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Abstract
In this paper, we study Bayesian analysis of nonlinear hierarchical mixture models with a finite but
unknown number of components. Our approach is based on Markov chain Monte Carlo (MCMC)
methods. One of the applications of our method is directed to the clustering problem in gene
expression analysis. From a mathematical and statistical point of view, we discuss the following
topics: theoretical and practical convergence problems of the MCMC method; determination of the
number of components in the mixture; and computational problems associated with likelihood
calculations. In the existing literature, these problems have mainly been addressed in the linear case.
One of the main contributions of this paper is developing a method for the nonlinear case. Our
approach is based on a combination of methods including Gibbs sampling, random permutation
sampling, birth-death MCMC, and Kullback-Leibler distance.
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1. Motivation
A number of methods have been developed for clustering gene expression data. The choice of
method depends mainly on the data representation. Gene expression data can be either in the
form of the vector of measured intensities (or ratios) or in the relational form (i.e. as correlation
coefficients between pairs of genes). We would like to suggest a new Bayesian method for
clustering of data-rich time-series observations. Experimental points of the time series
observations are ordered, and this fact sets them apart from other microarray measurements.
Our approach assumes that every cluster can be described by a smooth centroid curve. If N
genes can be grouped into K groups by their expression profile, then all genes that belong to a
group k = 1, 2, …, K have similar values of the “trajectory” parameters Θ, where Θ is an n-
dimensional vector. For every gene i = 1, 2, …, N, values of Θi can be found by analyzing the
following hierarchical model:
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(1)

where N is the number of genes, j is an index of an experiment, T is the total number of
experiments, and σe is the experimental error. The expression of a gene i at time tj is given by
some, probably nonlinear, function f(Θi, tj). Gene-specific parameters Θi are assumed to have
a mixture distribution

(2)

where Normal (μ, Σ) is a the multivariate normal distribution with mean μ and covariance Σ.
Component weights are assumed to have Dirichlet distribution wk ~ Dirichlet(α). Other
parameters were given appropriate prior distributions.

The described model is a general nonlinear mixture model, and we propose to use a Bayesian
approach. Our goal is to calculate the posterior density π(q|Y), where q = (μ1, μ2, …, μK, Σ1,
Σ2, …, ΣK, w1, w2, …, wK, K) is the vector of unknown parameters and Y = {yij, i = 1, 2, …,
N; j = 1, 2, …, T} represents the data. For a known number of components K, the method we
propose in this paper is a combination of Gibbs and Metropolis sampling. The theoretical
convergence of the resulting Markov chain was studied by Müller1 and Tatarinova.2

In practice, the resulting Markov chain can get computationally trapped in a local region of the
posterior surface and cannot escape. Actually, the probability of escape is so small that it is
below the round-off error on the computer. The trapping of a Markov chain is a serious problem,
much worse than that of local convergence of, say, an expectation-maximization (EM)-type
algorithm. For the local convergence problem, a sufficient number of starting positions can
lead to a global solution. For the Gibbs trapping problem, if the true posterior is multi-modal,
no starting position will in general lead to the true solution. This trapping problem led to the
observation in Celeux et al.3 that “almost the entirety of the Gibbs Markov chain Monte Carlo
samples implemented for mixture models has failed to converge!” (See also Fruhwirth-
Schnatter4 for further discussion.)

We have previously shown2 that, in order to fix the problem of “trapping”, the computed
posterior distribution should be symmetric relative to all components of the mixture.
Consequently, an observation will be equally likely to come from any component. This
nonidentifiability is a fundamental property of mixture models (see Stephens5-8). To identify
parameters uniquely, the clustering must then be done outside of the Markov chain Monte
Carlo (MCMC) method.

2. Theoretical Background
In the framework of mixture models, the clustering problem is equivalent to the problem of
determining which mixture component an observation is most likely to come from. Our
approach is a combination of four previously developed methods:

1. birth-death MCMC approach by Stephens5,7;

2. random permutation sampler (RPS) by Fruhwirth-Schnatter4;

3. choosing the optimal number of components using the weighted Kullback- Leibler
distance by Sahu and Cheng9; and
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4. relabelling strategy by Stephens.8

Below we provide a brief description of these methods.

