042 23.1 16.4 7.48 1.22%x10° 9.99 X 109 9.99 X 10°
BAT-2 0.0041 19.4 16.9 4.54 238.7 9.20 X 10° 9.20 X 10°
BAT-3 0.0040 19.0 12,5 2.97 262.9 8.97 X 10° 8.97 X 10°

approximations leaves the sampling algorithm free to gener-
ate new conformations. In fact, for all of the present test
systems, over 99% of the (2—5) X 10° sampled conforma-
tions are new relative to the 5X 10° conformations in the
original MD trajectory used to generate the reference mar-
ginals. (Conformations were compared after binning their
coordinates.) This small degree of overlap is intuitively rea-
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sonable, given the large number of potential conformations,
~30™, where 30 is the number of bins used to discretize
each coordinate and Np, is the dimensionality. Here Np is 12,
21, and 32 for cyclohexane, nonane, and host-guest complex,
respectively, so the number of conformations ranges from
~10" to ~10*7. To better judge whether the high fraction of
novel conformations generated by the sampling algorithm is
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FIG. 11. Probability distributions (left) and corresponding cumulative distribution functions (right) of total energy of the host-guest complex for MD and

sampled conformations.
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TABLE IX. Accuracy of singlet, doublet, and triplet marginal distributions
(columns) computed from conformations sampled at the singlet-, doublet-,
and triplet-levels (rows) for the three molecular systems. Results are re-
ported as mean RMSD across all marginals for a specific sampling case.
Note that the table includes mean RMSDs of doublet and triplet marginal
pdfs for conformations sampled at the singlet level, as well as mean RMSDs
of triplet marginal pdfs for conformations sampled at the doublet level.

Singlet Doublet Triplet
Nonane
BAT-1 0.0013 0.0023 0.0020
BAT-2 0.0013 0.0014 0.0015
BAT-3 0.0020 0.0019 0.0019
XYZ-1 0.0012 0.0267 0.0157
XYZ-2 0.0915 0.0620 0.0336
XYZ-3 0.0775 0.0530 0.0290
Cyclohexane
BAT-1 0.0012 0.0062 0.0045
BAT-2 0.0046 0.0037 0.0025
BAT-3 0.0028 0.0022 0.0017
XYZ-1 0.0012 0.0207 0.0129
XYZ-2 0.0238 0.0180 0.0093
XYZ-3 0.0195 0.0148 0.0083
Host-guest complex

BAT-1 0.0021 0.0060 0.0050
BAT-2 0.0098 0.0085 0.0055
BAT-3 0.0063 0.0052 0.0039

reasonable, we did the following test on the MD trajectories
of cyclohexane and nonane. For both molecules, we counted
the number of conformations in the first 5X 10° MD that
were repeated in the following 4.5 X 10% conformations. We
found no repeats for nonane, while <1% of the first 5
X 10° of cyclohexane were repeated, consistent with the low
overlap between the sampled with corresponding MD con-
formations.

F. Computational complexity of the sampling
algorithms

The computational cost of generating one conformation
with the sampling algorithm (Sec. II D 2) depends mainly on
the level of approximation (i.e., singlet, doublet, or triplet),
the number of degrees of freedom sampled, and the number
of bins used to represent the distribution functions. The com-
putational cost of sampling at the singlet level is negligible
as no conditional distributions need to be computed for each
variable. Because the conditional distribution functions at the
triplet level [Eq. (21)] have more factors than at the doublet
level [Eq. (20)], sampling at the triplet level is computation-
ally more expensive. The time complexities of the doublet-
(Algorithm 2) and triplet-level (Algorithm 3) sampling algo-
rithms are linear and quadratic, respectively, in the number
of degrees of freedom, but both algorithms are linear in the
number of bins used. The present MATLAB implementation
took 0.0017, 0.04, and 0.6 s on a 3.8 GHz Pentium 4 per-
sonal computer to sample a conformation of the host-guest
complex (32 degrees of freedom and 30 bins) at the singlet,
doublet, and triplet levels, respectively. Computer time could

J. Chem. Phys. 130, 134102 (2009)

be substantially reduced by implementation of the algorithm
in a lower-level language, such as C or Fortran, and by
straightforward code optimizations, such as substitution of
an improved logarithm operation, since logarithms take 35%
of the central processing unit time in the current implemen-
tation of the doublet- and triplet-level sampling algorithms.

V. DISCUSSION

The present paper introduces algorithms for sampling
molecular conformations in a manner that includes correla-
tions up to a desired order by means of superposition ap-
proximations and employs this algorithm to test the impor-
tance of correlations in capturing conformational
fluctuations. We find that incorporating higher-order correla-
tions systematically improves the distributions of sampled
conformations as compared with the MD conformations, and
that conformations sampled via superposition approxima-
tions at the doublet or triplet levels resemble reference con-
formations from MD simulations rather well for one or both
of the BAT or Cartesian coordinate systems.

