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In experimental crosses with pedigreed cultures, the observed Mendel- 
ian ratios are supposed to be due to the chance combinations of 2” kinds 
of gametes (n = number of allelomorphic pairs) occurring in equal 
numbers. The total or aggregate results may show larger or smaller 
deviations from the calculated ratios, but these deviations frequently lie 
within reasonable limits of error on the hypothesis of simple sampling. 
The aggregate results are obtained by adding subgroups-litters, fami- 
lies, pods, cobs, plants, or the like, in the experiments. The subgroups 
themselves may show extreme deviations. The theory of simple sam- 
pling which underlies strict Mendelism does not preclude such fluctuation 
in subgroups but calls for fluctuations of various sizes with expected 
frequencies. One could hardly postulate Mendelian inheritance with few 
or no deviations in subgroups or in totals. However, it is entirely con- 
ceivable that the total results in a Mendelian experiment may agree 
closely with the calculated ratio, and yet pure chance may not be opera- 
tive, for extreme plus and minus deviations in the subgroups may 
counterbalance each other. YULE (1914) drew attention to such a case 
in analyzing LOCK’S data on maize, for although the means agree very 
well with expection, 
“the contrast between DR’s selfed and the DR X RR crosses is curious. 
The former certainly do not suggest any significant fluctuation; the lat- 
ter do on the whole suggest some source of disturbance or possibly 
error.” 

Mendel recognized wide fluctuations in the subgroups, and recorded 
in his original paper four plants which gave dominants to recessives in 
the ratios of 43 : 2, 32 : I ,  14 : 15, and 20 : 19. While such de- 
partures are not utterly impossible, their occurrence should be extremely 
infrequent. The odds against a ratio of 20:19, for example, are about 
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1600 to I. As one examines experiments recorded in the literature, one 
occasionally notes similar cases. HAYES and EAST (1915) record in 
table I ,  a plant which gave 208 corneous to 142 floury kernels where 175 
of each kind is the most probable expectation. The other 12 plants and 
the total in this table agree very well with theory, but the odds against 
this exceptionally wide deviation are about 2 3 0 0 :  I .  The fruit fly, 
Drosophila, used so commonly for demonstrating alternative inheritance, 
gives conspicuously poor ratios and wide deviations in sampling on a 
Mendelian hypothesis. In fact, it is almost impossible to speak of ran- 
dom sampling in this material. The numbers usually available in ex- 
periments with domestic animals are so small as to be misleading. One 
occasionally finds discrimination against bulls and stallions when a sire 
produces a large excess of one sex where the other is desired. In such 
cases the deviation from an approximate equality of both sexes is often 
very large but probably not impossible in relatively small samples, as 
fluctuations of sampling. 

The object of this study has been to determine how closely deviations 
of various sizes in the subgroups, litters of mice, approach their expected 
frequencies in an actual breeding experiment, or whether such fluctua- 
tions have any significance other than chance. The results have proved 
serviceable as concrete illustrations of sampling in a Mendelian popula- 
tion. 

The materials used in this study have been described in the preceding 
paper (DETLEFSEN and ROBERTS 1918). This paper deals only with the 
offspring of 90 trihybrid F, females (AaDdBb) bred back to ultimate 
recessive males (aaddbb).  There were 561 F, litters, of which 361 
were classified as undepleted and 170 as depleted. The undepleted are 
those in which the total number born was classified, but the depleted lit- 
ters showed some elimination between birth and classification. I have 
made no attempt to subdivide the depleted litters according to the causes 
of elimination. Since there are three allelomorphic pairs involved in this 
cross we expect equal numbers of dominants and recessives with respect 
to any one pair. The results of the former sttidy on this material agree 
with such an hypothesis. The chances should be even that any individual 
in the segregating generation will show agouti ( A )  or  non-agouti ( a )  ; 
similarly black ( B )  or brown ( b )  ; and dark eye ( D )  or pink eye ( d ) .  
Hence, we can study ( I  ) the fluctuations of sampling in each one of 
these pairs separately, and (2) the fluctuations in dominants and reces- 
sives by disregarding the particular characters and classifying all char- 
acters simply as dominant or recessive. 
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If p is the probability that an event (such as the occurrence of a domi- 
nant) will happen in a single trial, and q = I - p is the probability that it 
will fail to happen (when the allelomorphic recessive occurs), then .C,. P, 
q"-' is the probability that the dominant will happen exactly Y times in 1z 