2.1. Markov chain Monte Carlo and the Gibbs sampler
Markov chain Monte Carlo (MCMC) methods were developed to facilitate the calculation of
posterior distributions. The MCMC approach got its name because one uses the previous
sample values to randomly generate the next sample value, thus producing a Markov chain.
Calculation of the posterior distribution involves evaluation of complex multi-dimensional
integrals; an efficient way to deal with this integration is by employing Monte Carlo

approximation. In this framework, the integral ∫ f(y|χ)π(χ)dχ is approximated by .

The Gibbs sampler is a Bayesian method that replaces the problem of calculating the posterior
distribution with iteratively sampling from the full conditional distributions (see Casella and
George10 for an informative discussion). Along with Metropolis-Hastings, it is perhaps the
most popular MCMC method. Since Gibbs sampling is a Bayesian method, prior distributions
for the model parameters are necessarily needed.

2.2. BDMCMC
The birth-and-death Markov chain Monte Carlo (BDMCMC) method was developed by
Matthew Stephens.5-8 Under the BDMCMC methodology, a number of components of the
mixture change dynamically: new components are created (birth) or an existing one is deleted
(death), and model parameters are then recomputed. The posterior probability distribution for
the number of components is estimated as

(3)

where K(t) is the number of components at the iteration t, and T is the total number of iterations.
Following Stephens,5 we assume, for fixed σe, that birth and death occur as independent
Poisson processes with rates β(Q)and δ(Q), where the rates depend on the current state of Q
in the process. Probabilities of birth and death are

(4)

If the birth of a component with (w, φ) occurs, then the process “jumps” from the K-component
state , where φk = (μk, Σk), to the K + 1 component state

. If the death of the
k0th component occurs, then the process “jumps” from the K-component state

, to the K - 1 component state

.

Note that birth and death moves do not violate the constraint Σk wk = 1. As in previous works
by Zhou11 and Stephens,5 we assume a Poisson prior on the number of components K:
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(5)

The likelihood L(Q) is defined as , where Yi =(yi1, yi2, …, yiT). If we fix the birth
rate β(Q)= λb, the death rate for each component k ∈ {1, 2, …, K} is calculated as

(6)

and the total death rate at state Q is δ(Q) = Σk δk(Q).

The birth-death MCMC sampler is constructed using Algorithm 4.2 from Stephens5:

1. Run the Gibbs sampler for n iterations. Update Q and σe.

2. Based on the Gibbs sampler output, compute the death rate and the probabilities of
birth Pb and death Pd [Eq. (4)].

3. Simulate the birth-death process. Generate a random number u ~ Uniform[0, 1].

4. If Pb >u and Pb >P, simulate a point of birth (wK + 1, ϕK + 1).

a.
If Pd >u and Pd >Pb, choose a component to die with probability . This
is achieved by computing the cumulative death probability F (k)= P (to kill
a component with an index ≤ k) and generating a random number u~Uniform
[0, 1]. The component k0 is chosen to die if F (k0 - 1) <u ≤ F (k0).

b. Adjust prior distributions for the Gibbs sampler.

5. Repeat steps (1)-(4).

2.3. Random permutation sampler
Computational difficulties associated with the MCMC estimation of mixture models motivated
Fruhwirth-Schnatter4 to develop the random permutation sampler (RPS) method. She has made
a simple but brilliant proposal to facilitate convergence of MCMC samplers for mixture
models: conclude each sweep with “a random permutation of the current labeling of the states.”
Since permutation invariance is a necessary condition for convergence, forcing permutations
between the sweeps of the Gibbs sampler cannot violate the properties of the algorithm. RPS
works essentially as follows. Let the integer-valued allocation variables {Zi} be defined such

that P (Zi = k) = wk, k = 1, 2, …, K, i = 1, 2, …, N and . After each cycle
of the Gibbs/Metropolis sampler, the “labels” on the components {Zi} are randomly permuted.
More precisely, after each cycle, the current vectors {Zk, wk, μk, Σk} are replaced by {νv(k),
wv(k), μv(k), Σv(k)}, where {v(1), v(2), …, v(K)} is a random permutation of the set {1, 2, …,
K}. As was shown by Fruhwirth-Schnatter,4 if the original MCMC algorithm is convergent,
then the RPS algorithm is also convergent, and the target densities of RPS and the original
MCMC are identical. In addition to preserving the convergence properties, RPS enhances the
mixing of MCMC. See Fruhwirth-Schnatter4 for more details.