This observation supports the hypothesis that molecular
fluctuations may be described to good approximation in the
absence of high-order correlations. This assessment relies on
the results obtained for the three molecular systems consid-
ered here, but we expect the picture to be similar for other
molecular systems of similar size and type. It would clearly
be of interest to know whether the same is true for larger
systems, such as proteins.

This study was motivated by evidence that configura-
tional entropy may be approximated to good accuracy with-
out accounting for high-order mutual information terms (see
Sec. I). Comparing sampled conformations, as done here,
provides a more stringent test of our hypothesis than merely
comparing entropy values, because the same entropy could
be obtained for two very different conformational distribu-
tions. The present study confirms that neglecting high-order
correlations still allows generation of reasonably good con-
formations. As noted below, the present sampling algorithms
can be generalized to use a selected set of higher-order ref-
erence pdfs (see also Sec. I B). The present approach there-
fore provides a framework for investigating the contributions
of selected correlations to fluctuations in a multidimensional
system.

The present sampling algorithms are approximations to
the well-known ancestral sampling algorithm.6 The ancestral
sampling algorithm is a rigorous approach to sampling from
a desired pdf, but it becomes difficult to apply to large,
highly correlated systems because it requires access to all
high-order marginals of the full pdf. This difficulty is ad-
dressed here by using approximate conditionals constructed
from superposition approximations up to a selected order.
This approach leads to some dependence upon sampling se-
quence, but this sequence dependence could readily be re-
moved, if so desired, simply by randomizing the order in
which the coordinates are sampled. The sequence depen-
dence of the sampled conformations could also be removed
by using the facts that we can readily compute the sampling
probability to each conformation generated by the present
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FIG. 12. (Color) Comparison of doublet marginals from MD with XYZ-1, XYZ-2, and XYZ-3 samplings of variables 16 and 19 of nonane, which correspond
to the x coordinates of atoms 8 and 9 (Fig. 2). The RMSDs of the sampled doublet marginal pdfs are 0.0504, 0.0955, and 0.0692 for XYZ-1, XYZ-2, and
XYZ-3, respectively. Cells are colored on a linear scale of probability, except that cells with identically zero probability are colored white.

algorithms, and that this distribution is expected to have
good overlap with the SA-/ approximation to the full distri-
bution, which is symmetric in all variables. As a conse-
quence, the present sampling algorithm could be used as a
proposal distribution and corrected to the full-dimensional
SA-I approximation by standard biased sampling methods."’

The generation of null samples (Sec. II D 2) represents a
potential problem with the present approach, but this oc-
curred very rarely in the present tests, and we have no reason
to expect this to become more problematic for other molecu-
lar systems of similar size. A strength of the present approach
is that using superposition approximations to approximate
the conditional distributions limits the sampled conforma-
tions to regions of configuration space for which the refer-
ence marginal pdfs are populated. This helps avoid sampled
conformations with grossly unrealistic conformations while
still allowing construction of new conformations, i.e., ones
not present in the MD samples used to construct the margin-
als.

Several avenues in accelerating and enhancing the
present sampling algorithms can be discerned. Straightfor-
ward approaches to speeding the sampling are considered in
Sec. IV F. It should also be noted that, unlike other methods
of sampling from high-dimensional distributions, such as
Gibbs sampling, the present approach generates successive
samples that are uncorrelated with each other: in effect, the
algorithm has no memory of prior conformations. As a result
the sampling can be done in an embarrassingly parallel fash-
ion on a distributed computing platform. As to improving
accuracy, one obvious approach would be to construct
higher-level (say, quadruplet) superposition approximations.

However, this could lead to a combinatorial explosion in the
number of higher-order marginals to be included. This explo-
sion may be avoided by including only a few critically im-
portant high-level marginals in the superposition approxima-
tion. In addition, storage needs could be moderated by
representing the higher-order marginals with a more sophis-
ticated basis set, such as Gaussian or von Mises distributions,
which require far fewer parameters than needed by the
present histogram representation. Another approach in im-
proving the accuracy of the sampled conformations is sug-
gested by the dependence of the present results upon the
choice of the coordinate system: BAT coordinates are clearly
superior for nonane, while Cartesians appear to perform bet-
ter for cyclohexane. More generally, different coordinate sys-
tems result in different degrees of correlation, or coupling,
among coordinates. Accordingly, other coordinate systems,
such as principal components of the MD trajectory in Carte-
sian or BAT (Ref. 18) coordinates, might better capture com-
plex molecular fluctuations and other high-dimensional dis-
tributions in terms of tractable sets of low-order marginals.
The sampling algorithms introduced here may have
practical uses. An immediate application would be to
Ytreberg and Zuckerman’s reference system approach to
computing absolute free energies.19 The approach entails
computing energies of conformations sampled from an ap-
proximate reference distribution, and the convergence rate of
the free energy depends critically on the degree of overlap
between the reference distribution and the true physical dis-
tribution. Ytreberg and Zuckerman implemented the method
with a reference distribution that neglects all correlations, as
it uses only singlet marginal distributions computed from
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FIG. 13. (Color) Comparison of doublet marginals from MD with BAT-1, BAT-2, and BAT-3 samplings of variables 16 and 17 of nonane, corresponding to
torsions 1-2-3-4 and 2-3-4-5, respectively (Fig. 2). The RMSDs of the sampled doublet marginal pdfs are 0.0106, 0.0015, and 0.0018 for BAT-1, BAT-2, and
BAT-3, respectively. Cells are colored on a linear scale of probability, except that cells with identically zero probability are colored white.