trials. The expression denotes, to be sure, the number of combina- 
tions of n things taken Y at  a time. For example, if we ask ourselves in 
a concrete case what is the probability of obtaining 4 blacks in a litter of 
6, where the probability is 5 that any single individual will be black 
and that it will be brown, then p = q = %, n = 6, r = 4, and 6Cl 

of our litters of 6 should show 4 . That is, - I5 I5 
64 64 

( S ) ,  (s)2 = - 

blacks and 2 browns as the most probable expectation. The relative fre- 
quencies with which the dominant will happen r times in n trials, where 
n = the size of litter and r has all values from o to n inclusive, are given 
by the expansion of, ( q  + p)" .  Therefore the several probabilities that 
the individuals of a litter of any size, n, will show the dominant character 
0, I, 2 ,  3 . . . . . . n times are q" + "Clqcn-l p + ,C2q"-2 p 2  . . . . . . . . 

q pn-' f .C,p" = ( q  + p ) "  = I. The calculated mean value of 
dominants for litters of any size, n, is vtpl and the U = v\/rCpq. In  this 
paper p = q = @ in all cases, for the F, was always mated back to the 
recessive type. Hence, the expected proportions of litters of I showing 
o and I black individual are 5 + % ; of litters of 2 showing 0, I and 2 

blacks are It is understood that we are 
making our results a test against a Mendelian or a priori probability, a 
course which is justified by the study of this same material in the pre- 
vious paper. It would not be justified in monohybrid ratios in which the 
total results failed to agree with Mendelian expectation, as in the case 
of waltzing vs. normal gait in DARBISHIRE'S (1904) data. There are 
several ways in which the data may be treated, but a direct comparison 
of the experimental results with the calculated binomial distribution is 
the simplest and, it seems to me, most satisfactory. In  all of the tables, 
the results are given in terms of the dominant character, but the results 
would be exactly the same if given in terms of recessives. 

Table I records the frequencies with which the agouti, the dark-eyed, 
and the black-pigmented individuals occurred 0, I, 2 ,  . . . . . n  times in 
undepleted litters of various sizes. The litters ranged from 2 to IO 

mice per litter. Italics indicate the calculated frequencies. The ten- 
dency for litters of all sizes to conform to expectation is clear in the 
case of each dominant character studied. It is equally true of their 

+ 2/4 + s ;  and so on. 
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recessive allelomorphs, since the observed distributions and calculated 
frequencies in terms of recessives are the same as those given for domi- 
nants, except that they stand in a reversed order. For example, in 
table I ,  litters of 3,  there are I + 5 + 3 + 2 litters with 0, I ,  2, and 
3 dark-eyed, respectively. Stated in terms of the recessive pink-eyed, 
there are 2 + 3 + 5 + I litters with 0, I ,  2, and 3 pink-eyed, respective- 
ly, for manifestly if there are j litters of 3 with I dark-eyed in each, it 
follows that these 5 litters have z pink-eyed in each. The goodness of 
fit of the observed to the calculated frequencies is the same irrespective 
of the way in which the results are stated. In litters of 6, which are the 
most frequent, the fit is so close in all cases that we can conclude the 
deviations observed may well have arisen through sampling ; for, using 
PEARSON'S formula for goodness of fit, we find : 

Agouti, x2 = 1.8069 P = 0.932; 
Dark eye, x z  = 5.3856 P = 0.507; 
Black, 2 = 5.3860 P = 0.507. 

HARRIS (1912) has shown the use and application of PEARSON'S formu- 
la for goodness of fit in the case of Mendelian ratios. 