2.4. Weighted Kullback-Leibler distance
In the framework of the weighted Kullback-Leibler distance method developed by Sahu and
Cheng,9 the optimal number of mixture components is defined as the smallest number of
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components that adequately explains the structure of the data. This task is traditionally
accomplished by the reductive stepwise method. In the framework of this method, one starts
with the K = K0 component mixture which adequately explains the observed data. Next, K is
iteratively reduced until the fit is no longer adequate. Reduction of the number of components
is achieved by collapsing two of the K components. Adequacy of the fit is assessed using the
distance between probability distributions at two consecutive steps. There are several ways to
define distance d between probability density functions. One of them, the Kullback-Leibler
distance between two probability densities f and g, is defined as

(7)

where S(f) is the support of density f, i.e. S(f) = {x: f(χ) > 0}. Unfortunately, in general, the
Kullback-Leibler distance cannot be evaluated analytically.

Consider two mixture densities  and the mixture distribution

, which have the same component weights wj as f(K). Then, Sahu and
Cheng9 suggested using the weighted Kullback-Leibler distance, defined as

(8)

The weighted Kullback-Leibler distance d*(f(K), g(K)) is defined as a weighted sum of the
Kullback-Leibler distances d(fj, gj) between corresponding component densities. If

 is a collapsed version of f(K), where  and other K - 2
components are unchanged, then

(9)

where Ei is an expectation under f(χ|φi) and φ* minimizes :

(10)

For the normal mixture models we are considering in this paper, the above expectations and
minimizations can be done analytically.2,9 The best collapsed version denoted by f*(K-1) is the

one that minimizes  over all i, j such as i ≠ j. Notice that the minimum weighted
Kullback-Leibler distance is invariant under permutations of w and φ. The K-component model
can be replaced by the (K - 1)-component model if the distance between the best collapsed
version and the original model is less than some cut-off c. The choice of c depends on the data
structure and type of the distribution used.
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2.5. Relabeling
In order to obtain the accurate parameter estimation from K!-modal distributions for the K-
component mixture, Matthew Stephens8 presented relabeling strategies based on minimizing
the posterior expectation of a loss function. Function L(a; θ) is a loss due to some action a,
when the true value of a model parameter is θ. For instance, in the case of linear normal
mixtures, we need to choose a relabeling that makes the posterior distribution of component
weights and means look independent and normal. Relabeling is the final postprocessing step,
performed to obtain cluster memberships and cluster parameters. For our applications, we use
the relabeling algorithm S2 of Stephens,8 developed for the special case of normal mixture
models.

3. Kullback-Leibler Markov Chain Monte Carlo (KLMCMC)
When we decided to develop our new transdimensional method, we were motivated by several
factors. The BDMCMC method calls for repeated evaluation of the likelihood. When the
number of observations is large, the likelihood can become very small, resulting in singularities
in the death rate. For nonlinear models, evaluation of the likelihood involves integration, which
can negatively affect the performance of the algorithm. One of the most important properties
of the Gibbs sampler is that calculating the full conditionals does not require calculating the
likelihood. This property is essential for nonlinear pharmacokinetic models, where calculation
of the likelihood requires high-dimensional integration over the model parameters. Since this
integration is required at essentially every iteration of the Gibbs sampler, the resulting
algorithm would be unacceptably slow. On the other hand, for linear models the likelihood can
be evaluated without integration and the problem disappears. (See Lunn et al.12 for an excellent
discussion of this issue.)