MD simulation data, but the authors noted that including
correlations should improve convergence. The present sam-
pling algorithm could represent an efficient means of intro-
ducing correlation into the reference distribution and thus
speeding convergence. Another application of the present ap-
proach may be to characterize conformational uncertainty—
rather than thermal fluctuations—and thus qualify molecular
conformations inferred from experimental data, such as crys-
tallography, NMR, or crosslinking studies.

Approximating high-dimensional distributions in terms
of low-order marginals is a common theme in the many
fields of inquiry that deal with high-dimensional
systems.l_S’20 Although one often has enough data to com-
pute low-order marginals in such cases, the available data are
typically too sparse to allow a full, high-dimensional distri-
bution to be evaluated. The present paper describes a novel
approach to approximate the high-dimensional distribution in
terms of tractable low-order marginals and, furthermore, to
sample from this approximate distribution. This work may
have applications in fields beyond statistical mechanics, in-
cluding bioinformatics, structural biology, data mining, and
machine learning.
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APPENDIX: DERIVATION OF ANALYTIC EXPRESSION
OF SAMPLING PROBABILITY

The I-level sampling algorithms of Sec. II D 2 sample
conformations from a distribution, p;(X;,...,Xy), which is
different from the corresponding [-level superposition ap-
proximation pga_/(X;,...,Xy). In this section, we derive an
analytic expression for the sampling distribution correspond-
ing to doublet-level (I=2) sampling of 3D conformations,
D>(X,,X,,X3), and compare it with the corresponding super-
position approximation, pga.»(X;,X,,X3). We show that p,,
unlike pgu_», is identically normalized. Additional differences
between p; and pg,; Will also be highlighted.

To sample a conformation in three dimensions
(x1,X5,x3), the doublet-level sampling algorithm requires the
following normalized singlet and doublet marginal pdfs as
input: [1], [2], [3], [1,2], [1,3], and [2,3]. Let variable X, be
sampled first, followed in order by X, and X5. The variables
are sampled from the following 1D pdfs;

fiX)=[1], (A1)
fo(Xy) = xi.2] (A2)
[xl]
and
Sy = ol (A3)

[x1]0x,][3] N3(x1,x2)'

Substituting N5(x;,x,) from Eq. (18) into Eq. (A3) gives
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_ [x1’3][x2’3] 1
S92 Ll < Bl
< o]
_ [xls3][x253] 1
T Bl < boulonl (A9
X3 [.X3]

Using the chain rule of Eq. (24), the probability p,(x;,x,,x3)
is given by the product of the above 1D pdfs,

P2(x1,x0,x3) = f1(x1) f2(x2)f3(x3) (A5)
or
~ _ BN SR EOR A 1
Pa(x1,X0,x3) = — — >
[xs] E [x1,33][x2, %3]
% [x3]
(A6)

where X3 is used to distinguish the summation label from the
value of the variable X3. Next we show that p,(x;,x,,x3) is
normalized, i.e.,

2 E 2 Doy, x0,x3) = 1.

X1 X .X3

(A7)

Substituting p,(x;,x,,x3) from Eq. (A6) in the left hand side
of Eq. (A7) and extracting the terms independent of x5 from
the summation over x; gives

E 2 2 P(x1,%2,X3)

=2 > [x1.x] _1 - (2 [xhxs][xz,xg])
R > [ESTRFY ESEY [x3]
T [x3]

(A8)

The factors involving summations over x;3 and X3 cancel,
giving

2 Z Eﬁ(xth’xB) = E 2 [-xl7x2] =1.

A A2 A3 Ra

(A9)

The last equality uses the fact that all input marginals are
normalized. Thus p,(x;,x,,x3) is identically normalized. The
above procedure can be generalized to distributions in higher
dimensions and to higher-level sampling.

Next we point out some general differences between the
sampling distribution p; and pg_; by comparing the two dis-
tributions for the above case. The pgs., in three dimensions
is given by setting k=3 in Eq. (14) which gives the KSA of
Eq. (8). For easy comparison, we rewrite the two distribu-
tions,
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~ _ [, xa]lx 1, x3][x, %3] 1
Pa(x1,%0,X3) = — _
[x3] 2 [x1, %3] (%0, %3]
¥ [x3]
(A10)
and
Peaa(Epks) = L], x3]0x0,x5] (A11)

L1 100 ]0x5]

The factors [x;] and [x,] in pga_,, which are absent from p,
are guaranteed to be nonzero for any sampled conformation.
As a result, any conformation with a nonzero p, probability
will also have a nonzero pg,_, probability. In this sense, the
two distributions overlap. Also, while pgs_, 1S symmetric in
all three variables, p, is symmetric in only x; and x,. More
generally, the sampling probability p; is symmetric in only
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