It is not worth while to calculate the goodness of fit in the case of 
each litter size, because the total number of litters of the same size is 
too small in some cases. I have reserved this test to those cases in which 
the total litters of a given size are about 100 or more. However, we may 
add in the columns the frequencies of each attribute, and their calcu- 
lated values, and thereby obtain the distribution of each type of domi- 
nant in the whole population. These totals represent the numbers of 
litters in which the dominants and recessives of the three kinds studied 
were equal, together with the total litters deviating from the theoretical 
mid-class value by +%, + I ,  -4-2 . . . . . . +5, and by -5, -I, -2 

. . . . . . -5 dominants of each particular kind. It will be clear that in 
( p f 4 ) "  where n is odd, we have two mid-class values equally probable, 
but we cannot realize litters in such cases with an equal number of domi- 
nants and recessives ; hence, I have kept these equally probable mid-class 
values separate where n is odd. The mid-class values in these cases 
really differ from a theoretical mid-class value or mean by ---% and +%. 
This in no way affects our totals. Applying PEARSON'S test for good- 
ness of fit of the totals observed to the totals calculated, we find that in 
undepleted litters of all sizes a fit as bad or worse is expected as a fluctu- 
ation of sampling 99 times in IOO for agouti, 66 times in roo for dark 
eye, and 87 times in 100 for black. Hence we may conclude that our ex- 
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'Agouti, x2 = 1.6836, P = 0.986 
Dark eye, x2 = 5.9115, P = 0.657 
Black, x* = 3.7748, P = 0.875 
ulated frequencies were carried out three decimal places in ohtaining the totals, 

Tota 

2 In this and subsequent t a l k ,  the c: 
and in calculating x? and P. 
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TABLE 2 
All litters, undepleted and depleted; fluctuations in number of agouti, of davk-eyed, and of black individuals in litters of 
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Agouti, 2 = 2.9205, 

Black, x2 = 2.0802, 
Dark eye, x2 = 2.8431, 
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perimental results are consistent with an hypothesis that litters are ran- 
dom samples of two kinds of zygotes of equal frequency in the case of 
each one of three allelomorphic pairs. Furthermore, since this is a 
back cross to the ultimate recessive, we may conclude that the gametes 
functioning at any ovulation are likewise random samples of two kinds 
in equal numbers, when we deal with a single allelomorphic pair. 

YULE (1914) has studied the fluctuations of sampling in DARBISHIRE’S 
(1904) data on color and albinism in mice. There were 121 litters of 
various sizes in which p = Al- 
though the numbers in the few litters of each size are too small for an 
adequate test against (or close agreement with) the binomial distribu- 
tion, the total populations agree very well in these two cases studied. 
YULE has so tabulated his data that litters of all sizes with the same 
number of albinos fall into columns and may be added. My data can be 
arranged in this form, if desired, directly from the tables presented. 
Nevertheless, there is an advantage in arranging the frequencies of lit- 
ters of each individual size as in our tables so that the mid-class values, 
the deviations above, and the deviations below may be added separately. 
Even if there is only a slight tendency to intrafraternal correlation, good 
mean values or Mendelian ratios are obtained, but in the total popula- 
tion the ends of the frequency distribution are quite properly exagger- 
ated. One can thus more easily recognize the cumulative effect of in- 
creased values above and below the mid-class value. I cannot imagine 
any force that would exaggerate the mid-class values themselves. In  
YULE’S tabulation the entire distributions of the smaller litters are in- 
cluded in the totals with the lower half of the larger litters. Further- 
more, with YULE’S tabulation we obtain one set of values for x2 and P 
when the experimental results are given in terms of albinos, but a differ- 
ent set of values for x’ and P when the same experimental results are 
given in terms of colored individuals. For example, in YULE’S table A, 
P = 0.94, but given in terms of colored individuals, P = 0.48. That is, 
the total frequencies do not admit a reversed order. If we tabulate his 
table A as I have tabulated my results, P = 0.77, and this value is the 
same in terms of colored or albino individuals. The goodness-of-fit 
values in such a Mendelian population should be identical irrespective of 
whether we state our results in terms of the dominant or the recessive 
allelomorph. 