Computation of the weighted Kullback-Leibler distance is straightforward for some popular
families of distributions (i.e. normal and gamma); its complexity does not depend on the
number of observations; and nonlinear models can be handled as efficiently as the linear ones.
The weighted Kullback-Leibler distance is a natural measure of closeness between (K + 1)-
and K-component models (see Sahu and Chang9 for discussion). The probability distribution
of weighted Kullback-Leibler distance between (K + 1)- and K-component models
characterizes the current state of the Gibbs sampler. In Bayesian statistics, the weighted
Kullback-Leibler distance is sometimes used as a measure of the information gain in moving
from a prior distribution to a posterior distribution.13,14

We suggest to compute the weighted Kullback-Leibler distance between all pairs of
components, and to record the smallest of all distances d*(k) for all components. A large value
of d*(k) indicates that the kth component differs from all other components and the probability
to “kill” this component must be small. Inversely, we need to assign large death rates to
components that do not differ significantly from other components and hence have small values
of d*(k). Thus, when the Gibbs sampler is at state Q, the death rate for the kth component
δk(Q) is assumed to be the inverse of d*(k). The total death rate δ(Q) is equal to . Hence,

probability of the death move is , where λB is assumed to be equal to the expected

number of components; and probability of the birth move is .

The mixing and convergence of the MCMC can be significantly improved by using the random
permutation approach suggested by Sylvia Fruhwirth-Schnatter.4 At each birth-death step,
components of the mixture are randomly permuted, producing a symmetric posterior
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distribution of estimated model parameters. The resulting KLMCMC algorithm will be as
follows:

1. Run the Gibbs sampler n iterations.

2. Based on the Gibbs sampler output, compute the death rate δk(Q) = 1/d*(k) for
individual components, the total death rate , and the probabilities of

birth  and death .

3. Simulate the birth-death process. Generate a random number u~Uniform [0, 1].

a. If Pb > u, simulate a point of birth (wK + 1, μK + 1) as

. Values of μ0 and  are estimated as the
mean and variance of the distribution of observations, respectively. Weights
of the first K components should be adjusted as w1(1 - wK+1), w2(1 - wK+1),
…, wK(1 - wK+1).

b.
Else, choose a component to die with probability . This is achieved by
computing the cumulative death probability F(k) = P (to kill a component
with an index ≤k) and generating a random number u ~ Uniform[0, 1]. The
component k0 is chosen to die if F(k0 - 1) < u ≤ F(k0). Weights of the
remaining K - 1 components should be adjusted as

.

4. Adjust prior distributions for the Gibbs sampler.

5. RPS step. Randomly permute components of the mixture.

6. Repeat steps (1)-(5).

In the next sections, we test the performance of the KLMCMC algorithm on two well-studied
time-series datasets: the simulated time series data analyzed by Zhou,11 and the yeast
sporulation dataset studied by Chu et al.15 and Wakefield et al.16

4. Clustering of Simulated Time Series Data with an Unknown Number of
Clusters

We applied our method of choosing the optimal number of components to the simulated dataset
suggested by Zhou11 and compared the performance of KLMCMC and traditional Gibbs
sampler, implemented as part of the WinBUGS package. Following Zhou's approach, we
generated 50 linear time curves from K = 3 clusters:

(11)

where αi is the intercept and βi is the slope for a curve i. For each generated curve i ∈ [1, 50],
intercept and slope were assumed to arise from the multivariate normal distribution

(12)

where zi ∈ {1, 2, 3} are cluster membership labels such that P [zi = k]= 1/3.
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Parameters of the clusters, namely, cluster centers and covariance matrices, for the three
clusters were

(13)

Following Zhou,11 we chose σe = 1.0. In this section, we will refer to the model below as the
Zhou model. Simulated data are shown in Fig. 1.

4.1. Model description
1. At the first stage, the model has the form  for i = 1, 2, …, n, j

= 1, 2, …, T.

2. At the second stage, the model describes intercept and slope of individual curves:

3. At the third stage, we assume that cluster membership labels z follow a categorical
distribution P[zi = k] = wk = pk, k = 1, 2, …, K, such as Σk pk = 1.

4. At the fourth stage, we specify parameters:

(14)

where A(k) is a set of cluster-specific constant parameters.