Table 2 is the same as table I ,  except that 170 depleted litters have 
been added to table I ,  making a total of 531 litters which is a complete 
record of the entire experiment. The addition of depleted litters does 

and 132 litters in which p = s. 
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not modify our conclusions. The agreement in the totals between hy- 
pothesis and experiment is in fact remarkably close as is shown by the 
values of x2 and P for all three characters studied. The litters of 5 ,  6, 
and 7 occur over 100 times in each case, hence I have calculated x2 and P 
for each distribution separately (see table 2 A ) .  On the whole, the values 
of P are as good as could be expected. The distribution of dark eye in 
litters of 5 shows the poorest agreement ( P  = 0.038), but does not 
show a very improbable set of deviations from the calculated, for such 
would occur about once in 25 times as a result of sampling. The small 
value of P is due in a large measure to g litters of 5 all of which showed 
dark eye, when only 3.44 were expected. Both the depleted and unde- 
pleted litters of 5 showed a slight excess in this case; but in view of the 
close agreement for dark eye in litters of 6 and 7, it is safe to regard 
this particular case as without significance other than a wide set of devi- 
ations due to sampling. The exceedingly close fit for agouti in litters 
of 7 is noteworthy ( P  = 0.996). 

TABLE Z A  

T h e  values of x2 and P in measuring the goodness of 
fit f o r  litters of 5, 6,  and 7 in tablz 2. 

P 

3.2217 1 0.667 
0.038 

5.9837 

0,591 

Agouti 0.8315 0.996 
Dark eye 2.5903 0.761 
Black 3.5252 0.621 

Each litter produced by an F, trihybrid female gave data on sampling 
with respect to three allelomorphifc pairs. Each allelomorphic pair was 
treated separately in tables I and 2 in a test against calculated binomial 
distributions. By disregarding the particular characters and classifying 
a visible character as dominant or recessive, each litter becomes three 
separate samples of dominants and recessives. Treating the data in this 
way we obtain three times as many samples of an attribute in tables 3 
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TABLE 3 
Undepleted litters; fr4qukncies with which a dominant allelomorjh occwred 0, I ,  2 - - - n times in the litters of various sizes. Calculated frequencies 
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Total, x2 = 2.9187 P = 0.938 
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TABLE 4 
All litters, undepleted and depleted; frequencies with which a domilcant allelomorph occurred 0, I ,  2 - - - n times in the litters o f  various sizes. Calcu- 

Number 
classified ir 

a litter 
I 

2 

3 

4 

5 

6 

7 

8 

9 

IO 

Total, x 2  = 1.4517 P = 0.w 

GENETICS 3: N 1918 



SAMPLING I S  A MENDELIAN POPULATION 605 

and 4 as are found in tables I and 2 respectively, and we have what is 
tantamount to 1083 and 1593 litters in tables 3 and 4 respectively. The 
procedure is quite comparable to throwing simultaneously n coins of 
each denomination, a, b, and c,  N times; in which we first measure the 
agreement between observed and calculated distributions for each de- 
nomination separately, and later pool the results as 3N samples of n 
coins regardless of denomination. 

In  table 3 are given the frequencies with which a dominant allelo- 
morph occurred 0, I ,  2 . . . . . . .m times in undepleted litters of various 
sizes. Table 4 is similar to table 3, except that both depleted and unde- 
pleted litters are included in table 4 and this table describes the entire 
experiment. In  both of these tables it is clear that the experimental re- 
sults agree closely with the calculated values, both in the case of the indi- 
vidual litter sizes and in the total populations, as is shown by the values 
of x2 and P. 

The goodness of fit was calculated for the distributions of the more 
numerous litters of an individual size. The constants are recorded in 
table 5 .  The distribution of a dominant allelomorph in samples of 4, 

TABLE 5 
The values of x2 and P in wteaswring the goodness of fit f o r  

litters of 4, 5, 6,  7, and 8 in tables 3 and 4. 