5. At the fifth stage, the model specifies the distribution of the experimental error:

Using the least squares estimation, we calculated weakly informative priors for η and

. Using WinBUGS with K = 3, we let the Gibbs
sampler run for 200,000 iterations, discarding the first 100,000 burn-in iterations. For
comparison, we analyzed the same model with KLMCMC with and without the random
permutation step. We set parameter λ = λB = 3 and ran the simulation for 300 hybrid birth-
death steps, each containing 5,000 WinBUGS iterations. Distribution of the number of model
components K, shown in Fig. 2, attains its maximum at K = 3. The Stephens8 relabeling method
was applied to the output of the Gibbs sampler (p =(p1, p2, p3); μ; and σe) for the three-
component model.

The results for the parameters p, μ, and σe are essentially the same for all three methods. All
three programs have correctly assigned cluster memberships. On the other hand, the results for
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the covariance matrix Σ are considerably improved, as shown in Table 1. This can be explained
by the lack of convergence due to the stickiness of the Gibbs sampler. Transdimensional
methods, like KLMCMC, can overcome this problem. Better results can be achieved when
randomization is performed after each round of Gibbs sampler in the KLMCMC method.

For comparison, we applied traditional clustering methods to this dataset: hierarchical
clustering17 and K-means clustering.18,19 The best of the hierarchical clustering, centroid
linkage with city-block distance as a measure of similarity between curves, has correctly
assigned 90% of curves to their original clusters; centroid linkage with Pearson correlation
coefficient has succeeded in 84% of cases. Conditional on three clusters, K-means clustering
with the Pearson correlation coefficient as a measure of similarity was able to correctly recover
74% of cluster memberships; K-means clustering with the Spearman rank correlation
coefficient recovered 78% of cluster memberships; and 96% of cluster membership was
recovered with city-block distance as a similarity measure. We believe that, in the case of noisy
time series data, valuable clustering information can frequently be recovered only if model-
based clustering methods are employed.

5. Brief Review of Clustering Methods in Microarray Analysis
Gene clustering analysis is important for finding groups of correlated (potentially coregulated)
genes. A number of clustering methods have been developed specifically with gene expression
in mind, in addition to numerous methods adapted from other disciplines. These methods
include the following popular approaches: hierarchical clustering,17 self-organizing maps,
20,21 K-means clustering,18,19 principal component analysis (PCA),22,23 singular value
decomposition (SVD),24 partitioning around medioids (PAM),25 model-based clustering,
26-31 tight clustering,32 and curve clustering.16

As was recently demonstrated by Thalamuthu et al.,33 model-based and tight clustering
algorithms “consistently overperform other clustering methods.” Tight clustering and model-
based clustering make a provision for the existence of a noise set of genes, unaffected by the
biological process under investigation. This noise set of genes is not clustered, and thus false-
positive cluster members that almost inevitably appeared in traditional methods do not distort
the structure of identified clusters. Another improvement of the model-based clustering
methods is utilization of a biological model. Traditional measures of similarity between genes,
such as correlation coefficients, Euclidean distance, Kendal's tau, and city-block distance,
report a single number for a pair of genes, not utilizing the data-rich nature of time series
microarray experiments. Model-based clustering methods (e.g. Wakefield et al.,16 Yeung et
al.,26 Fraley and Raftery,27,28 Medvedovic et al.,30,31 McLachlan et al.,29 etc.) are able to
take advantage of this situation. The widely used program MCLUST, developed by Fraley and
Raftery, provides an iterative expectation-maximization (EM) method for maximum likelihood
clustering for parameterized Gaussian mixture models. According to Fraley and Raftery, each
gene is represented by a vector in a space of arbitrary dimensions d, and interaction between
genes is given in the form of a d-dimensional covariance matrix. In a more recent publication,
Wakefield et al.16 implemented a curve-clustering approach and used a Bayesian strategy to
partition genes into clusters and find parameters of mean cluster curves. One crucial diffierence
between the approach of Wakefield et al. and the previously developed methods is that neither
Yeung26 nor Fraley and Raftery27,28 acknowledged the time-ordering of the data.

As was pointed out by Thalamuthu et al.,33 model-based clustering methods enjoy “full
probabilistic modeling” and the selection of the number of clusters is statistically justified. Due
to the complexity of large-scale probabilistic modeling, they suggest that model-based
clustering can be successfully performed as higher-order machinery that can be built upon
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traditional clustering methods. In the next section, we discuss KLMCMC as one of the possible
higher-order clustering methods.

6. Application of KLMCMC to Gene Expression Time Series Analysis
A temporal program of sporulation in budding yeast was studied by Chu et al.15 The dataset
consists of seven successive time points (t = 0, 0.5, 2, 5, 7, 9, 11.5 hours). We use the
prescreening strategy of Wakefield et al.16 and use the first time point t = 0 to estimate
measurement errors. According to the analysis of Chu et al.15 and the false discovery rate filter
by Zhou11 and Wakefield et al.,16 approximately 1,300 of 6,118 genes showed significant
changes in mRNA level in the course of the experiment. Wakefield et al.16 assumed a first-
order random walk model for gene-specific trajectories. Chu et al.15 identified seven
“characteristic profiles” and grouped genes by similarity to these profiles (Fig. 3):

1. Metabolic: induced rapidly and transiently after transfer to sporulation medium.

2. Early (I): detectable after 0.5-hour transfer to sporulation medium and sustained
expression through the rest of the time course; role in recombination and chromosome
pairing.

3. Early (II): delayed increase in transcription level.

4. Early-middle: initially induced 2 hours after the transfer to sporulation medium and,
in addition, at 5 and 7 hours.

5. Middle: expressed between 2 and 5 hours.

6. Mid-late: from 5 to 7 hours; involved in meiotic division.

7. Late: induced between 7 and 11.5 hours; spore wall maturation.

For our analysis, we assume that the temporal patterns of the studied genes can be described

by a function , where  is a set of gene-specific

parameters and  is a firstdegree polynomial. In order to represent time γi when

gene i is “turned on”, we introduce the step function .

Observations are modeled as  for i ∈ [1, N] and j ∈ [1, T ], where N =
36 is the number of genes, T = 6 is the number of experiments, and  is the
experimental error (with values of g and h estimated from the T = 0 observations). Gene-specific
parameters {αi, βi, γi} are assumed to have a multivariate normal mixture distribution

(15)

and the “turn-on time”  Uniform[0, 12].

Component weights are assumed to have Dirichlet distribution wkk ~ Dirichlet (α). Other
parameters were given appropriate prior distributions. Least squares estimates of gene-specific
parameters Θi are used to obtain parameters μ0, Σ0 of weakly informative priors:

(16)
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To simplify the computation, we assumed that the covariance matrices Σk and Σ0 are diagonal:

, for l ∈ [1, 3], where parameters al, bl of gamma distributions Γ(al, bl) are the
least squares estimates.

The dimension-changing step consists of three parts:

1. Death rate is estimated as  (3), where d* is the smallest weighted
Kullback-Leibler distance. It is computed analytically in the case of normal
distributions and evaluated by Gibbs sampler based on model parameters. Birth or

death move is chosen with probabilities  and ;

2. Labels of components are randomly permutated; and

3. Initial values of parameters for the next round of Gibbs sampler are calculated from
the permuted output of the previous run.

As was previously reported by Wakefield et al.16 and Zhou,11 the number of clusters is highly
sensitive to the choice of prior distributions. Hence, biological and experiment-specific insight
should be used to determine informative priors. Based on the biological analysis by Chu et
al.,15 we set parameter λB = 7 (the expected number of clusters) and ran the simulation for
1,000 hybrid birth-death steps, each containing 5,000 WinBUGS iterations; the first 4,000
WinBUGS iterations were discarded as “burn-in”. Stephens' relabeling method8 was used to
determine parameters of individual clusters and cluster membership.

The distribution of the number of mixture components (clusters) K is shown in Fig. 4. From
this distribution, it is easy to see that the Markov chain spent most (34%) of the time in the
state K = 7. Hence, we use the parameters estimated for K = 7 to describe KLMCMC profiles
for individual clusters (Tables 2 and 3). It is remarkable that the KLMCMC approach was able
to reproduce the results of Chu et al.,15 who partitioned genes involved in the yeast sporulation
process into seven groups. KLMCMC efficiently dealt with observation errors and gene-
specific variances.