4 
5 
6 

- 8 
7 

2.6523 ~ 0.620 2.4944 1 0.648 
1.2828 ' 0.930 1.9753 0.852 
4.5651 I 0.602 7.7116 ' 

1.5590 1 0.949 
0.777 6.7515 , 0.456 4,0193 

5, 6, 7, and 8 agree as well with the calculated values as could be ex- 
pected in a coin-tossing experiment or the like. Furthermore, the mean 
number of dominants in all samples of a given size (tables 3 and 4) 
shows close agreement with the callculated mean of the most probable 
distribution on the hypothesis of simple sampling. Although the prob- 
able errors of these meaps are not given, it is perfectly obvious that the 
difference between the observed and calculated means is small compared 
with the probable error of such a difference. Calculations were made in 
several cases and they agreed with this statement. The standard devia- 
tions of the distribution of litters of each individual size are likewise 
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given in tables 3 and 4. Like the means, the observed standard devia- 
tions agree closely with the calculated, and the difference between the 
observed and calculated values is exceedingly small compared with the 
probable error in every case. We  may therefore conclude that fluctua- 
tions of a dominant zygote in litters of any size agree with our concep- 
tion of sampling in a Mendelian population. I t  is also clear that the 
dominant and recessive gametes functioning at an ovulation are random 
samples of two kinds occurring in equal numbers. In Mendelian ex- 
periments we usually pool all samples and present observed ratios in 
totals, but if a more detailed analysis of our data is made, the subgroups 
agree with the theory of simple sampling of attributes which underlies 
strict Mendelism, for the fluctuations of various sizes approach closely 
their expected frequencies. 

It has been shown ( DETLEFSEN and ROBERTS 1918) that there is lit- 
tle or no evidence in our data, of selective elimination of recessives, par- 
ticularly i f  our calculated values are based upon an a priori (Mendelian) 
probability. The fluctuations of sampling for dominants in depleted 
litters agree with this conclusion. I have given no table for this case, 
but one can be constructed readily from the data presented by subtract- 
ing table 3 from table 4, cell for cell. Such a table gives excellent agree- 
ment with the calculated values both in the individual litter distributions 
and in the total population. The goodness of fit for the distribution of 
dominants in depleted litters in the total population is shown by the value 
of P = 0.850. 

I t  would be both interesting and valuable to examine the fluctuations 
of sampling in litters with respect to two or more allelomorphic pairs 
considered simultaneously, but sufficient data are not easily obtained ; 
and, even if obtained, it is almost impossible to present them in satisfac- 
tory form. The number of possible types of litters is too large for tabu- 
lation. If, for example, we deal with two allelomorphic pairs, the rela- 
tive frequencies with which segregating F, litters of any size, n, will 
show any one or any combination of the four zygotic types, A B ,  Ab,  
aB or ab, are given by ( p  + q + r + s = I ) "  where p, q, r and s are 
the probabilities that AB, Ab, aB and ab, respectively, will happen in a 
single trial. The number of possible types of a given-sized litter is there- 
fore Sa-n-lCn, where a = number of allelomorphic pairs, 2a = num- 
ber of zygotic classes, C stands for combinations of, and n = size of 
litter. This is, simply stated, the number of combinations of 2" kinds of 
different things taken n at a time, with repetition allowed. In this par- 
ticular problem we require the number of terms in a complete homo- 



SAMPLING IN A MENDELIAN POPULATION 607 

geneous polynomial of the lzth degree in 2a variables. For example, in 
our experiment, litters of 6 were the most frequent, occurring 127 times. 
If we study the fluctuations of sampling for two allelomorphic pairs in 
such litters of 6, these litters may be distributed among 84 possible types, 
each type of litter being a different combination of the four zygotic 
classes. Not all types occur with equal probability, to be sure. With three 
allelomorphic pairs, these litters of 6 would show 1716 types. It will 
therefore be clear that a continuation of this study with two or more 
allelomorphic pairs is hardly possible with the numbers usually available. 
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