KLMCMC profiles are shown in Fig. 5. Figure 6 shows observations grouped into seven
clusters along with KLMCMC profiles and cluster mean curves, defined as the average
expression value at each time for all cluster members. We can see that the KLMCMC profile
produces smoother and more biologically meaningful curves, as compared to cluster mean
curves.

Clusters obtained by the KLMCMC process can be further extended using the entire collection
of microarray data. For example, “late” sporulation genes are described by the KLMCMC
profile as flate(t)=(-0.305 + 1.668t)e0.1566(t-7.555) × η(t - 7.555). All unclustered genes are
ordered by Pearson's correlation coefficient of expression profiles and compared to the cluster
in a sequential manner. After an addition of each gene, parameters of the cluster are
recomputed. If a parameter distribution becomes too vague upon an inclusion of an extra gene,
this gene is not added to the cluster. When we added 15 cluster members, the distribution of
cluster parameters became f15(tj)= (-0.322+0.141tje0.09(tj-7.72)η(tj - 7.72). In this manner, we
can add as many as 71 genes without distorting the initial parameter distributions f71(tj)= (-0.21
+0.12tj)e0.04(tj -6.1)η(tj -6.1) (Fig. 7). If we compare this approach with the traditional nearest
neighbor clustering based on Pearson's correlation coefficient of expression profiles, the cluster
mean for the top 71 genes with correlation coeffcient >0.9 will be shifted towards negative
expression values (Fig. 8).
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7. Conclusions
KLMCMC is a novel method for time-series observation clustering that can be applied after
some initial data filtering and preclustering analyses. It is a transdimensional method: it
determines the optimal number of clusters for a given dataset and selected model. In addition
to cluster membership, KLMCMC produces a meaningful and easy-to-interpret biological
profile. KLMCMC requires careful selection of the model for fitting; hence, it is best suited
for refinement of some preliminary clustering. The number of clusters is sensitive to the choice
of prior distributions; hence, biological and experiment-specific insight should be used to
determine informative priors. Our method can be successfully used for cluster refinement and
construction of models of cellular processes. Since KLMCMC does not involve likelihood
evaluation, it is more computationally efficient as compared to traditional methods (BDMCMC
and reversible jump MCMC) which, in the case of nonlinear mixture models, require multiple
numeric evaluations of integrals.
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Fig. 1.
Simulated time series. Plot of 50 simulated curves and three cluster means (thick lines).
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Fig. 2.
Simulated time series. Posterior distribution of the number of components for the simulated
time series problem, KLMCMC with λ = λB = 3.
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Fig. 3.
Gene expression time series of sporulation in budding yeast, corresponding to seven
characteristic profiles, as identifield by Chu et al.15
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Fig. 4.
Distribution of the number of components K for sporulation in budding yeast time series.
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Fig. 5.
Cluster profiles of temporal patterns of sporulation in budding yeast, as defined by KLMCMC.
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Fig. 6.
Seven clusters of temporal patterns of sporulation in budding yeast, as defined by KLMCMC.
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Fig. 7.
Extended “late” cluster with 71 members.
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Fig. 8.
Nearest neighbor clustering results for the top 71 genes, with expression correlated to the
members of the “late” sporulation cluster.
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Table 3
Yeast sporulation time series KLMCMC profiles conditional on K = 7.

Cluster Equation

Metabolic fmetabolic(t) = (1.1954 + 0.6325t)e−0.2105(t−0.2585)η(t − 0.2585)

Early I f earlyI(t) = (3.034 + 0.5189t)e−0.06239(t−0.2526)η(t − 0.2626)

Early II f earlyII(t) = (0.1588 + 0.7532t)e−0.1678(t−1.174)η(t − 1.174)

Early-Middle f early−mid(t) = (0.2886 + 0.6336t)e−0.04974(t−0.7561)η(t − 0.7561)

Middle fmiddle(t) = ( − 0.01791 + 0.7208t)e−0.09469(t−3.489)η(t − 3.489)

Mid-Late fmid−late(t) = ( − 0.0074 + 0.3987t)e 0.00197(t−5.958)η(t − 5.958)

Late f late(t) = ( − 0.305 + 1.668t)e 0.1566(t−7.555)η(t − 7.555)
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